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BIVEE BB £ S THEF ti by, tn AT |t — 5] & B, i # jo KT R
AR R 4, by, tno
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ARYF ik BT

ay > kb? > 0, 0§a2=k(b3‘1) LHE-D
ay kb?

BE W) XTH 0y =0 R ap = 2 (L& bLEBH),
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T = (b~ 1) X (b, ) = (4,49) K (4,81)o
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#7547 ABCDEF t9/tE 2 A% AD 2 BE %R LAPB > 60°, bk P %
RIHAKR AD 2 BE 89, AR L 3]32 T4
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24

ey

2

©)

“

®



B3 PQR &—BZ A4} PQ = z, QR = y, RP = zo & L—#h, KPR
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Kz =48 Aty e B 180° (A AR A R1L), FTVA,LAPB = LFQE = ZCRD = 60°
W 318 —tyE Y (1) A4 2 LAPB = 60° AFHLERAER (£F] 52—
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/BAF = 120°, AR TiFM~#%% ABCDEF #5418 A4 120°, 418 A 448
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Fivk /DAC = DRP., B3t ADCA ~ ADPR,

B #T#:ADAB ~ ADQP £ ADBC ~ ADRQ, 2|

DA_DR_DB-35 QR BA
DC'DP”DB.g_g ~ PQ BC

¥ PQ = QR A4 5LBMMR 24 = 25, Wb TIFE,

SBWE (D) B LABC 899 AR LADC ¥4 ARSI AC XA LR M A
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AL _AB o AM _ AD

CL CB” CM CD
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W& DP1BC, DQLAC, DRIAB, FIVARIA () vA DC BB 1E4HEE4AT P,
Q % (i) Wk DA BEZGEALST Q, R\, A, ZPDQ =~ R 180° — v, £
P vy = LACB, FIET1F:£QDR = a % 180° — o, £F o = LCAB, B LT 42,
T4
PQ = CDsinvy $1 QR = ADsina.
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siny *

A—d, FAh EREHE, T2 = CB, B, PQ = QR YA L2562

siny

€0 =CB PP AB-CD =CB- AD.

EMEERNRE: () 3% LADC, LZABCZ AT 5B AKX ACHA F R f R, &

AT 7 B

DC _CF BC _Cf

DA  FA BA fA
LADC, ZABC Z AF5-tfe AC ZRABH A LEEHT F R FRBES, AT
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BRAEF S -RE - THAMEABER  HE2FEAPIEEHARRE
Frot+wE IMO B3RS s sbhiss | AARF  RALABRARKTFHRET K57
T —3%it & €488 - " Congratulations | | S AMENF T BE > ERGCEN L
BEREREAFOFBRAGOH R E ! FERBENERIRGRESWRET -

BRGEMGTSE > FEBAE - ARE > EEZ4 > RPLML BRMA
REABE—&  CHRTEATRLAAHE  TALBR -

BR!E&!

tATAB RS BRI mEBY  BRABAGHE IR BREGR -
ARSI+ R &P FRET  BR !
3

$mtwmE MOBERA—ATHEHNTREHR OA_EFE=FtH—8BEt
B+ABHBRALATHNGTABAEF > BELREBRALE  EXRENDHAE
FEEBROEG BN IFRONE > FERBHBOXFIPEARLET=§
THHE WHAR!
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BHALE— AT ES B ERREATEH > TERGE  BAHRLLH
BARY  XHHLHES REEH—BLERHF S LG - X - BRBEEHAR
EFEAHRAE  RRARET S S F A B RARMG O+ mEARHKEART EH
E- 38

E i3

BOERE —RENWDRBEEE  BAT S AR XA KOS RBBARTR
ZRER - R FETORR BB LR -

SERXHTRAREBEFOER  EE TN FREFE RARBFTAHZ
B TO4FEHE - Bl S TAEFORM TAIRIEEIRE > A3 5 et
HEREFAMER  RAMEMAK - A2 BAMEGLRIFHFS S8
EHREAURLABRAGESRE RUEE > RAMNHTFOUR BB A F
$Hk -

B 24 ik

ARBITEFRANG SR RIZEBAIMO K2 KE > HEMRRARAN
+RBBAE BACTEFH L85 LAFEETRENHEBRIGHRET -
tR—BER AMEF > o b AHISUBRHE R RFERE T ERSHE
MERGGRE - d  d RANETEA  d— R ETALETRARMETH
GERJE > B  MAHILHE D RMEBHRE-FEIREEMNIE » WRATL
SHEAE > EAARGE -

ABTRP > HIML T ROAR RGBS - SMv— R DF > BEERY
BINFHR R BERZY ARLAME  HRBAMHETELENE TS E
RATBLFLEREINANARB  KAAEA T AR LRERBRABGH A E LR -
BEw AR > RPN T FRBMLAORITF  EFTRBAMFTHLHELE » RETHEK
BIRBRR o ©

ME
fadkdt k>  ATRE "HEESLET  BLBAEEABRAYRE - S EELEY
BEBEEANET RRAL  B—BABRVOEAREE - FEAEURERT
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DA% E BAELEM > GEBMEA KETUREEEE - MEXS > 56
BESHNESBARREBIER  £AUEANTSERAE > RAFFBERRE  EH L
BEGFAE ERAMERIEALGRY - RINEFFLAL LS  EREMRER
ABH ARBRESK—FEITHAEHLR AL REFHA > FHRUET UL
(F-F =

BEHEB > ARFRELR - RUBRAMAEHENE Y > KREH—L—8—8
TR -BTHRBR BRABFIAUHE ERGELAFRVR " HTEIHETH
—R(E—BBEREHN) > MTARE—F R > REMMLEREF BB E—
B B TEARERARTET  BLRTHNRTHIH - FERAR — 44 H -
R RABTRELE S  FEARNARRENHAE A—HEEBKER > 72
AAEBIFEAER > B ERALEBRUABCHBETEER R F—5 - #F
NEBRAAFF—BBEERIRETE —»  ERBREEO—HF > £EHBZEH
B TEREL L= ERE_AHREFE TEHR -

BBER > AFZHAMEBRAOAF ST > URIBLRLR M BAK
BOERBFS - ERBTEAEIAGEF AR TREMA - ERMATLE S
HBMEAFFHTRMFRIE ARELEKKAT Mt BRI HK
AZH ARG HLEToHRSIBFIREN > AXXBRBEK -  RERE
Bl4AKe > RABRRER 455N RRELTHET  AHAREAER - FBHERME
EEART  BRPINFETS LEBARSELBEGARLR - 2 F85% -

&3

BRABBTATEZL  RATTFR - REABZBHHTH - FHRRLEKEME
B RRMEAREHE  MREHIE A RBHE - AXRHEKTBRMA DAY
WRABFASBUARAL B AFHRHY > BRHS I RERLEBAMERMNAEETER
FHADEWR  R#LEK - GEAE - PHREFAM LERGBBMARMRIK
THRS Mo RHBRES KBS HBRAEHBL ARSI T OHES > RBMET
HEMHEGMOBRRRAFR S RGHE - T HHAGLHMNERZRMD
i AFHRBGBEMRBBEN S 5L EHRAN 0 BRRHEAE - X
PHRGHE B MARMEIZIRAZT LAORM RHRETHRELERELEA
BIHREFRS  RBHANKFIRFPRNTEALREE  RHHER - FRARELR
PEMGEM > AFRBRERMN  ZRAZAHEPUORIMBETRIZIEAZRH
ABEHRETFRRERFHLTPHERE - ZRBHAKS T > HEHRC !
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Wi EE RHERBRESRADT —HEAT KAWL > DPEAKRET S
HEHEROBYE RENGEALAERTRANESF > BCHAVREE | L5 -
BAEMELHAAARE > ENRMLEAEEENRORT  BHBRGRE AR
SFFMARGEY  BRABAELFHNE - BB ARAMFEEEHOKEL >
BB AHHEBREVAERTEN2EEY  BFE— 2 A8 EMHE >  £A—
Bl%LBEF |

— -~ HR

EBTRAOFFT BB TAIORRER AR TERTHE LA
AERATHERESGASREHD  MAERMBREZLILTE > TRNOELLEH
MARFE > FH-—HHMBLAHLE - ME TRGKRM > ANRMME s
B FEZARE > ARG — L EEEFBERT R - HAREHME R LR
BHXehirrs > EREHTREANERBUARMG R > AL A% - AiiH
TAR*%& -

HMERAZA S ETRRAE > BREARARRE L7 B SKREK > Bt
BHARANMARBEMFFRAGHK BN —RinEdh  RELNLESHTTE
RE - BEIZTREAEINLEE - BALESFHEMENE > EROFRAE
Rt R R BT FAEARM > BRE-LRAAHNEETRAME
EHB -AMOFHAZZHEGMERL S ERERCAETHHOELGRED -
BELEFRAGREERT - AL ENBRNAGE A5G4 _AWLRE
ARG T oS58 CRRRRAHTARLRAS (BR) KM A LB F LR
REUBAR > AEMEBEBSHRBER. .

=~ &3l

EEZRABBREONS  BELT PHRERARHELANE > HFREMEE
BEARNEFN LR ECEALRAKR ANLERETECHAE - ZA+t8 >
ST HEEBHI BRI SFALNEAAN— TR —HBRRATHF
MmAGHAM  BEAREY  FLERXBIHGERA - 25 H K &£F
HREACHAR-ZELAUA > FRALAZAKABUIHRERIEEFRAALT !

FBR > R%ATRBBEBCF AT ATZAMETELRZR  HERYFRERH

55



FwmBiRAE | RAELL MERAERIERRELT  FERMESARELE
Fb® FROFMEFAH PR - ARIRREAR  XAHEFERL REIR
T—F RAEREALCRR B TESABFRBRRAZADHNELE — s NRME R
WHELR TP EEALAE B CALHMBRY ) BARTEA AT HFHER
ey e

RBEREE R BT ELEAMES > THARETE S ARARIH
HIREFE | EAMEEFATARMOZIERERARCDENLFHEBEGR
DA SHALREARAEREHLEE U EXE S M PO LR M4
- XLHER[ALFYE  EHR TR ENDEHAHE - R+ 54 24
AFRBL > RFEHUBXMBFRLERMEBLEB e | BRORABEER S -
MAHAETHEE —BRALERRFHRAOEE » EHRaRARER £BF4 T
WEMEIOCBEBRAET %A B CEAHUELHRMIETI &, ..

i TAFRB8R/EAANT R RAKRERBRBRLR - TRK
ERIARKBEAAAE AR —URER R R EMEGRER— R EH » BER
A -—BIETHRBBEINFEHIRR T4 LERUEERE wERLR -2 TH
—RBER - BASARRBTRY  ETHIFSARYE A RBERELSE
B HEKAMAEERER - BIAZAESGRANHG > AR ERRK > A¥
EAELFFHRARARG=A - B REFHERAGCF LFER - BT K
RERBM BT R MAGE NS EBRB-HERAER > —TTRERT
— ¥ EFEFRE B TERAIGEARRARAERE AR EKLRKGTRBHET -
BERTERELR - FZROEALFHB | H—F > FRBHRBT ¥ 5%
FZERE—DBREY | CELROAREETRER  EMERMBES - &R
FRENAYETBNKETERE (ARMEEKY b8 ) FZMEER
Hhes@ga - B T# RERDEM T4 KEF AN E I BESE
REARANLERBRELABTEE AR ENR BB UL RASTHBETAL
Hey BURAZBRERGERS  wFPEATFTTREH -

ERBOBEDMERBREAKEBRERCEANEARF  BRFRHMTH L
FRFRNEER EAATHEWRLRMOLREEL W ERMWELRAT » LR
BL—REZNDA - BRBARLARE > KEARSZHFHE E/4HE - Kb
BWEMRA T - KEFEHILAMNAEE > TRRAERMABGECT! LARA &
BATHRAMER > RAkL+24AP 18— RERRF - BatHH > 0RXhEL
R BRABRRERERIMOERNT - MIRHNER » REAHHE
EoBRBAGAC | BREREZHREE —F > BHPLOGRAGERERF * KR
KREBBERE WEERTHFHBRT | ARHREATHTLR » A2 R RHRA
BEHAFHRABRTEEY AEBMER - KRB ERAOEE > RENMES TR
MBFARTEHET -
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RHFLZARMEEAMEERBEORER  HERBEACHRERKTRHRMES A &
TRAOAZRRKEAREZTHEHRZNAH S > EFEEADE —RBEINBHRE -2 TH
—REFIZ MR EMOHHRAFMAERRELUAD R LB MA LS W
BRTURERMELFER - AMBEFMATANMEB AR AwRe)EIE & &7
MEEME LEACHLECKREAS BEETHOARTET - MELbER £
B BALTEFHLRBE R B ERERAKREE - A AeRE —RE
W AAREHFFALAT —dNBRESARSENEEF ARG S5
HRPRBBABLEMERE  BAARERAFTANBE N TLARERESLMIM
O kEThb—MBREFRROHALSARSG  FBNWERGE S - —UB =%
ZHERABBMBAFHEM CERMOBBRERVAONE - AL BT E5%E
LR ZERF S HEHRRLN SR TORH - £BWREYE > RARRGH
MAEXRZZR ERXEUEHBRCELEH > LRGN EET...

B/ H%%ﬁ#ﬁ FEEJ

NAEZ+ B8 HABLEFRYBRMNETHAREGE  BARBHRATED K -
—FTREREEZR—# > AN TAEINARLEF  FBRETRAEEHERRNEX
HBERE ! BETER  TETHOVMERIRS ZREFUBRSHRESREH
WA AR P A RME L REFHRARTEE S22 E
ki - RS ENRERL  REABL TR+ R -

LR+ RE REERFRA S RE > BRI B RE B FAREE R
H AR EAFEGRARE  FRBARLEEEEHLBEBRALE - ZRIIZY
BRI RBBRMURERFOFEZ - FA8 (LA FBTHARME #
FAH O RBLEBELEHZFHMEE AR S5 BB MERBERE XL TR ?
Boly RARAERGAEA - HAIF A MBS EER ARSI > R THHRE B
WHEERELRAT RS - BEREABALOTRERKEELG IV EFH
Wi > RIMEHFAE  EHCBERLAHRE. ..
NHERBRE

tA+—BHRABRERG F—RAFEHIRENEFMER—F REAB
RETTVHEES RKEBOAFTRRBAE  FTBANHEFHELRB AN LS
EHE AARENRT ) FBETER KOS BERAFHRAR? RR LM
EMERBLEIBFERM AR THBL - BRARABERNBH ST BR
BHRFRABETHRRE!| 2 TES  EESRBRENBRMLINREINEEA o
REWE FBEBELRREEXFREZREM P LB -

tA+T—BREFX IR AARLEEERY S TRAER#HAER
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BB T SEXAMAMFALHEANETRER - BRBZMNERRZT R
REFEFHRZER > KREXRRF AR RBTRET  SREFAERAMHE
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BRBEERMEER SN > RFAKREHRE TLEREFAREFAX
B EEAFBANRAOET BAMRBRAEFIAE  FBELELHAY
BRE - —AfE xR ohEileRr BARBENEOMERAMT - e
BENBRORGUME  AMBRAHEFRANOERTE - TR BRKBKAKRE
T—EEBORE—DNHEEA pRAMERRSBER (BRFERHEE
RBE) ANBEVEAERS - BERVMLRBRIEREX  —HBERRERR
BAMBREXR T KA —ARAEAREERR (ETEHFABERE
REZEAT) RFEMRALRASH LB AELEF G FEXEHRT

AR MBRE NN ERE BHRRAE—SHAFT | REBRT—TE
RTRED s FAHA > RARBRASF  REFFEFHDIERZRABEZ A&

o

BRELXRCLBTHIEET  RAX AR EEHMHTFELEAMAL -
BT @ RCERROLTEERAM R THARR  CATHARY X
BEERGERLEFAAL KRG AEBER - LB CERHEE  BREMFE
BBREBHECRES  AFXHE RAKOFERER" ShER b o —FiE
HELKOE  RRERABA AHFAHEL2HIE > FEXERAL” HAGES
K- AR BRSO AREFEA RN AR RBEAEX LS BEATARE
setadttyfo r KAABRAERMAS | AR B EHEYHRCRERGRE
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BTHG A AR RN ERLENERES > RBLEPALSRGYRA  HEFR
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OB EMEEREARE EA i —FTF MR T SEILTERSMELAESE R -
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AHRAFHAL IMOREEMR A BB HERE - 2T TFFA&
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HE GG ARG RS CDNAE s HARGAEIRE > BEAE Y
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E—RBARETHRT BALEERTFS -

TR EALERABERYDOERS —HRMORFIRE > REAAFLET
HECHFBLELADE AN RARREe+RA -+ EBE LA BARDIEEHT
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ARE——LE AR —&BTARHRAL  LAFAFACTLERERS L]
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2004 45™ International Mathematical Olympiad Program overview
—oomELH AR e
Athens, Greece July 2004

4 July, Sun. Members of IMO Advisory Board Arrival
5 July, Mon. IMO A.B. Meetings

Leaders Deputies Students
6 July, Tues. Arrival

7 July, Wed. Jury Meetings

8 July, Th. Jury Meetings
9 July, Fr. Jury Meetings Arrival
10 July, Sat. Jury Meetings Excursion Free Time
11 July, Sun. Jury Meetings Excursion Rest and Campus Activities
Move to Athens end Return Opening Ceremony

12 July, Mon. Jury Meetings  Excursion Free Time  First Day of Contest

13 July, Tues. Jury Meetings Free Time Second day of Contest
Move to Athens Move to Coordination Site
14 July, Wed. Coordination Excursion
15 July, Th. Coordination Excursion
16 July, Fr. Daily Excursion

Evening: Final Jury Meeting

17 July, Sat. Free Time
Awarding/ Closing Ceremony/ Farewell Banquet

18 July, Sun. Departure
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DAY 1 Problem Form

Country Number: __

MO 2003 JAPAN
Country Code:

Chinese Version (Taipei)

£-H: 4 5=(L,2,--,1000000}, T A 2—EEHE 101 @TRS 5 HT
L BB ESEHFEF L, b, oo EATENIERS

A ={z+tj]z€A}, j=12-100

EAERAAERTEX.

F_H: RFAESR

2
2a? -6 + 1
RACEHYEBES (a,0) .

FIH  AASBOEARENAFATENER: ANBTLNGERLREL
IAES BN V3/2 £ BEIASBUF AN AREE.

(~BEASY ABCDEF §=EN%: AB 7 DE; BC # EF; U& CD &
FA.)

FHEFFM 4.5 I
= e



DAY 2 Problem Form

MO 2003 JAPAN Country Number:

Country Code:

Chinese Version (Taipei)

F-X
AT WOIETAILE

FUM: H ABCD S—ENAZENSATY, S¥ D AAR BC.CAN AB #=
R BEEZSHNE PQA R BB PQ = QR ARTLERER: (ABC 87 A
R. (ADC HrAR7 AC A=/XP—X.

FAR: EnS—ErE¥E 7, < <<z, SEXH.
(1) B2

(5‘: Zn: |z ~ Ij{) < 2(n23— d i Zn:(-fx’ - z;)%.

im] jmsl i={ j=1

(2) BRELATERRINTHLEGREE 11,72, - -, T S—EFEFFL.

BRE: %o 3ERH BE FE—-E ¢, ERIMEANER N, n? -
FRER ¢ B

EEFE 4.5 I
EHETa



Combinatorics

Cl. Let A be a 10l-element subset of the set S = {1,2,...,1000000}. Prove that there
exist aumbers £, £y, ..., tigo i S such that the sets

.4.1:{2."%‘3‘1[1.‘6A}’, ]=1|211100

are pairwise disjoint.

Solution 1. Consider the set D = {z —y | z,y € A}. There are at most 101 x 100+ 1 =
10101 elements in D. Two sets A + & and A + ¢; have nonempty intersection if and only if
t; —t; is in D. So we need to choose the 100 elements in such a way that we do not use a

difference from D.

Now select these elements by induction. Choose one element arbitrarily. Assume that
k elements, & < 99, are already chosen. An element z that is already chosen prevents us
from selecting any element from the set z + D. Thus after &£ elements are chosen, at most
10101k < 999999 elements are forbidden. Hence we-can select one more element.

Comment. The size |S| = 10° is unnecessarily large. The following statement is true:

If Ais a k-element subset of S = {1,...,n} and m is a positive integer such
that n > (m = 1)((5) + 1), then there exist t,,...,tm € S such that the sets
CAj={z+¢t |z €A}, j=1,...,m are pairwise disjoint.

Solution 2. We give a solution to the generalised version.
Cousider the set B = {jz —y| | z,y € A}. Clearly, |B| < (5) + L.

[z suffices to prove that there exist ¢, ..., tm € S such that [t; —¢;| € B for every distinct
1 and 7. We will select ¢, ..., tn inductively.

Choose 1 as t|, and consider the set C, = S\(B+t,). Then we have |C{| > n—((§)+l) >

(m=2)((3) +1)-

For 1 € i < m, suppose that ¢,, ..., ¢ aad C; are already defined and that |Ci| >
(m—1-~ 1)((;) +1) > 0. Choose the least element in C; as t.., and consider the set
C.‘.,.L = C. \ (B + ti+L)' Then

Conl 2 1C - ((f) +1) >m-i-2((5) +1) 20

Clearly, ¢, ..., tm satisfy the desired condition.



N3. Determine all pairs of positive integers (g, 5) such that
a?
2a? -6+ 1

is.a positive integer.

Solution. Let (a,b) be a pair of positive integers satisfying the condition. Because & =
a?/(2ab® =5 +1) > 0, we have 2ab* -6 +1 > 0, a > /2 —1/2b?, and hence ¢ > 5/2. Using
this, we infer from £ > 1, or a > #*(2a — b) = 1, that @ > 4%(2a — b) > 0. Hence

a>b or 2a=6b. (=)

Now consider the two solutions @,, a; to the equation
a? - 2kPa+ k(b -1) =0 6

for fixed positive integers k£ and b, and assume that one of them is an integer. Then the
other is also an integer because a; + a; = 2kb®. We may assume that a; > g,, and we have
ay > k6% > 0. Furthermore, since aja; = k(b° — 1), we get

_ KB -1 _ k(= 1)
- [+31 - kb?

0<a <b.

Together with (=), we conclude that a; = 0 or a3 = 6/2 (in the latter case 4 must be even).
If a; =0, then 4* — 1 =0, and hence ¢, = 2k, b = L.
If ay = b/2, then k = 6°/4 and a; = b*/2 - b/2.
Therefore the only possibilities are
(a,8) = (2, 1) or=(l,20) or (8*=1{2l)
for some positive integer [. All of these pairs satisfy the given condition.
Comment 1. An alternative way to see («) is as follows: Fix ¢ > 1 and consider the
function fo(b) = 2ab® -4 +1. Then f, is increasing on (0, 4a/3] and decreasing on [4a/3, o).
We have
fala) =a® +1>a?,
fal2a~1) =4da’ —da +2 > d?,
fa(2a+1) = —da* —4a < 0.

Hence if b > a and a2/ f,(b) is a positive integer, then & = 2a.
Indeed, if ¢ < b < 4a/3, then f,(b) > fu(a) > a?, and so a?/f,(b) is not an integer, a
contradiction, and if 6 > 4e/3, then
(iy ifd>2a+1, then f,(b) € fo(2a+ 1) < 0, a contradiction;
(i) if b < 2a =1, then f,(6) > fo(2a — 1) > a*, and so a?/f.(b) is not an integer, a
contradiction.



Comment 2. There are several alternative solutions to this problem. Here we sketch three
of them.

1. The discriminant D of the equation (3) is the square of some integer d > 0: D =
(2% - 8)% +4k = 5> = d® [f e = WPk — b = d, we have ¢k = 5 and a = 2%k — 5/2,6/2.
Otherwise, the clear estimation |d® - ¢?| > 2e — 1 for d # e implies |4k — 6%} > 46k - 26— L.
If 4k — 6* > 0, this implies b = 1. The other case yields no solutions.

2. Assume that b # 1 and let s = ged(2q,6° - 1), 22 = su, 8° -1 = st/, and 2P -6 + 1 = st.
Then ¢ + ¢ = ub® and ged(w, t) = 1. Together with st | a2, we have ¢ | 5. Let s = rt. Then
the problem reduces to the following lemma:

Lemma. Let b, r, ¢t, ¢, u be positive integers satisfying 6° — L = rt#/ and ¢ + ¢ = ub®.
Then r = 1. Furthermore, either one of t or ¢ or v is 1.

The lemma is proved as follows. We have §° — L = rt(ub® - ¢t) = rt/(ué® ~ ¢). Since
ret=rt? =1 (mod 6%), if 2 # 1 and r¢'? # 1, then ¢, ¢ > b/ /7. [t is easy to see that

unless 7 = u = 1.
3. With the same notation as in the previous solution, since rt? | (8 — 1)?, it suffices to
prove the following lemma:

Lemma. Let b > 2. If a positive integer z = 1 (mod &%) divides (5% - 1)2, then z = L or
z=(8=1)2or (5,1) = (4,49) or (4,81).

To prove this lemma, let p, ¢ be positive integers with p > ¢ > 0 satisfying (5° - 1) =
(p6* + 1)(qgt® + 1). Then
b =2b+p+q + pgb’. (1)

A natural observation leads us to multipl:'} (1) by g0* - 1. We get

(alpa - ) + 1)8* = p - (g + 26)(g8* — 1).

Together with the simple estimation

p—(g+20)(qt* - 1)

<1,
o4

-3 <

the conclusion of the lemma follows.

Comment 3. The problem was originally propesed in the following form:

Let g, b be relatively prime positive integers. Suppose that a?/(2a4? — 4% + 1)
is a positive integer greater than 1. Prove that 6 = 1.



G6. Each pair of opposite sides of a convex hexagon has the following property:

the distance between their midpoints is equal to V/3/2 times the sum of their
lengths.

Prove that all the angles of the hexagon are equal.

Solution 1. We first prove the following lemma:

Lemma. Consider a triangle PQR with LQPR > 60°. Let L be the midpoint of QA.
Then PL < V3QR/2, with equality if and only if the triangle PQR is equilateral.

Proof.

v o = e
IR 0 B DAL TEN

Let S be the point such that the triangle QRS is equilateral, where the points P and
S lie in the same half-plane bounded by the line QR. Then the point P lies inside the
circumcircle of the triangle QRS, which lies inside the circle with centre L and radius
V3QR/2. This completes the proof of the lemma. 1




The main diagonals of a convex hexagon form a triangle though the triangle can be
degenerated. Thus we may choose two of these three diagonals that form an angle greater
than or equal to 60°. Without loss of generality, we may assume that the diagonals A0 and
BE of the given hexagon ABCDEF satisfy LAPB > 60°, where P is the intersection of
these diagonals. Then, using the lemma, we obtain

MN = \/TE(AB +DE)2> PM + PN > MN,

where M and V¥ are the midpoints of A8 and DE, respectively. Thus it follows from the
lemma that the triangles ABP and DEP are equilateral.

Therefore the diagonal C'F forms an angle greater than or equal to 60° with one of the
diagonals AD and BE. Without loss of generality, we may assume that ZAQF > 60°, where
Q is the intersection of AD and CF. Arguing in the same way as above, we infer chat the
triangles AQF and CQD are equilaceral. This implies that ZBRC = 60°, where R is the
intersection of BE and CF. Using the same argument as above for the third time, we obtain
that the triangles BCR and EF R are equilateral. This completes the solution.

Solution 2. Let ABCDEF be the given hexagon and let ¢ = TB b= BTC", ..., f=FA.

Let,M and IV be the midpoints of the sides’ A8 and DE, respectively. We haye

: .1 1 — 1 1
M1 =§a—.-b.—c+§d and MN=—§G-f—e—§-d.

Thus we obtain .
z\/f!\’:;(b+c—e-f). (1)

From the given property, we have

MN = —?(Ial +ld]) > -?Ia - dj. (2)

Setz=a~-d y=c—f, z=e~-b. From (1) and (2), we obtain
ly -z > V3z|. )
Similarly we see that

1z -z > V3yl, (4)
|z -yl > V3lzl. (5)



Note that
(3) = |yl* -2y -z +[z* 2 3=z},
(4) = |z)* -2z -z +|z[* 2 3y,
(3) &= |z[* -2z -y +y* 2 3|z

By adding up the last three inequalities, we obtain
~lzP =y -z -2y - z-2z-2-2z-y 20,

or —jz +y+z[>>0. Thus T+ y + z = 0 and the equalities hold in all inequalities above.
Hence we conclude that

z+y+z=0,
ly=-zl=V3zl, aldlz
lz-z[=V3lyl, cllflly
|z -yl =V3zl, ellb] =

Suppose that PQR is the triangle such that }_’5 =z, 54?2 =y, FP = z. We may
assume ZQPR > 60°, without loss of generality. Let L be the midpoint of QR, then
PL = |z —z|/2 = V3|y|/2 = V3QR/2. It follows from the lemma in Solution 1 that the
triangle PQR is equilateral. Thus we have LZABC = £LBCD = --- = LFAB = 120°.

Comment. We have obtained the complete characterisation of the hexagons satisfying the
given property. They are all obtained from an equilateral triangle by cutting its ‘corners’ at
the same height.



Geometry

G1. Let ABCD be a cyclic quadrilateral. Let P, Q, R be the feet of the perpendiculars
from D to the lines BC, CA, AB, respectively. Show that PQ = QR if and only if the
bisectors of LABC and LADC are concurrent with AC.

Solution 1.

[t is well-known that P, Q, R are collinear (Simson’s theorem). Moreover, since ZDPC

1 gy

and £DQC are right aagles, the points D, P, Q, C are concyclic and so ZDCA = ZDPQ =
£ZDPR. Similarly, since D, Q, R, A are concyclic, we have LDAC = £DRP. Therefore

ADCA~ QADPR.
Likewise, ADAB ~ ADQP and ADBC ~ ADRQ. Then

—— T —— D ———— D —ny —

Thus PQ = QR if and only if DA/DC = BA/BC.

Now the bisectors of the angles ABC and ADC divide AC in the ratios of BA/BC and
DA/ DC, respectively. This completes the proof.

Solution 2. Suppose that the bisectors of LABC anad ZADC meet AC at L and M,
cespectively. Since AL/CL = AB/CB and AM/CM = AD/CD, the bisectors in question



meet on AC if and only if AB/CB = AD/CD, that is, AB-CD = CB-AD. We will prove
that AB-CD = CB - AD is equivalent to PQ = QA.

Because DP L BC, DQ L AC, DR L AB, the circles with diameters DC and DA
contain the pairs of points P, Q and Q, R, respectively. [t follows that ZPDQ is equal
to ¥ or 180° — v, where v+ = ZACB. Likewise, LZQDR is equal to @ or 180° — ¢, where
a = LCAB. Then, by the law of sines, we have PQ = CDsiny and QR = ADsina. Hence
the condition PQ = QR is equivalent to CD/AD = sin ¢/sin .

On the other hand, sina/siny = CB/AB by the law of sines again. Thus PQ = QR if
and only if CD/AD = CB/AB, which is the same as AB-CD =CB - AD.

Comment. Solution 2 shows that this problem can be solved without the knowledge of
Simson's theorem.



A4. Let n be a positive integer and let z, < T2 < -+ < T, be real qumbers.

(1) Prove that

n

<Z zi - 1'jl> < 3@:‘3:"1—)' Z(I‘ - IJ)Z'

g=t g=1l

(2) Show that the equality holds if and only if zy, ..., T» is an arithmetic sequence.

Solution. (1) Since both sides of the inequality are invariant under any translation of all
z,'s, we may assume without loss of generality that 3 - z; =0.

We have

i lzi =i =2 Z(f" -z;) =2 Zn:(% -n-1)z;.
=1

ig=l i<f

By the Cauchy-Schwarz inequality, we bave

n 2 n n n
(lef-rﬂ) 34;(2i—n—1)2§rf=4~7_7'@_%)_(ﬁ:_1.).21:3

tg=1l =l

On the other hand, we have

n n n n n n
Z(I" —I]‘)z =TLZI§ -ZZ;ZII"{"TI.ZI? ='2an?.

ig=t i=l =1 i=L J=1 i=l
Therefore
n 2 ‘)(n‘_, l) n -
an” - 2
(Siea) 252 ey
ij=1 ij=1 '
(2) If the equality holds, then z; = £(2¢ — n — 1) for some k, which means that z|, ..., Za
is an arithmetic sequence.
On the other hand, suppose that zy, ..., 1. iS 20 arithmetic sequence with common

difference d. Then we have

‘
[

-
Ty ™ Zn

2

r;:%(?i—n—l)-:—-

Translate z,'s by —(z, + £.)/2 to obtain z; =d(2i =n —1}/2 and 3 ., z: = 0, from which
the equality follows.



N6. Let p be a prime gumber. Prove that there exists a prime aumber g such that for
every integer n, the aumber n? — p is aot divisible by q.

Solution. Since (p? ~1)/(p-1)=l+p+p?+ -+ =p+1 (mod p?), we can get at
least one prime divisor of (p? — 1)/(p — 1) which is aot congruent to 1 modulo p*. Denote
such a prime divisor by gq. This ¢ is what we wanted. The proof is as follows. Assume that
there exists an integer n such that n? = p (mod q). Then we have n?’ = p? = | (mod q)
by the definition of ¢. On the cther hand, from Fermat’s little theorem, n?~! = 1 (mod q),
because ¢ is a prime. Since p* { ¢ — 1, we have (p*,¢—1) | p, which leads to n? = 1 (mod q).
Hence we have p = | (mod ¢). However, this implies l +p+--- +p?~' =p (mod q). From
the definition of g, this leads to p = 0 (mod g¢), a contradiction.

Comment 1. First, students will come up, perhaps, with the idea that ¢ has to be of the
form pk + 1. Then,

3In n?=p (modgq) &> p*=1 (modyq),

ie.,

Yn n?Zp (modgq) <> p"&1 (modgq).
So, we have to find such ¢q. These observations will take you quite maturally to the idea
of taking a prime divisor of p? — 1. Therefore the idea of the solution is aot so tricky or

technical.

Comment 2. The prime q satisfies the required condition if and only if ¢ remains a prime
in & = Q(¢/P)- By applying Chebotarev’s density theorem to the Galois closure of &, we
see that the set of such ¢ has the density 1/p. In particular, there are infinitely many ¢
satisfying the required condition. This gives an alternative solution to the problem.
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