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Computation of “the” Fréchet mean

Let M be a Riemannian manifold equipped with a
Riemannian metric g.
Let d be the distance on M induced by g.
The Fréchet Mean (FM) of a set of n points
{X1,X2, · · · ,Xn} ⇢ M is defined as,

M = arg min
Y2M

nX

i=1

d2(Y ,Xi). (1)

B. C. Vemuri Efficient Algorithms for Manifold-valued Data
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Computation of “the” FM (Contd.)

(Left): Arithmetic mean and (Right): Intrinsic mean of data points
lying on 1�D manifold.
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iFME on M

We employ the same weighting scheme to estimate “the”
FM on M, incrementally.

M1 = X1,

Mi+1 = �
Xi+1
Mi

(wi+1),

where wi+1 = 1
i+1 , and �Y

X : [0, 1] ! M is the “geodesic”
between X and Y .
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Incremental Mean in the Euclidean Space

In Euclidean space, the arithmetic mean of X1,X2, · · · ,Xn
can be computed in an incremental form.

M1 = X1,

Mi+1 =
1

i + 1
Xi+1 +

i
i + 1

Mi .
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Point	Clouds

Energy	Networks

Transportation	Networks

Biological	Networks

Social	Networks
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Notations

4

G = {V, E ,W}

V is the set of n nodes

E is the set of edges

W 2 Rn⇥n
is the weighted adjacency matrix

L 2 Rn⇥n

combinatorial graph Laplacian L := D�W

normalised Laplacian L := I� D�1/2WD�1/2

diagonal degree matrix D has entries di :=
P

i 6=j Wij

weighted, undirected

M

pĠ ! ĤÒĚvØƆ %'��� µB

Notations

6

L is real, symmetric PSD

orthonormal eigenvectors U 2 Rn⇥n

non-negative eigenvalues �1 6 �2 6 . . . ,�n

L = U⇤U|

Graph Fourier Matrix

k-bandlimited signals
x 2 Rn

x̂ = U|
xFourier coefficients

x = Ukx̂
k

x̂

k 2 Rk

Uk := (u1, . . . ,uk) 2 Rn⇥k
first k eigenvectors only

Ƞ�T � )� śdò©Ǽíýu}ȅ

Notations

6
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orthonormal eigenvectors U 2 Rn⇥n
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x

T
Lx =

X

i 6=j

wij(x[i]� x[j])2 =
X

k

�k|x̂k|2

�

Ƴ� x = Ukx̂
k
, x̂

k 2 R

k
ȠUk := (u1, . . . , uk) 2 Rn⇥k

Ƞ�Tu1, . . . , uk� ś� : tdò©ǼM

s Ľuļ»�'0<?;8=6�">34;�śȉ= ĽȠ�Sampling	Model

8

p 2 Rn pi > 0 kpk1 =
nX

i=1

pi = 1

P := diag(p) 2 Rn⇥n

P(!j = i) = pi, 8j 2 {1, . . . ,m} and 8i 2 {1, . . . , n}

Draw independently m samples (random sampling) 

yj := x!j , 8j 2 {1, . . . ,m}

y = Mx

�
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