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Abstract

The dimension-balanced cycle problem is a quiet new topic of graph theorem. Given a graph
G = (V, E), whose edge set can be partitioned into d dimensions for positive integer d. For
any cycle C on G, the set of all i-dimensional edge of C, which is a subset of E(G), is denoted
as Ei(C). If ||[Ei(C)| - |Ej(C)|| < 1 foreach 1 <i<j <d, Cis called a dimension-balanced cycle.
In this paper, we prove that when m and n are even, for toroidal mesh graph Tm n: (i) Tm,n
does not contain any dimension-balanced cycle whose length | is odd or | = 2 (mod 4), (ii) Tn,
n contains a dimension-balanced cycle whose length is 4k for any integer k > 1.

Keyword: Toroidal mesh graph, Dimension-balanced cycle, Pancyclic, Hamiltonian cycle

1. Introduction
It is well-know that a topological structure of an interconnection network is usually modeled
by a graph whose vertices represent processors/cores and edges represent communication
links between processors. By this transformation, an interconnection network can be
transformed to a graph. For a graph G = (V, E) , where V(G) is vertex set and E(G) is edge set,
[V(G)| denotes the number of vertex set and |E(G)| denotes the number of edge set.

Hamiltonicity and Pancyclicity are both important in graph theory and widely discussed

recently (see[1], [2], [3], [5], [6], [7], [8]). A Hamiltonian path of graph G is a path that
contains all vertices. A Hamiltonian cycle of G is a cycle that contains every vertex of G
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exactly once, except the origin vertex equal to the terminus one. A graph G is pancyclic if it
embeds cycles of every length ranging from 3 to N, where N is the number of vertices in G.
Since there exist no odd cycles in bipartite graph, a bipartite graph G is called bipancyclic if
G contains cycles of every even length between 4 to N.

The definitions and notations follow those in ref. [8]. Given a graph G = (V, E), and {E1(G),
E2(G), ..., Eq(G)} is a partition of E, d is called the dimension of G. Let C be a cycle on G
and E; = E(C) n E;(G) represent the set of all i-dimensional edge of C, which is a subset of
E(C), forany 1 <i <d. If |[E(C)] - [Ej(C)] <1 forall 1 <i<j<k Cis called a
dimension-balanced cycle (DBC, for short). By definition of DBC, given a graph G = (V, E),
let C be a Hamiltonian cycle on G, if C is also a DBC on G, C is called dimension-balanced
Hamiltonian cycle (Hamiltonian DBC, for short). And if G contains a DBC of every length
between 3 to |V(G)|, G is called dimension-balanced pancyclic (DB pancyclic, for short). If G
embeds a DBC of every even length between 4 to V(G), G is called a dimension-balanced
bipancyclic (DB bipancyclic, for short).

The dimension-balanced cycle problem is a quite new topic of graph theory. The first
research about dimension-balanced cycle has been proposed in the ref. [8]. Ref. [8] presented
that G contains a Hamiltonian DBC when G is the hypercube Qy, Tn n, Cn x Ki n, C3 x Kiy and
CyxCpfork=2,4and 8, m,n>3.1In2012, Peng and Juan proposed a method for finding a
Hamiltonian DBC on Ty, , if these exist, where m, n > 3 [5]. In this paper, we study the
problems about dimension-balanced pancyclicity on Ty, , for even m and n > 3.

The rest of this paper is organized as follows. Section 2 introduces some basic definitions and
theorems that will be wused throughout this paper. Section 3 investigates the
dimension-balanced pancyclicity on Ty, ,, for even m and n > 3. Our conclusions are in
Section 4.
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2. Preliminaries
For defining of the toroidal mesh graph, we define the Cartesian product of graphs firstly as
follows.

Definition 1. [9] Given two graph G;, G, the Cartesian product G; x G, of G; and G, is a
graph with vertex set V(G x G2) ={(X, ¥) | x € V(G1), y € V(G2)} and the edge set {(u, v), (U,
VY|lu=u € V(Gy) and (v, V') € E(G), orv=V € V(G,) and (u, u') € E(G1)}.

Let Chh =¢0, 1, ..., m — 1) be a cycle with m vertices for any integer m >3 and P, =(0, 1, ...,
n — 1) be a path with n vertices for any integer n > 2.

Definition 2. For m and n > 3, the toroidal mesh graph, Ty, , is the graph Cp, x Cy..

That is, the dimension of Ty, is 2. Thus, let V(Tm ) ={(X,y) |0<x<m-1,0<y<n-1}
Consider two adjacent vertices u = (Xo, Yo) and v = (X1, y1). If yo = y1 and min{|xo — X1|, m — |Xo
— X1/} =1, uv € E1(Tp, n). Similarly, if xo = x3 and min{|yo — y1|, n — [yo — 1|} = 1, uv € Ex(Tpn,
n). Fig. 3 shows an example of T, s.

S NN L
OO
OO

DA
RN

Fig. 3: The structure of T, 3.

In this paper, we express path and cycle following [3]. Given two graphs G;, G, vertex x e
V(G,) (ory € V(Gy), respectively) and a subgraph H < G, (or H < G;, respectively), we use
xH (or Hy, respectively) to denote the subgraph {x} x H (or H x {y}, respectively) of G; x G..
For a path P = (X1, X2, ..., Xi, ....Xj—1, Xj), P(X;, X;) represents the section (x;, ..., Xj) of P, and
P™(x;, xi) represents the section of P™ =(X;, X 1, ..., Xi, ..., X2, X1). If X1 = Xq, P is a cycle. That
is, Pm < Cy, for integer m > 3.

Let the symbol k-cycle denote a cycle C of length k for k > 3 is an integer. Similarly, k-DBC
denotes a DBC of length k for k > 3 is an integer.

The following theorems of Ty, , are useful in our methods.

Theorem 1. [5] For mn mod 4 = 2, there is no Hamiltonian DBC on Ty, n.

Theorem 2. [5] For m, n > 3, there is a Hamiltonian DBC on Ty, n,, except for the state on mn
mod 4 = 2.
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3. Main Result
In this section, we study the DB pancyclicity on Ty, , with even m and n. According to length
of cycle, we complete this section by three theorems. Firstly, we investigate the case of (4k +
2)-DBC by Theorem3. Secondly, we investigate the case of 4k-DBC by Theorem 4 and
discuss the case of (2k + 1)-DBC by Theorem 5.

Theorem 3. For k > 1, there is no (4k + 2)-DBC on T, , when one of m and n is even.
Proof. Without loss of generality, we say n is even and m is any positive integer. Assume that
there exists a (4k + 2)-DBC C* on Ty, » for some k € {1, 2, ..., Lmn -2/ 4]}. Since the length
of C"is (4k + 2), [E1(C")| = |E2(CY)| = 2k + 1 is an odd integer.
We say a vertex u in V(C") is black ifu e {(x,y) |0<x<m-1,0<y<n-1andyis odd};
white ifu e {(x,y) |0<x<m-1,0<y<n-1andy iseven}. According to the definition of
E,(C"), E2(C") should trace black vertex to white vertex or white vertex to black vertex. After
tracing all edges of C*, if the origin vertex of C™ is white, the terminate vertex of C* is black
due to |E,(C")| is odd. Vice versa, if the origin vertex of C” is black, the terminate vertex of C”
is white due to |E5(C)| is odd. Obviously, in each case, the origin vertex and the terminate
vertex of C” are different. That is a contradiction. So, there is no (4k + 2)-DBC on T, » when
one of mand n is even.

U
Theorem 4. If both m and n are even, Tn, , contains every 4k-DBC for 1 <k <mn/ 4.
Proof. Without loss of generality, let m <n. Note that T, , = Cp x Chand C;=(0, 1,2, ..., 1 -
1), Py < C, for I = m, n. We distinguish the following four cases according to k.
Casel.1<k<m-1
Construct a 4k-cycle C = {(0, 0), 0P4(0, k), (0, k), Pm(0, K)k, (k, k), kP;1(k, 0), (k, 0), P, (K,
0)0, (0, 0))
Obviously, |E1(C)| = k + k = 2k and |E2(C)| = k + k = 2k. Hence C is a 4k-DBC.
Case2.m<k<n-2.
By the condition of k, we divide this case into two subcases.
Subcase 2.1. k is even.
Firstly, let &g = (2k —2m + 2) mod (k — 2), m; = (2k —2m + 2 — o) / (k — 2). Note that &g must
be even because k is even.
Subcase 2.1.1. & = 0.
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Now, we construct a 4k-cycle C; ={(0, 0), 0P,(0, k), (0, k), Pn(0, m— 1)k, (m—1, k), (m—-1, k
~1,(m-1,k-2), P;A(m-1,m-m;—1)(k-2),(m-m;—1,k-2),(m-1,k-2), P, (m
-1m-m-1)k-2,m-m-1,k-2),(m-m -1, k-1),Pp(m-m; —1, m- 1)k -
3),...,(m-1,2),(m-1,1), (0,m-1), B;*(m-1,0)0, (0, 0)).

(0.0)9— - (m—1.0) (0.0)@— _ (m—1.0)
(m—m -1, 1) (m—m -2, 1)
(m-1.1) (m-1.1)

(m-1,2) ~®(m-1.2)

I ® (m-1.0,-1)

(m—1. &)
(m-1.¢+1)

(m-—m—-1.aq+2)

(m—1.k-2) m-1.k-2)
m—m—1,k-2) {(m-l.k-l) (m—m,—1,k-2) iqm—l.k— 1)
0.5 e m-1.% (LhHe (m—1.%)

{a) (b)

Fig. 2: The DBC of subcase 2.1.

Fig. 2(a) shows the structure of C;. Thus [E1(Cy)| = 2(m — 1) + (K — 2)my = 2k, [Ex(Cy)| =k + k
=2k and Cy is a 4k-DBC.

Subcase 2.1.2. & > 0.

By Subcase 2.1.1, there is a 4k-cycle C, = ((0, 0), C1((0, 0), (m — 1, a1)), (M -1, 1), Brl((m
—Im-m; -2, (M-m -2, ), (M-m; -2, oy — 1), Pp(mMm-my — 2, m - 1)(ex — 1), (M
1, o-1),Mm-1, 1-2), Byi(im-1, m-m;-2),...,(m-1,0), B;Y(m-1,0)0, (0, 0)).
Fig. 2(b) illustrates the structure of C,. Hence, |E1(C)|=m—-1+ o + (k—2)m;+ m—1=2m
—2+ o+ (k—2)my =2k, |E2(C)| =k + k=2k and C is a 4k-DBC on Tp, p.

Subcase 2.2. k is odd.

Let o= (2k—2m+2)mod (k—1), m;=(2k-2m+2 - ) / (k—1), k' =k+1 o' = & and
m;" = m,. According to a;’, we use k', ea" and my’ to replace k, ca and m; in Subcase 2.1.1 or
Subcase 2.1.2, then construct a cycle Cy'. Thus, [E;(Cy)|=2m -2+ (K —=2)m;' + oo’ =2m -2
+(k—1)my" + on' = 2k, |E2(Cy)| =2k' = 2k + 2. Since Cy’ is a (4k + 2)-cycle on Ty, k+1, We
construct a 4k-cycle C = ((0, 0), C,/((0, 0), (0, k)), (0, k), Pn(0, m — 1)k, (m — 1, k), C,'((m — 1,
k), (0, 0)), (0, 0)) with |[E1(C)|=m -1+ + (k-1)my+m-1=2m—-2 + o + (k— 1)m;, = 2Kk,
|E2(C)| = k + k = 2k. Obviously, C is a 4k-DBC on T, n.
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Case3.n—1<k<mn/4-1.

Let Si=(2k-2n+2)mod (n—2))/2,n1=(2k-2n+2-20)/ (n—2), oz = (2k — 2m + 2)
mod (n—2)and mz=(2k—2m + 2 — a3) / (n—2). Note thatifk=(mn/4 - 1), 26, =m—-4,n;
=m/2-2,( az=n-m-2andmg=m/2-1forn>m, (i) s=n—-4andmg=m/ 2 -2
for n = m. According to nj, we separate this case into two subcases.

Subcase 3.1. ny is even.

In this case, according to the structure of cycle, we separate this case into two subcases.
Subcase 3.1.1. m3>0and 25, + a3 +4<n—2.

Let s’ =as+(N—-2),m3’'=m3—1, n=(a’mod 4)/2and y1 = (az—2p1) /4. If y1 =0, we
construct a 4k-cycle C3 =((0, 0), OP,(0,n—1), (0,n—1), (1, n—1), 17 1(n - 1), (1, 1), (2, 1),
2Py, n=1), ..., (N, n=1), Pu(ny, i+ ms + n +)(n—=1), ("1 +ms + 1 +1,n—1), (n; +
ms'+n+1,n-2), PoA(ns+ms +pn+1,n+1D(n-2),(n+1,n-2),(ng+1,n-3), Pnin:
+1L,n+mg+1)(N-3), (nt+my’+1,n-3), (N1 +m3’+1,n—4), P;A(ng +ms' +1, n; +
Din-4),(nn+L,n-4),(n+1Ln-5),..,(np+11),Pyn;+1, m-2)1, (m-2 1), (m-
2Py, 1+4),M-2,1+4),(Mm-1,1+4),(m-1)B71(1+ $,0),(m-1,0), Bt(m-1,
0)0, (0, 0)). Since [E1(C3)| =2m -2 + (n—2)m3' + 21 = 2k and |[Ex(C3)|=2n—-2 + (n—2)n; +
21 =2k, Csis a 4k-DBC.

If 1 > 0, we construct a 4k-cycle C4 = {(0, 0), C3((0, 0), (n1, n — 1)), (N1, n — 1), Pn(ng, Ny +
ms' +3)(n—1), (g +m3’ +3,n—1), (ng +m3s’ +3,n—2), P;1(ny + ms' + 3, ng + 1)(n — 2),
(n+1,n-2),(n+1,n-3),Pp(ni+1,ng+mg’ +3)(n—-3), (ny + m3’' +3,n-3), (Ny + m3g' +
3n=4), .., +1,n-2py-1),Pu(ni+L,np+mg'+ pn+1)(n-2p-1),(n1+msg’ +n +1,
N—2yn-1),M+mg+n+1,n-2n-2), Bl(ni+my’ + n+1,n+1)(n—2y-2), (n, +
IL,n=-2yn-2),(m+1,n-2pn-3),Pp(ni+1,ni+my+1)(n-2p-3),(n1+mz' +1,n—
271-3), (n+my' +1,n-2y-4), BaA(ns+my’ +1,nm+1)(n-2p-4), (nn+1,n-2y—
4),(m+1,n-2p-5),...,(n+1, 1), Cs((n + 1, 1), (0, 0)), (0, 0)). Then |E1(Cy)| =2m —2
+(N—2)ms’ + 2y, + 4 1= 2k and |Ex(C4)| =2n — 2 + (n — 2)ny + 23 = 2k and C4 is a 4k-DBC.
Notethat (L1 + 1) +2pn+2n=(Li+ 1)+ (' —2n) 12+ 2n=(Li+ 1)+ (s +N—-2)/2—
n+2p, ifk=mn/4-10),0H)(A/+t1)+(zs+tn-2)/2+pn=Mm-4)/2+1+(n-m—-2+n
-2)/2+1=n-2<n-1,n+mg’+3=n+(mM3—-1)+3=m/2-2+(mM/2-1-1)+3=
m—1forn>mand (ii) 261 + s+ 4=m + n -4 >n -2 is invalid for n = m, thus, the
condition (ii) does not exist in Subcase 3.1.1. Then C3 and C, are well-defined cycle.

Subcase 3.1.2.m3=0o0r2f + as+4>n-2.

Let o= (as mod 4) / 2 and y» = (a3 — 2)») | 4. If y, = 0, we make a 4k-cycle Cs = ((0, 0),
Cs3((0, 0), (ng, n—=1)), (N, n=1), Pu(ng, g+ mg+ o+ 1)(n—1), (N + mz+ o+ 1, n-1), (N
+mg+p+1,n-2), Bl(ng+mg+p+1l,n+(n-2), (M +1,n-2),(M+1n-3),
Po(ni+1,ng+mz+1)(n—-3),(ny+mz+1,n-3), (n1+m3+1,n-4), P,i(nt+ms+1,n+
Din-4),(n1+1,n—-4),(np+1,n-5),Pp(n1 +1,n; +mg+1)(n-5), ..., (" + 1, 1), C3((n,
+1, 1)(0, 0)), (0, 0)).

496



Since [Ex(Cs)| =2m—2 + (n — 2)mz + 2% = 2k and |Ex(Cs)| = 2n -2 + (n—2)ny + 251, Cs is a
4k-DBC.

If 7> > 0, we make a 4k-cycle Cs = ((0, 0), C3((0, 0), (n1, n— 1)), (N, N — 1), Pn(ng, Ny + mg +
An-1),(nt+mz+3,n-1),(n1+m3+3,n-2), B;l(nz+ms+3,ni+1)(n-2),(ny+1,n
-2, +1L,n-3),Pp(nn+1,n+mg+3)(n-3),....,(n1+1,n—2p—-1),Pp(n1+1,n +
m+n+1)X(N—-2p-1),N+ms+p+ln-2pn-1),(Mm+mg+p+1 n-2p-2),
Prlni+ms+ pm+1l,m+1D)(N-21-2),(+1,n-25-2),(n1+1,n-2x—3), Pu(n, +
Ln+me+1)(n-20-3),(nt+ms+1,n-2p-3),(nt+ms+1,n-2y-4), P,i(n +
me+1,n+0(N-2p-4),(Mm+1,n-2p-4), M+, n-2p-5),..(+1 1), Cs((n
+1, 1), (0,0)), (0, 0)).

Fig. 3: The DBC of Subcase 3.1.2 and Subcase 3.2.2, respectively.

Fig. 3 (a) shows the structure of Cg. Then |[E1(Cg)| = 2m — 2 + (n — 2)m3 + 2% + 4y, = 2K,
|E2(Ce)| =2n -2+ (n—2)n; + 25, = 2Kk, Cg is a 4k-DBC.

Notethat (51 + 1)+ 22+ 2= (L1 + 1)+ (a3 —2p) 12+ 2= (1 + 1)+ a3/ 2+ pp, ifk =
(mn/4-1), () 261 + oz + 4 =n -2 s invalid for n > m, thus, the condition (i) does not exist
in Subcase 3.1.2and (i) (m-4)/2+1+(n-m-2)/2+1=n-1,n+mz3+3=m/2-2+
m/2-2+3=m-1forn=m. Then Cs and Cg are well-defined cycles.

Subcase 3.2. n; is odd.

Letn=ni—land So=p+((N—2)/2). Notethatifk=(mn/4-1),28,=m—-4+n-2=n
+m—-4,np,=m/2-2-1=m/2-3. We divide this case into two subcases.

Subcase 3.2.1. 2, + s + 4 <2n—4.

As Subcase 3.1.2, »» = (s mod 4) / 2 and y, = (as — 251) / 4. According to y», we use n; and
[ to replace ny and g in Subcase 3.1.2, then construct a cycle C;. Hence, |[E1(C7)| =2m -2 +

497



(N=2)m3+2p»+4y,=2kand |E2(C7)|=2n-2+(n-2)n, + 2 =2n-2+ (n-2)(n; — 1) +
260+ (n-2)/2)=2n-2+(n-2)n1—(n—-2)+ 2/ +(N—-2)=2n—-2+(n—2) + 25, = 2k.
Then C; is a 4k-DBC.

Notethat (S, + 1)+ 20+ 2 =(+ 1)+ (s —20) 12+ 2= (o + 1)+ sl 2+ p, if k=
(mn/4-0,0)(Ll+D)+ax/2+p=(N+m-4)/2+1+(n-m-2)/2+1=n-1,n+
mg+3=m/2-3+(Mm/2-1)+3=m-1forn>mand (ii))28+a3+4=2n+m-6>2n
— 4 is invalid for n = m, thus, the condition (ii) does not exist in Subcase 3.2.1. Then C; is a
well-defined cycle.

Subcase 3.2.2. 2 + oz + 4> 2n — 4.

Now, we construct a 4k-cycle Cg = ((0, 0), OP,(0, n — 1), (0,n—1), (1, n—1), 1P;1(n -1, 1),
(1,1),(2,1),2P,(1,n-1),(2,n-=1),(38,n—=1), 3B, 1 (n—1, 1), ..., (nz, n = 1), Pr(nz, Nz + M3
+2)(n-1),(n2+m3+2,n—-1),(n2+m3+2,n-2), Pyt +m3+2,n,+1)(n-2), (ny + 1,
n—2),n+1,n-3),Pp(nz+1L,na+mg+2)(n-3),(Nn+m3+2,n-3), (n+mzg+2,n-
4), .., (a+1,n—o—1),Pun2+ 1L, na+ms+1)(N—az—1), (N2 +mz+1,n—az—1), (Ny +
ms+1,n-—az—2), Bl(na+me+1,n+1)(n-az—2), (N2 +1,n—a3—2), (N2 +1,n— a3 —
3),Pn(nz+1,n+mg+1)(n—az—3),...,(n2+1, 1), Pp(ng +1, m-2)1, (m-2, 1), (m-
P, 1+ ), M-2,1+4),(Mm-1,1+ ), (m-1) B (1 + 3, 0),(m-1,0), B(m-1,
0)0, (0, 0)).

Fig. 3 (b) illustrates the structure of Cg. Because |E;(C)| =2m — 2 + (n — 2)m; + o3 = 2k and
|E2(C)|=2n -2+ (n—2)n, + 23, = 2k, Cg is a 4k-DBC.

Note thatifk=(mn/4-1), () 2+ s +4=n+m-6+n-m—-2+4=2n-4isinvalid
for n > m, thus, the condition (i) does not exist in Subcase 3.2.2 and (ii) (n; + mg + 2) +2 =
(m/2-2-1)+m/2-2+2)+2=m-1. Then Cg is a well-defined cycle.
Case4.k=mn/4.

Tm, n contains a Hamiltonian DBC by Theorem 2, this case is hold. 0

Theorem 5. There is no (2k + 1)-DBC on Ty, , for both m, n are even and k > 1.

Proof. Let the parity of a vertex (x, y) of T, » be defined to be ((x + y) mod 2). Then V(T n)
can be partition into two subsets Veven(Tm, n) and Vogd(Tm, n) by setting Veven(Tm, n) ={u € V(T
n) | the parity of u is even} and Voga(Tm n) = {u € V(Tm, n) | the parity of u is odd}, so that each
edge has one end-vertex in Veen, and another in Vogg. Obviously, T n is a bipartite graph
when m and n both are even. That is, Tr, , does not exist odd cycle. So, Ty, » dose not exist (2k
+ 1)-DBC for m, n both are even and k > 1. O
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4. Conclusions
In this paper, we prove that when m and n are even, (i) Tr, , does not exist any DBC whose
length | is odd by Theorem 5; or | = 2 (mod 4) by Theorem 3, (ii) Tr, n exists a 4k-DBC for
any integer k > 1 by Theorem 4. That is, T, n is neither DB pancyclic nor DB bipancyclic for
even m and n. For future work, we will study this property on Ty, , for one of m and n is even;
another is odd, and both m and n are odd.
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