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Two types of second baroclinic mode (mode-2) internal solitary waves (ISWs) were found in
the continental slope of the northern South China Sea. One has waveform with upward/downward
and downward/upward displacement of isotherm in the upper and lower water columns, respectively.
It is a typical type of mode-2 ISW and named as convex wave. Another, named as concave wave, has
waveform with reverse vertical displacement of isotherm. Few concave waves observed in the South
China Sea. It is the first time documented here.
Based on the K-dV equation, an analytical three-layer ocean model is used to study the characters
of two types of mode-2 ISW. The analytical solution is primarily a function of the thickness of each
layer and the density difference between the layers. The thickness of middle layer plays a significant
role on the resulted mode-2 ISW. The convex wave could be generated as the thickness of middle layer
is relatively thinner than the upper and lower layers. Whereas the thickness of middle layer is larger
than half of the water depth, only the concave wave could be produced. In accordance with K-dV
equation, the positive and negative quadratic nonlinear coefficient, alpha2, which is also primarily
dominated by the thickness of middle layer, leads the convex and concave waves, respectively.
The analytical solution shows that the wave propagation of the convex (concave) wave has the same
direction of current velocity in middle (upper or lower) layer.
The analysis three-layer model properly reproduces the characteristics of observed mode-2 ISW in the
South China Sea. It also provides a criterion for the existence of convex and concave wave. Since a
stratified ocean with a thick middle layer is rare, the concave wave was seldom seen. This inference

agrees with our observation.



IR R e @RS

1 p e

CEPE Y S EE TR IS ES T SR

2§48

AFFAID2010# 40 30 paLFd PFRESFOE D ARE {lBs D
WHRAPG P LR AR A ST ITRL 0 2~T P FAoEE 0 T
W5 TR FEF AT ok 4P 5 Convex and concave types of mode-2 internal
solitary waves » P} % i B 4cif B AMEPRGOT RPN R A S
A f& » & %] & Convex £ Concave ’ I 11 = & /5 /L;—Eﬁé A EERE R
2B F AP e - LM A BTG R R RE R P
12 77 3 #¢¢n Dr. Tatiana Talipova & R"% % & 2. p A7 % ?*‘Fﬁ‘ o - A2ma s
PPN R RG] AR NEHBARE R ST T A T 6
W5 TP EREL S 8P (EAEFHBW S5 9P (R P)FL > AFFAE

FEBIER S5 10 p 5 FESSEP

3.1 {8 % #% < "Convex and concave types of mode-2 internal solitary w aves”#}

B P Ay AP ARk ad F A HHB7 > gL d o 8

o

N

Eil 1£,E§—*Ff¢;izi&ﬁ’s;‘%\*“ SCI #p 7] o 2 #F A £ RS > ka'i’ﬁ?é—fél’ﬁf’?—*ﬁ

WX RERFLLCERSH IR 0 P v ¢ F4p 1 Journal of Physical

Oceanography (SCI)# 1] -



32 $RPFELET AR HGa D AFE > R Lap L7y &
% Dr. Andrey Serebryany » # £j&F P O Follc B R 0 B MY S E R K
Hx L@ B F LG oBap AFE AR €0 0 5T LR Rt

BERFY

4 EREH

PERBAZENS EHRT SHEPRAMFFIRNEY -



SV SRR



10

11

12

13

14

15

16

17

Convex and Concave Types of Second Baroclinic Mode

Internal Solitary Waves

Yiing Jang Yang', Ying Chih Fang’, Tswen Yung Tang™", and Steven R. Ramp®

'Department of Marine Science, Naval Academy, Kaohsiung, Taiwan
?Institute of Oceanography, National Taiwan University, Taipei, Taiwan

*Monterey Bay Aquarium Research Institute, Moss Landing, California, USA

"Corresponding author address: Tswen Yung Tang, Institute of Oceanography, National
Taiwan University, No 1, Section 4, Roosevelt Road, Taipei 106, Taiwan.

E-mail: tyt@ntu.edu.tw



10

11

12

13

14

15

16

17

18

Abstract

Two types of second baroclinic mode (mode-2) internal solitary waves (ISWs) were

found on the continental slope of the northern South China Sea. The convex waveform

displaced the thermal structure upwards in the upper layer and downwards in the lower

layer causing a bulge in the thermocline. The concave waveform did the opposite,

causing a constriction. A few concave waves were observed in the South China Sea,

marking the first documentation of such waves. On the basis of the Korteweg-de Vries

(K-dV) equation, an analytical three-layer ocean model was used to study the

characteristics of the two mode-2 ISW types. The analytical solution was primarily a

function of the thickness of each layer and the density difference between the layers.

Middle layer thickness plays a key role in the resulting mode-2 ISW. A convex wave

was generated when the middle layer thickness was relatively thinner than the upper and

lower layers, whereas only a concave wave could be produced when the middle layer

thickness was larger than half the water depth. In accordance with the K-dV equation, a

positive and negative quadratic nonlinearity coefficient, «, , which is primarily

dominated by the middle layer thickness, resulted in convex and concave waves,

respectively. The analytical solution showed that the wave propagation of a convex

(concave) wave has the same direction as the current velocity in the middle (upper or



lower) layer.  The three-layer ocean model analysis properly reproduced the

characteristics of the observed mode-2 ISWs in the South China Sea and provided a

criterion for the existence of convex or concave waves. Concave waves were seldom

seen because of the rarity of a stratified ocean with a thick middle layer. This analytical

result agreed well with the observations.
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1. Introduction

An internal solitary wave (ISW) is a commonly observed phenomenon in many of

the world’s stratified oceans. Its prevalent form is the first baroclinic mode (mode-1)

ISW. A mode-1 ISW produces strong vertical mixing and can impact underwater

vessels or structures. Mode-1 ISWs have been widely investigated through theoretical,

modeling, and observational efforts (Helfrich and Melville 2006; Apel et al. 2007).

The second baroclinic mode (mode-2) ISW is much less common than the mode-1

wave and has only occasionally been observed. Theoretically, a mode-2 ISW should

take on one of two types of waveforms: In the upper layer, a “convex wave” has a leading

upward displacement of an isotherm ahead of the wave and a trailing downward

displacement behind it. Deeper in the water column, the opposite is true, causing it to be

described as a bulge-shape, double-hump, varicose, or sausage-type wave (Davis and

Acrivos 1967; Stamp and Jacka 1995; Ostrovsky and Stepanyants 2005; Moum et al.

2008). Pioneering investigations, including theoretical investigations, have all described

this type of wave (Benjamin 1967; Davis and Acrivos 1967; Akylas and Grimshaw 1992;

Vlasenko 1994; Grimshaw 1997), laboratory experiments (Davis and Acrivos 1967; Kao

and Pao 1980; Maxworthy 1980; Honji et al. 1995; Stamp and Jacka 1995; Vlasenko and

Hutter 2001; Mehta et al. 2002; Sutherland 2002), numerical analyses (Tung et al. 1982;
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Terez and Knio 1998; Rubino et al. 2001; Vlasenko and Hutter 2001; Rusas and Grue

2002; Stastna and Peltier 2005; Vlasenko and Alpers 2005), and field observations

(Farmer and Smith 1980; Konyaev et al. 1995; Saggio and Imberger 1998, 2001;

Antenucci et al. 2000; Boegman et al. 2003; Duda et al. 2004; Yang et al. 2004; Bougucki

et al. 2005; Sabinin and Serebryany 2005; Moum et al. 2008; Shroyer et al. 2010).

Theoretically, however, a second type of mode-2 wave is possible. Sometimes

called “reverse convex” waves, these waves will be referred to here as “concave” waves

and have the opposite character from convex waves. The concave waves have an

hourglass-shaped constriction of the thermal structure with a downward followed by an

upward deflection of the thermal structure in the upper layer associated with the opposite

condition in the lower layer.

A long-term current velocity and temperature mooring was deployed on the

continental slope of the northern South China Sea (Fig. 1) under the joint research

program known as Variations Around the Northern South China Sea (VANS, supported

by Taiwan) and the Windy Islands Soliton Experiment (WISE, supported by the U.S.).

The observed current velocity and temperature revealed that mode-2 ISWs were active,

and both convex and concave waves were found. The project identified 78 convex

waves (Yang et al. 2009) and four concave waves, marking the first time concave waves

10
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have been observed in nature.

This article describes the characteristics of two distinct types of mode-2 ISWs on the

continental slope of the northern South China Sea and discusses how stratification affects

their formation. Furthermore, an analytical three-layer ocean model was used to study

and interpret the observed convex and concave waves. The remainder of this paper is

organized as follows. Section 2 describes the observational results of the convex and

concave waves. The analytical interpretations applied for mode-2 ISWs under a

three-layer ocean model are presented, and the results are shown in Sections 3 and 4,

respectively.  Finally, Section 5 provides a discussion of the two mode-2 ISW types.

2. Observations

The current velocity and temperature mooring was deployed at a depth of 350 m

from 29 April to 28 July 2005 and from 2 November 2005 to 24 February 2006. A 300

kHz self-contained acoustic Doppler current profiler (ADCP) was mounted at 100 m and

measured the current velocity from 15 to 95 m in 4-m bins and recorded the temperature

at 100 m. The ping rate was 1 s, and the averaging and recording interval was 1 min.

Temperature was recorded every minute. Three ducted paddlewheel recording current

meters (RCMS8s) were located at 160, 220, and 310 m. The RCMSs recorded the current

11
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velocity and temperature every 5 min. The mooring had 16 temperature recorders [one

ADCP, three RCMS8s, seven temperature-pressure recorders (TPs), four

conductivity-temperature-depth sensors (CTDs), and one temperature recorder (T-pod)]

spanning from 32 m to 338 m. The TPs and T-pod sampled every minute, and the CTDs

sampled every 2 min.

Because the passage of ISWs would induce a temperature perturbation, a time series

of temperature measurements was used to identify mode-2 ISW episodes. In a convex

wave, the temperature theoretically undergoes a decreasing and then an increasing

temperature evolution in the upper layer and the opposite temperature evolution in the

lower layer. A concave wave has reverse temperature evolutions; therefore, for convex

and concave waves, the isotherm contour plot would reveal a “double-hump” like and a

“reverse double-hump” like waveform, respectively. Whether the wave was convex or

concave could be determined by the thermal displacement pattern. During the

observation period, 78 convex waves and four concave waves were identified.

Current velocity was also used to further confirm the mode-2 ISW episode.

Theoretically, the mode-2 ISW current velocity has a three-layered structure with two

vertical nodal points (zero-crossing points). The velocities of the upper and lower layers

are in the same direction but opposite to the velocity in the middle layer. The convex

12
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wave propagation direction is consistent with the current direction in the middle layer.
The propagation direction of a concave wave is unknown, and the relationship between
current distribution and propagation direction has not been studied. For each mode-2
ISW episode, the horizontal current velocity perturbation, which could be associated with
the mode-2 ISW, was calculated by subtracting the background current velocity from the
measured current velocity. The background current was defined as the average current
30 min before the episode.

The wvertical velocity perturbation (W') of whole water column associated with
mode-2 ISWs, was estimated from the wave temperature perturbation using the
temperature conservation equation with the assumption of negligible horizontal advection

and heat conduction:

T"(zZ,t+At) =T"(z,1)

(7 £) At
W T M

AZ

where T"(z,t) is the 5-hr high-pass-filtered temperature, T°(z,t) is the 36-hr
low-pass-filtered temperature, z is the depth where the temperature sensor was mounted,

Az 1is the depth difference between the two temperature sensors, t is the time when the

13
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mode-2 ISW passed the mooring, and At is 1 min. Theoretically, W' has a

two-layered structure with one nodal point vertically and has opposite directions in the

upper and lower layers, respectively. In the upper layer, W' is positive and then

negative (upwelling/downwelling) for convex waves and negative and then positive

(downwelling/upwelling) for concave waves. The values of W' computed in this way

agreed well with the ADCP observations where available (in the upper water column <

100 m depth).

In the following paragraphs, a convex wave and a concave wave are used as

examples to illustrate their characteristics.

2.1 Convex waves

The characteristics of convex waves such as amplitude, time scale, characteristic

width, and phase speed have been reported by Yang et al. (2009). A typical isotherm

contour (Fig. 2a) behaved like a “double-hump” waveform from 23:20 to 24:00 GMT 27

June 2005, indicating a convex wave. Figure 2b shows the perturbation of the eastward

velocity component (U'). The U' induced by the convex wave had an eastward

acceleration and then a deceleration evolution above 60 m and at 220 m and 310 m, and

the opposite pattern between 60 m and 100 m and at 160 m. This result implies that

14
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there were two U' nodal points: one at approximately 60 m and another between 160 m

and 220 m. The perturbation of the northward velocity component (Vv', not shown) had

an evolution similar to U', whereas the V' amplitude was much smaller than that of u'.

Therefore, the primary propagation direction of this convex wave was westward,

consistent with mode-1 waves observed in the area (Ramp et al. 2010). The

corresponding depths of the local maximum and minimum W' were near 80 m and 200

m, respectively (Fig. 2c). The positions of the local maximum/minimum W' were

close to the positions of the two U' nodal points.

2.2 Concave waves

An example of a concave wave is shown in Fig. 3. The thermal displacement

pattern (Fig. 3a) of the concave wave was opposite that of the convex wave. The

vertical isotherm displacements at 24°C and 15°C were approximately -20 m and 40 m,

respectively. The isotherms showed a downward and then an upward displacement

above 140 m and the opposite evolution below, in which a “reverse double-hump”

waveform evolved in the isotherm depth contour. Similar to the previous convex wave,

the v' amplitude was relatively smaller than that of u'; hence we only consider u'

here. Figure 3b demonstrates how U' was induced by the concave wave. At 23:10

15



10

11

12

13

14

15

16

17

18

GMT 9 July 2005, a negative U' was found above 30 m, whereas a positive U' was

found below. The u' nodal point was identified near 30 m. The RCMS8s at 160 m

and 220 m also experienced a positive U' between 30 m and 220 m, whereas the RCM8

at 310 m experienced a negative U'. This result shows that another u' nodal point was

located between 220 and 310 m. The vertical velocity component, W', also revealed a

clear modal structure (Fig. 3c). At 23:05 GMT 9 July 2005, a downwelling occurred

above 140 m, whereas an upwelling occurred below. Consequently, the W' nodal point

was near 140 m.  The perturbation induced by the concave wave was a

downwelling/upwelling process above and below the W' nodal point. The

corresponding depths of the local maximum and minimum W' were near 30 m and 240

m, respectively. The positions of the local maximum/minimum W' were also in

accordance with the positions of the two U' nodal points.

Only four concave waves were found. The average amplitude of the upper part of

the wave was 15 = 4.3 m, while it was 27 + 12.1 m for the lower part. The average time

duration was 29 + 4.9 min.

Yih (1960) inferred that a three-layer fluid system could have mode-2 waves.

Actually, a nearly three-layer density structure has been observed in the northern South

China Sea (Yang et al. 2004). Therefore, an analytic three-layer ocean model was
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established to study the characteristics of convex and concave waves.

3. Analytic three-layer ocean model
The vertical velocity structure function, W, is governed by the Taylor-Goldstein
equation to consider the hydrostatic, frictionless internal motion without background

current and to satisfy the Boussinesq approximation (Gill 1982):

d’W,(z) . N*(z)
+
dz? c’

n

W, (2)=0, 2

where W, (z) is the eigenfunction (or vertical structure function) for the nth mode, c,
is the eigenvalue (or modal phase velocity of the linear wave), and N(z) is the
Brunt-Viisdld (or buoyancy) frequency. The vertical modes of horizontal U (z) and
vertical motion are related by U, (z)=dW,(z)/dz. The theoretical vertical structures
can be calculated by the buoyancy frequency profile.

For the simplified case of a three-layer ocean (Fig. 4a), the thicknesses
corresponding to the upper, middle, and lower layers are h,, h,, and h,, respectively.
The densities corresponding to the upper, middle, and lower layers are p, —Ap,, p,,

and p,+Ap,, respectively, where 0<Ap,,Ap,<<p,. N(z)=0 except at two

17
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interfaces, N(-h,)=,/9',/Az and N(-h,—h,)=.9',/Az, where @' and @', are

Ap,9/p, and Ap,g/p,, respectively, g is gravitational acceleration, and Az is a

small value variable.

Imposed on the rigid-lid boundary condition, W, (0)=0 and W, (-h, —h, -h;)=0,

the analytical solutions for Eq. (2) are as follows:

_z —h,<z<0
hl
1-y
W, (2)= “(z+h,+h)+y, —h —h,<z<-h
2
ﬁ—”(z+h1+h2+h3) —h —h,—h,<z<-h —h,
3
_L -h,<z<0
hl
U,(2) = 1;]7" —h —h,<z<-h,
2
ﬁ—" —h, —h,—h,<z<-h —h,
3

3)

“)

where y, is the ratio of the vertical velocity component at the lower interface to that at

the upper interface: W, (=h, —h,)/W,(-h)).
—h, +Az/2 and from

follows:

18

Integrating Eq. (2) from —h, —Az/2 to

—h, —h,—=Az/2 to —h,—h,+Az/2, y, can be expressed as
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h,g', h,
— |22 g 5
In (Cg h, Q)
hg, h )
— | 222 2 4 6
& (Cﬁ h, ] ©

Substituting y, of Eq. (6) into Eq. (5), a single phase velocity equation ¢, is obtained:

(h, +h, +hy)c: —[h,(h, + h,)g',+(h, + h,)h,g', Ic2 + h,h,h,g', g, =0 (7

Therefore, the eigenvalues (or linear internal wave modal phase speed) of the

Taylor-Goldstein equation, ¢, and C,, are as follows:

C2 — hl(h2 + h3)g'1+(hl + h2)h3g'2
‘ 2(h, +h, +h,)

®)
N J(h(h, +h,)g' +(h, +h,)h,g', )? —4(h, +h, +h)hh,hg', g,
2(h, +h, +h,)
CZ — hl(h2 + h3)g'1+(hl + hz)h3gV2
? 2(h, +h, +h,)
)

_ \/(hl(hz + h3)g'1+(h1 + hz)h3g'2 )2 _4(h1 + h2 + h3)h1h2h3g'1 g'z
2(h, +h, +h,)

19
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where ¢, and c,, which have similar formulations derived by Grimshaw et al. (1997)

and Rubino et al. (2001), represent the phase speed of faster (mode-1) and slower

(mode-2) mode linear internal waves, respectively. If there is no density difference at

either the upper (Ap, =0, Ap, #0) or lower (Ap, #0, Ap, =0) interfaces, the three-layer

ocean model degenerates into a two-layer ocean model and only mode-1 motion remains

such that c,=0 and ¢, =/h(h, +h))g',/(h, +(h, +h,)) or

¢, =+/(h, +h)h,g", /((h, +h,) +h,) , respectively.

From Egs. (5) and (6), we can obtain the relationship between y, and y,:
7, —7,=(c"-¢;Hh,g',>0 and yy,=-9',/9,<0. Thus, »,>0 and y,<0.
For n=1, the mode-1 motion accompanies faster phase speed (C, ) and in-phase vertical
motion at the upper and lower interfaces (y, >0). However, if n=2, the mode-2
motion accompanies the slower phase speed (C,) and out-of-phase vertical motion at the
upper and lower interfaces ( 7, <0). The second mode eigenfunctions of the
Taylor-Goldstein equation, U,(z) and W,(z) , are shown in Figs. 4b and 4c,
respectively.

According to Benney (1966), Lee and Beardsley (1974), Pelinovsky and Shavratsky
(1977), Maslowe and Redekopp (1980), Grimshaw (1981), Gear and Grimshaw (1983),

Apel et al. (1997), and Apel (2003), the modal displacement 7, is governed by the

20
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Korteweg-de Vries (K-dV) equation neglecting rotational effects and energy exchange
between modes and assuming weakly nonlinear finite-amplitude plane progressive waves

propagating in a specific direction (Korteweg and de Vries 1895):

on on on 6377
nL4c "t o n n 3 n—( , 10
ot " ox o " oox? (19)

where X is the wave front propagation direction and «, and f, are the quadratic

nonlinear and dispersive coefficients for the nth mode, respectively. Both coefficients

are also called “environmental parameters,” as they account for conditions such as

stratification (or Taylor-Goldstein equation eigenfunctions) and water depth ( H ) without

background current as follows (Lee and Beardsley 1974):

0
36, |, (OW, /dz) oz an
n 2 0 5
(A, /dz)’ dz
0
W dz
_% _ j—H (12)
2 [ (dw, /dz)’dz

If the shallow-water approximation holds, the analytical solution for the K-dV

equation is a squared hyperbolic secant function: 7, =7, sech’ (x-Vv,t)/A,). Here,
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Mo, 1is the amplitude, v, =c, +(a,7,,/3) is the nonlinear phase speed, and

A, =12/, /en,, is the nonlinear characteristic width; 7,, or v, increases when

A, decreases. The signs of «, and 7,, are the same (Apel et al. 1997).

Consequently, amplitude (A,), vertical (W, ) and horizontal (u,) current velocity

components, and the quadratic nonlinearity coefficient («,) can be calculated from Egs.

(3), (4), and (11) for a mode-2 ISW in this three-layer ocean model:

A (X,2,1) =1,(X, )W, (2) = Uo,zwz(z)seChz(X_—Vzt)
2
OA, (X,2,t) _ 2v, L X—t Xt
(.20 = = W, (z)sech tanh
5 ( ) ot A, 17.W,(2) ( A ) ( A, )
u2(X) Z)t) = _J‘ aWz dX = VZUO,ZUQ(Z)SGChZ (X_—\lzt)

oz A,

7L =r) 1

_3hi b N

a, =
T2, - 1
h3 h2 hl

(13)

(14)

(15)

(16)

By Eq. (16), the quadratic nonlinearity coefficient is not only a function of layered

thickness but also of density difference. It is more complicated than the two-layer ocean

model solution. Positive and negative 7,, values (or «,) represent convex and

concave waves, respectively.

Physically, each interface could have two degrees of freedom displacement so that a

22
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three-layer ocean (two interfaces) could have the following four types of ISWs: (1)

in-phase motion in the upper and lower interfaces; both have upward and then downward

interfacial displacement, which corresponds to the elevation type of mode-1 ISW; (2)

in-phase motion of the upper and lower interfaces; both have downward and then

interfacial upward displacement, which corresponds to the depression type of mode-1

ISW, (3) out-of-phase motion in upper and lower interfaces; the upper interface produces

upward and then downward displacement and the lower interface evolves as downward

and then upward displacement, which corresponds to the convex type of mode-2 ISW;

and (4) out-of-phase motion in the upper and lower interfaces; if the upper interface

produces downward and then upward displacement and the lower interface evolves as

upward and then downward displacement, this corresponds to a concave type of mode-2

ISW. In summary, there are two vertical modes in the three-layer ocean model. Each

ISW mode has two polarities: elevation and depression types for mode-1 ISW and convex

and concave types for mode-2 ISW. The analytical results of the three-layer ocean

model agree with the physical explanation.

The convex and concave wave solutions are discussed in the next section.

Meanwhile, the mode-2 ISW polarity will be examined by changing the layer thickness

and density.
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4. Results

Two cases are examined for mode-2 ISW solutions. According to Egs (5), (9), and
(16), the solutions and polarity of mode-2 ISWs depend on the sign of «,, which is a
function of the thickness of the three layers (h,,h,, and h,) and the density difference at
the two interfaces (Ap, and Ap,). In the first case, the stratification parameters are set
to h,=03H, h,=04H, h,=03H, and Ap,=Ap,. The corresponding quadratic
nonlinearity coefficient is «, =2.5¢c,/H . This coefficient represents a convex wave,
and the wave amplitude is set to 7,, =0.1H . The parameters for this case are
summarized in Tab. 1.

Figure 5 shows the convex case solution, from left to right, which are amplitude and
horizontal and vertical current components as a function of distance and depth,
respectively. First, an elevation and a depression wave appear in the upper and lower
water columns, respectively (Figs. 5a and 5¢), which indicates that this wave is a convex
type. Second, the middle layer current direction is consistent with the mode-2 ISW
propagation direction (Fig. 5b). Therefore, we can use the current direction at the
middle layer to determine the propagation direction of the convex wave. The solutions
for this case are similar to the observation results shown in Fig. 2.

In the second case, the stratification parameters are set to h,=0.2H, h,=0.6H,
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h,=0.2H, and Ap, =Ap,. The corresponding quadratic nonlinearity coefficient is
a, =-2.5¢,/H, which represents a concave wave, and the wave amplitude is set to
My, =—0.1H . The parameters of this case are summarized in Tab. 1.

Figure 6 shows the concave case solution, giving from left to right, the amplitude
and the horizontal and vertical current components as a function of distance and depth,
respectively. First, a depression and an elevation wave appear in the upper and lower
water column, respectively (Figs. 6a and 6¢), demonstrating that the wave behaves as a
concave type. Second, the upper or lower layer current direction is the same as the
wave propagation direction (Fig. 6b). Therefore, the propagation direction of a convex
wave is determined by the upper or lower layer current direction, which is why we
suggest that the concave wave shown in Fig. 3 is propagating to the west. The solutions
for this case are different than those for the convex case but similar to the Fig. 3

observation results.

Figures 5 and 6 show that the mode-2 ISW polarity depends on the signs of 7,, (or
a,). Thevalue of «, isa function of layer thickness (h,, h,,and h;) and the density
differences at the upper and lower interfaces (Ap, and Ap,). Figure 7 shows positive
a, (convex wave) and negative «, (concave wave) regions as a function of h, and

h, when § (Ap,/Ap,) was adjusted to 0.5, 1, and 2, respectively. Most of the region
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approaches a negative «, or a positive «, when the middle layer thickness h,
becomes larger or smaller, respectively. Different J values only slightly influence the
patterns in Fig. 7. It follows that the transition of the mode-2 ISW polarity occurs
when the middle layer is sufficiently thick or thin. Therefore, the three-layer ocean
model implies that a thinner middle layer will be favorable for convex waves, whereas a
thicker middle layer would accompany concave waves, which generally agrees with the
observations. When h,/H >0.5, oy is always less than zero, meaning only concave
waves are possible. Figures 2c¢ and 3¢ show that the middle layer thickness (distance
between the locus of local W' maximum and minimum) of the convex wave (120 m) was
thinner than that of the concave wave (160 m).

According to the analytical solutions, the polarity of mode-2 ISWs is determined by
the quadratic nonlinearity coefficient. In a three-layer ocean model, the density
difference between the layers slightly influences the quadratic nonlinearity coefficient,
and h, mainly affects mode-2 ISW polarity. If the middle layer thickness is larger than
half the water column, the resulting mode-2 ISW waveform is always concave, regardless

of the density difference at the two interfaces.
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S. Discussion and summary

Previous studies have investigated the convex type wave because the initial

condition was always based on an environment with a thin middle layer. Stratification

with a “thick” middle layer as defined in Fig. 7 is rare over the continental slope and shelf,

thus the concave wave is not commonly observed in the ocean and has not been

considered in the laboratory. However, four examples of concave mode-2 ISWs have

now been observed in the northern South China Sea during the VANS/WISE experiment.

The three-layer thermal structure with a thick middle layer was sometimes observed over

the continental slope and shelf of the northern South China Sea (Yang et al. 2004). This

thermal structure allowed a concave wave to be generated, as suggested by the analytical

model results.

When there was a thin middle layer, the two interfaces were relatively far from the

rigid-lid boundary. Consequently, it was easier to allow an elevation and a depression

wave (convex) to exist at the upper and lower interface, respectively. However, when

there was a thick middle layer, the two interfaces were relatively close to the rigid-lid

boundary. A depression and an elevation wave (concave) existed more easily at the

upper and lower interface, respectively.

When the resulting mode-2 ISW propagated in the same direction as current in the
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upper and lower layers, by Eq. (15), a convergence zone (0u/dx <0) and a divergence
zone (0u/0x >0) were produced in these two layers at the front and rear of the mode-2
ISW, respectively. Due to the rigid-lid boundary condition and volume conservation, the
downwelling/upwelling processes had to occur in the upper layer at the front/rear of the
wave. Similarly, upwelling/downwelling processes appeared in the lower layer. These
processes correspond to a concave-shaped waveform. This result indicates that the
concave wave propagated in the same direction as current in the upper and lower layers,
respectively. On the other hand, when the resulting mode-2 ISW propagated in the same
direction as current in the middle layer, a convergence and a divergence zone were also
produced at the front and rear of the mode-2 ISW, respectively, in the middle layer.
Consequently, upward/downward and downward/upward displacements were induced at
the upper and lower interfaces, respectively, showing a convex wave with a propagation
direction that is consistent with the current direction in the middle layer.

The upper layer circulation resembles a mode-1 depression wave for the concave
case, and a mode-1 elevation wave for the convex case. This means that the surface
signatures in the Synthetic Aperture Radar (SAR) imagery should resemble those waves,
but likely weaker and more intermittent. The divergence ahead of the convex wave and

convergence behind should product a dark/light pattern (smooth/rough) in the SAR
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imagery, and conversely for the concave wave (Alpers 1985; Liu et al. 1998; Chang et al.

2008). While mode-2 waves have been observed in the Moderate Resolution Imaging

Spectroradiometer (MODIS) imagery (Yang et al., 2009) they have not yet been observed

in the SAR imagery.

From the three-layer ocean model results, the turning point function (&, =0) is

more complicated than that of the two-layer ocean model results. However, the mode-2

ISW polarities are dependent on layer thicknesses and the density difference at the two

interfaces. In particular, the mode-2 ISW waveform is always the concave type as long

as the middle layer thickness is larger than half of the water column. However, this is an

analytical three-layer ocean model result, and thus further studies are needed, especially

those that consider more complicated conditions, such as continuous stratification, full

nonlinearity, and non-hydrostatic effects.

Using the VANS/WISE mooring observations for the continental slope of the

northern South China Sea, data collected by the ADCP, the three RCMS8s, and the 16

temperature sensors revealed a number of mode-2 ISW episodes. The mode-2 ISWs had

convex-shaped and concave-shaped waveforms, and more convex-shaped episodes

occurred than concave-shaped episodes. The vertical structures of mode-2 ISWs

generally agreed with the linear modal functions. The maximum/minimum vertical
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current component loci were close to the nodal points of the horizontal current

component. Convex and concave waves were accompanied by thinner and thicker

middle layer, respectively. The mode-2 ISW propagation direction was the same as the

current direction in the middle (upper or lower) layer for the convex (concave) wave.

The analytical solutions generally agreed with the observations. The mode-2 ISW

polarities are related to the sign of the quadratic nonlinearity coefficient of the K-dV

equation. In the three-layer ocean model, the polarities were not only a function of the

thickness of each layer but also related to the density difference at the two interfaces. A

convex wave was found when there was a thin middle layer. When the middle layer

thickness was larger than half the water column, the resulting mode-2 ISW was always

concave shaped. Although mode-2 ISWs are not as energetic as mode-1 ISWs observed

in the same region, they potentially play a significant role for mixing shelf waters (Moum

et al. 2008). Future studies are needed to fully elucidate the nature of convex and

concave waveforms.
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2 TAB. 1. The parameters for the two analytical three-layer ocean model cases.
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FIGURE CAPTIONS

FIG. 1. The mooring location (shown as a red dot) on the continental slope of the northern

FI1G. 2.

South China Sea. The local depth was 350 m.

The left (a), middle (b), and right (c) panels represent the contours of isotherms,
perturbations of the eastward current component (U'), and vertical current
component (W') as functions of time and depth, respectively, from 23:20 to 24:00
GMT 27 June 2005. The temperature data were measured by 16 temperature
sensors at depths from 32 to 338 m. The eastward current data were measured
by an ADCP between 15 and 95 m and three RCMS8s at 160, 220, and 310 m.
The contour intervals are 1°C, 10 cm s™, and 4 cm s for temperature, U', and
W', respectively. Positive U', and W' indicate eastward and upward velocities,

respectively.

FIG. 3. Same as Fig. 2 except from 22:40 to 23:20 GMT 9 July 2005.

FI1G. 4.

FIG. 5.

The left (a), middle (b), and right (c) panels represent the mode-2 ISW vertical
density profile ( p ) and vertical structure functions of horizontal (U, ) and vertical

(W, ) current components, respectively, in the three-layer rigid-lid ocean.

The left (a), middle (b), and right (c) panels represent the contours of amplitude

(A,) and horizontal (u,) and vertical (W, ) current components for a convex

mode-2 ISW as functions of distance and depth, respectively. The left panel also
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displays A, at the upper and lower interfaces. All components were
nondimensionalized using a horizontal length scale A, (nonlinear characteristic
width of a mode-2 ISW), a vertical length scale H (depth), and a speed scale c,
(linear phase speed of a mode-2 ISW). Shaded areas show negative values.

The contour intervals are 0.02, 0.1, and 0.05 for A,, u,,and w,, respectively.

FIG. 6. Same as Fig. 5, except for a concave mode-2 ISW.

FIG. 7. The solution space for the quadratic nonlinearity coefficient as a function of layer
thickness and stratification. The axes have been nondimensionalized by the
vertical length scale H (depth). The impact of changing stratification is shown
by plotting the graphs for different values of the stratification parameter
d=Ap,/Ap,=0.5,1.0, and 2.0, for panels (a), (b), and (c) respectively. Shaded
areas show negative values. The dashed lines represent the envelope when

a,=0.
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2 TaB. 1. The parameters for the two analytical three-layer ocean model cases.

Case h, h, h, d=Ap,/Ap, a, o Waveform
I 03H 04H 03H 1 25¢,/H  0.IH  Convex
11 02H 0.6H 0.2H 1 -2.5¢,/H -0.1H Concave
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FIG. 2. The left (a), middle (b), and right (c) panels represent the contours of isotherms,
perturbations of the eastward current component (U'), and vertical current component
(w") as functions of time and depth, respectively, from 23:20 to 24:00 GMT 27 June 2005.
The temperature data were measured by 16 temperature sensors at depths from 32 to 338
m. The eastward current data were measured by an ADCP between 15 and 95 m and
three RCMSs at 160, 220, and 310 m. The contour intervals are 1°C, 10 cm s™, and 4
cm s for temperature, U', and W', respectively. Positive u', and W' indicate

eastward and upward velocities, respectively.
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FIG. 3. Same as Fig. 2 except from 22:40 to 23:20 GMT 9 July 2005.
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FIG. 4. The left (a), middle (b), and right (c) panels represent the mode-2 ISW vertical

density profile (p ) and vertical structure functions of horizontal (U, ) and vertical (W,)

current components, respectively, in the three-layer rigid-lid ocean.
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FIG. 5. The left (a), middle (b), and right (c) panels represent the contours of amplitude
(A,) and horizontal (u, ) and vertical (W, ) current components for a convex mode-2 ISW
as functions of distance and depth, respectively. The left panel also displays A, at the
upper and lower interfaces. All components were nondimensionalized using a
horizontal length scale A, (nonlinear characteristic width of a mode-2 ISW), a vertical
length scale H (depth), and a speed scale ¢, (linear phase speed of a mode-2 ISW).

Shaded areas show negative values. The contour intervals are 0.02, 0.1, and 0.05 for

A,, u,,and w,,respectively.
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FIG. 6. Same as Fig. 5, except for a concave mode-2 ISW.

48

-1.0



10

11

12

13

14

15

0.0 T T T
0.0 0.5 1.0 0.0 0.5 1.0 0.0 0.5 1.0

hy/H hy/H hy/H
FIG. 7. The solution space for the quadratic nonlinearity coefficient as a function of layer
thickness and stratification. The axes have been nondimensionalized by the vertical
length scale H (depth). The impact of changing stratification is shown by plotting the
graphs for different values of the stratification parameter & =Ap,/Ap,=0.5, 1.0, and 2.0,
for panels (a), (b), and (c) respectively. Shaded areas show negative values. The

dashed lines represent the envelope when «, =0.
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