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Discrete-Time Nonlinear Output Feedback
Control for a Class of Nonlinear Systems Using
Finite Difference Approaches

Wei Wu
Department of Chemical and Materias Engineering
Nationa Y unlin University of Science and Technology
Y unlin 64002, Taiwan

To be presented at 2008 American Contrel Conference

Mayjor issues

r Finite difference-based output feedback control

m T he effect of sampling period and approximation
errors is accounted for the stabilization of closed -
loop systems

» An unstable chemical reactor system with sampling
time-delay and inlet perturbations is demonstrated




Continuous-tinme conitrol system

@ A class of single-input single-output (SISO) nonlinear system

x=F(x,u)
y=h(x)
Using the input-dependent state coordinate transformation

é :®(X,U,u,._‘,u(u‘71)) = (yv y1 ,...,y(ml))T

h(x)
h(x) w
L

and the full rank condition

5
rank{ Q(x,u,u,...,u®?) = <

o
ox h(x,u)
5 .l(Llfl)

hE o

Continuous-tine conitrol systemn

€ An extended Luenberger-like observer

%= F(xU)+Q(xu,u,....u)K (y—h(x))

and the continuous-time observer-based controller is composed of

x=F (x,t]+ Q(x,)K[y—h(x)]
x(Xu,0,...,u) +Ge=0

where the implicit, nonlinear ODE in Eg. (5) should be solvable.




Continuous-tinme conitrol system

€ The auxiliary closed-loop system is shown by

e=Ae+B, [, (% %1) - 7,(xt)+G(e-8&)] ©
é=Ae+B,[7,0xx1) - 1,(x1)]

Corollary 1: Suppose that (i) the observer design can hold; (ii) the control solution
exists; (iii) inequalities for bounds of nonlinearities are sati sfied by

[2PB.[7.(x %) - T(x 1) +G(e-O)]|< 4, |e]+ L. |e] (7
[2R B, [7a(x 1) = T (x ]| < Lo e]
Then the asymptotic output regulation can be achieved.

imjecv]-0

Finite difference approach

€ Using the forward finite differences and differential operators

‘ 2 3 4 m
hpm=a- A A A,
2 3 4 7

A
D=—+0,(h

h m()
2 AN’

D P

+0,,(h)

m

D"~ 15+0,(h)

U+ 58 =0—25 D" =3(x,u, Du,..., D" 'u)




Finite difference approach

Furthermore, the difference-based control equation is shown by
A*u=3,(X,U,Au,...,A*u,h) ®

while the very fast sampling rate is employed, the observer -based controller viathe
finite difference approach is approximated as

X(k+1) = Fy (x(K), ¥(K)) ©
u(k +o) = ¥ (x(k),u(k),...,u(k +a — 1))
If the sampling time-delay T, is considered, i.e. T=nh, then the new sampling
times become k' = k/n, the one-time-delay-ahead predictive contioh is stown'vy
R(k+1) = £, (x(h), ('Y (10)
u(k’ +1) = (R ), u(k"),....uik"))

Finite difference approach

Moreover, the discrete-time closed-loop system is described as
e(k' +1) = Ae(k) + B, [T (x(K), X(K)] )

&k +1) = Ae(k) + B, [T (x(k), x(K)) ]

Corollary 2: Suppose that (i) the discrete-time observer-based control exists; (ii)
inequalities for bounds of nonlinearities are satisfied by

27 Q.8 [T (x(k), K0 < )+ vallel0 )
[2ATQB, [T (x(), %()) ]| < vl
Then, the discrete-time closed-loop system is asymptoticaly stable, i.e.

lime(k’) =0 3

k=




Finite difference approach

Moreover, the discrete-time reference-based output feedback control framework is
written as

- —

u(k'+l):‘i’()“((k’),ym(k'),...,ym(k’+l),u(k'),...,u(k’)) (149)
wherey. . is the specific reference model output.
Corollary 3: Suppose that (i) the discrete-time reference-based control exists;
(ii) inequalities for bounds of nonlinearities are satisfied by
[2A7Q.B, [T (k). X(K), Y (KD ]| < v, [6CK) v [k + BT 4
[2ATQB, [T (x(k), %K) ]| <75 etk + B.(T,)

Then the output regulation and estimation error are restricted t o the sampling time-
delay, respectively.

Bk <r.(T)  Jed)<r.@) (16)

Demonstration

@ A unstable chemical reactor system is described by
F(X) J

X:F(x,u):[F G

RA(Xl’ Xz) +(CAi - Xi)/‘t
= ’ u
R (ax)/pey + (T —x)fe +og
y=h(x)=x,
@ The discrete-time observer-based control is shown as

R(k +1) = x(k) + h[ F (x(k),u(k)) +Q K (y(k)—h(x(k)) )]
0 Fy(X(Kk),u(k))
au(k’)

) 2 r 2 ArLY L
_ O R, (X(K),u(k")) XX _EFJ(.\(/ Lu(k ))E(f(k))]}

u(k’'+1) =u(k")+T, {(

J (*gl(h(?(k)) = Yr) = 9:F>(x(K), u(k"))

0 %y(k) I3,(k)




Demonstration

- —

@ Thenonlinear term T, as k' — «ois bounded by
)
r.J<[ 2259 Jo,m)
ou

@ The nonlinear term T'; as k' — « iS bounded by

0 F, (X 0 F,(x,u)
{( % a8 +[0x1 Qzel}

[E59) (0 o

ou ou

The above inegualities show that the sampling time -delay would strictly affect the
growing bounds of above nonlinearities.

Demonstration

€ Under consistent initialization and different sampling period, t he discrete-time
observer-based control is executed for constant setpoint change.

()

---T,=5 sec
T,=7.5 sec




Demonstration

- — —

4 Under consistent initialization, constant sampling period, and i nlet temperature
perturbation, the discrete-time observer-based control is executed for
disturbance rejection.

T,=5 s

-—— ATj=+20 K
--- AT;=-20 K

100
Time (s)

Demonstration

- — —

€ Under the same consistent initialization, constant sampling peri od, and inlet
temperature perturbation, the discrete-time observer-based control associated
with the integral action is executed for disturbance rejection.

—— AT;=+420 K
- - AT=-20 K

— AT{=+20 K
- - - AT=-20 K

100 150
Time (s)

Jeddy- 4, DODD




