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ACORSJ2011
September 15-16, 2011, Konan University, Kobe, Japan

July 10, 2011

Professor Hsing Luh

Department of Mathematical Sciences
National Chengchi University

Taipei 11652, Taiwan R.O.C.

Dear Prof. Hsing Luh,

The Asia Session of the National Conference 2011 of Operations Research Society of Japan
(ACORSJ2011), organized by the Operations Research Society of Japan, will be held in Konan
University, Kobe, Japan from September 15 to September 16, 2011.

We wish to express our gratitude to you for accepting the invitation to participate in the Asia
Session of ACORSJ2011 and give a lecture about your newest research results.

We also wish to express our gratitude to you for accepting the invitation to give a talk at our
department before or after the above conference.

Please do not hesitate to contact us if you have any queries regarding your visiting.

We look forward to meeting you at the ACORSJ2011 to be held in Kobe, Japan, September,
2011.

Yours Sincerely

ORSJ2011

Professor Wuyi Yue

Chair of Organizing Committee
ACORSJ2011

Department of Intelligence and Informatics
Faculty of Intelligence and Informatics
Konan University

8-9-1 Okamoto, Higashinada-ku

Kobe 658-8501, JAPAN

TEL&FAX: +81-78-435-2530

e-mail: yue@konan-u.ac.jp
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GI/M/s/s Systems with Blocking under Heavy-Traffic Conditions

Chia-Hung Wang

Hsing Paul Luh

Department of Mathematical Sciences, National Chengchi University, Taipei, Taiwan

1 Introduction

The assumptions of renewal arrival process, ex-
ponential service times, finite servers and limited
buffer size are commonly used in queueing systems
[1, 2, 5]. Choi et al. [3] and Kim and Choi [6] ob-
tained some results related to the GI/M/s/n and
GIX/M/s/n queues with batch size X, where s is
the fixed number of servers and n is the variable
number of waiting space. As the waiting space n
increases to infinity, Choi et al. [3] obtained the es-
timation for the convergence rate of the stationary
GI/M/s/n queue-length distribution to the sta-
tionary queue-length distribution of the GI/M/s
queueing system. In [6], Kim and Choi provided an

analysis of the blocking probability in the GI*X /M /s/n

queueing systems. Recently, Abramov [1] provides
an asymptotic analysis of the blocking probabil-
ity of the GI/M/s/n queue as the waiting space
n approaches to infinity. However, in these litera-
tures, the number of servers s is fixed and hence
the traffic intensity is also fixed.

The presentation considers the GI/M/s/s queue-

ing systems as the number of servers s increases
to infinity, where the traffic intensity depends on
s. We provide an approximation for the block-
ing probability with the stationary probability of
GI/M /oo queues. Computational effort for this
approximation is much less than the one for deter-
mining the exact value of the blocking probability
in GI/M/s/s queueing systems as s is large when
solving the matrix computation is considered.

2 Problem Definition

Assume the maximum number of servers is s,
and assume that customers arrive in accordance
with independent general probability distribution,
and we assume that the inter-arrival times of cus-
tomers are independent and identically distributed
(ii.d.) random variables with cumulative distri-
bution function (c.d.f.) A(z), probability density
function a(z) for x > 0, Laplace-Stieltjes’ trans-
form A*(z), and mean 1/\. We also assume that
the sojourn times are i.i.d. random variables fol-
lowing exponential distribution with mean 1/pu,

which corresponds to the packet transmission time.
Suppose that the inter-arrival time and sojourn
time are mutually independent. Customers occupy
those s servers in the order they occur, that is, the
service discipline is First Come First Served.
Because these multi-server systems often have
a very large number of servers, it is natural to gain
an insight into system performance by considering
asymptotics as the number of servers is allowed
to increase. We consider a sequence of queueing
models indexed by the number of servers, s, and let
both s — oo and A\ — oo with the traffic intensity
ps — 1 from below, the critical value for stability.

3 Approximation of the Blocking Prob-
ability with Heavy-Traffic Limits

In this section, an approximation for the block-
ing probability is provided as the number of servers
islarge. We refine the traffic intensity of the queue-
ing system indexed by s virtual paths, namely,
ps = As/(sp). Here, we assume that the traffic
intensity ps < 1 for all s. Assume that we have
As = Sit — /s, where 0 < v < /s, it gives the
traffic intensity ps = 1 — v/4/s. In such a case,
there exists an interesting nondegenerate limit in
Halfin-Whitt heavy traffic regimes, namely, p; — 1
and (1 — ps)y/s — v as s — oo.

Let B,(s), n = 0,1,2,..., be the probability
that number of connections which have been served
during an inter-arrival time is n when all s virtual
paths are busy. If the c.d.f. of inter-arrival times
is non-lattice, then the integral

n
Bu(s) = /O et EO 4y (1)

n!

exists for each n =0,1,2,.... Let
PE) — (P ... P

be the stationary probability vector of connections
in service. Similar to the derivation in [3], it gives

P(ps,s) = P

(s) ﬁo(s)s
O T Bo(s) — ()AL~ Buls)) T




If A(t) follows one of exponential, determin-
istic, or Erlang-r distributions, then it gives the
limit

1_
lim ﬁl(s)
s=00 1 — fo(s) — Pi(s)

where C] is a constant number. If A(t) is non-
lattice and (1 — ps)/s — 7 as s — oo, then there
exists a positive number € > 0 such that
50(8) s

N VS — 0 =C 4

() =0l = o ()
as s > 1, for all 0 < p < e. Consider GI/M/s/s
queueing systems with non-lattice c.d.f. of inter-
arrival times. Assume that (1 —ps)y/s — v as s —
0o. Then, as s > 1, we have the approximation of
the blocking probability

=(h, (3)

P(psas) ~ Pgoclo% (5)

where Fg° is the stationary probability that the
system is empty in GI/M /oo queues.

As the number of virtual paths, s, is large, we
provide an approximation for the blocking prob-
ability. We compute the limits C; and Cy with
probabilities Gy(s) and S1(s). Then, we estimate
the blocking probability of the GI/M/s/s queue-
ing system for large s with C7, Cs, and the sta-
tionary probability PO(OO). For M /M /oo queueing

systems, it gives Péoo) ~Re H.

4 Conclusions

In this presentation we introduce a heavy-traffic
queueing model as the number of servers is huge.
A diffusion approximation and its asymptotic anal-
ysis are derived for the blocking probability of the
queueing system, where the traffic intensity in-
creases to one from below. In conclusive results,
blocking probabilities are estimated analytically
with heavy traffic under assumptions of exponen-
tial, deterministic and Erlang-r inter-arrival time
distributions, individually. Numerical experiments
verify the approximation which is extremely sim-
ple yet fairly good in its performance. For the class
of problems studied with different parameters, it is
concluded that the approximation is adequate for
practical purposes.
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Abstract

Motivated by the waiting lines between the U.S.—-Canadian border crossings, we
investigate a security-check system with both security and customer service goals. In
such a system, every customer has to be inspected by the first-stage inspector, but only
a proportion of customers need to go through the second stage for further inspection.
This “further inspection proportion,” affecting both security screening and the system
congestion, becomes a key decision variable for the security-check system. Using a
stylized two-stage queueing model, we established the convexity of the expected
waiting cost function. With such a property, the optimal further inspection proportion can
be determined to achieve the balance of the two goals and the service capacities can
be classified into “security-favorable,” “security-unfavorable,” or “security-infeasible”
categories. A specific capacity category implies if the security and customer service
goals are consistent or in conflict. In addition, we have verified that the properties
discovered in the stylized model also hold approximately in a more general multiserver
setting. Numerical results are presented to demonstrate the accuracy and robustness of
the approximations and the practical value of the model.
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