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\begin{abstract}

\baselineskip 5mm \noindent Calculation of phase and chemical equilibria is of fundamental importance for the

design and simulation of chemical processes. Methods of minimizing the Gibbs free energy provide equilibrium

solutions that are candidates only for the true equilibrium solutions that, because the number and type of

phases must be assumed before Gibbs energy minimization problem can be formulated. The tangent plane stability

problems are challenging due to highly nonlinear thermodynamic functions. This work develops a global

optimization approach for the tangent plane stability problem that provides a theoretical guarantee about the

stability of the candidate equilibrium solution with computational efficiency. Self Associated Fluid Theory

{(\sf SAFT)} Equation of State {\sf (EOS)} is used due to their ability to accurately predict the behavior of

nonideal vapor and liquid phases across a variety of compounds. The mathematical form of the stability problem

was analyzed by partially differentiating the SAFT EOS by density so as to obtain the density gradient. The

Hessian analysis of density and Gibbs free energy were identified so as to satisfy the the condition of the

global optimization approach. Computational results on problems with five two-components are presented.

\end{abstract}

\section{\sf Introduction}

Calculation of phase and chemical equilibria is of fundamental importance for the design and simulation of

chemical processes. The thermodynamic function most widely used is the Gibbs free energy, since it can be used

to determine the equilibrium state at constant temperature and pressure. The global minimum of the Gibbs free

energy corresponds to true equilibrium configuration of the system. Optimization methods have received much

attention, because minimization of the Gibbs free energy is a natural course for calculating the equilibrium

state of a system. However, the most commonly used approaches employ local optimization methods that can provide

no theoretical guarantee that the equilibrium solution will be obtained in all cases.

White  et al. (1958) developed the RAND algorithm for minimizing the Gibbs free energy. A review of the early

contributions in this area can be found in Seider {\it et. al.} (1980). In addition, Ohanomah and

Thompson(1984a,b,c) conducted a computational evaluation of several algorithms. The three phase flash problem

was addressed by Soares {\it et. al.} (1982) using a Newton-Raphson method. Lantagne {\it et al.} (1989) for

minimization of the Gibbs free energy. However, all of the these methods can converge to local equilibrium

solutions, since there is no guarantee that the true equilibrium solution can be located.

The difficulty of locating the global minimum of the Gibbs free energy is due to two main points:(1)there is no

method to determine {\em a priori} the number and the type of phases present in the true equilibrium state, and

(2) for nonideal systems the Gibbs energy surface may contain multiple local minima. A phase combination, such

as the two liquid phases, must be postulated before the problem of minimizing the Gibbs free energy can be

formulated. If the true equilibrium state contains a vapor phase, or three liquids phases, then even though the

optimization method may locate the global minimum Gibbs free energy for two liquids, the solution will not

correspond to the true equilibrium state. In this case, one or more of the liquid phases will be unstable. Baker

{\it et al.} (1982) formalized the concept of phase stability for a multicomponent mixture, based on the

principles first identified by Gibbs(1873). They proved that a necessary and sufficient condition for the

stability of a phase is that the tangent plane to the Gibbs free-energy surface, constructed at the composition

the candidate phase, lies on or below the Gibbs energy surface for all possible composition values. Therefore,

the stability of a phase can be determined by identifying the global minimum of the tangent-plane distance

function, defined as the difference between the Gibbs free-energy surface and the tangent plane. If the global

minimum is nonnegative, then the candidate phase is stable; otherwise, the phase is metastable or unstable.

Several methods have been developed recently for implementing the tangent-plane stability test. Michelsen

(1982a,b) used a two-stage approach in which local solutions of the stability problem are used as starting

points in the search for an equilibrium solution with a lower value of the Gibbs free-energy. Swank and Mullins

(1986) reported that these methods are more reliable than direct minimization of the Gibbs free energy.

Nagarajan et al. (1991a,b) proposed a reformulation of Michelsen's approach in terms of molar densities in order

to improve its reliability. Gupa et al. (1991) developed an approach that solves the flash calculation and the

stability problem simultaneously. Eubank et al. (1992) developed an area calculation method for the stability

problem. In their approach the Gibbs energy is integrated, searching for endpoints that maximize the area. A

homotopy continuation algorithm was used by Sun and Seider (1995) to locate all of the stationary points of the

tangent-plane distance function. The stationary points then are used to search for a lower value of the Gibbs

free energy. These methods for stability problem are substantial improvements over the direct minimization of

the Gibbs free energy, both in the computational effort and in reliability. However, none of the methods just

described can provide a theoretical guarantee that the equilibrium solution will be obtained in all cases.

McDonald and Floudas(1995a,b) developed deterministic global optimization methods for solving the stability

problem for systems where the nonideal liquid phases are presented by activity coefficient equations. These

methods guarantee that the global minimum of the tangent plane distance function can be identified regardless of

the starting point chosen. In addition, they applied the same global optimization approach for the minimization

of the Gibbs free energy. These two contributions have been combined into GLOPEQ algorithm that generates

equilibrium solutions by minimizing the Gibbs free energy, and verifies the stability of the solution by finding

the global minimum of the tangent phase distance function.

Hua et al.(1996, 1998a,b) proposed an interval Newton method to locate all stationary points and applied it to

the phase stability problem for systems containing two and three components. It should be pointed out that it is

not possible to exactly locate all finite stationary points, as was proven by Hansen et al.(1992). Instead, it

is possible to enclose all stationary points, that is, construct tight intervals around the stationary points.

The approach of Hua et al. encloses all stationary points of the tangent plane distance function within

intervals of some tolerance $\epsilon$. An important theoretical and computational issue that arises is whether

within an interval there exists one or multiple stationary points, that is, the uniqueness issue. Several key

contributions appeared that attempted to address this uniqueness issue, and it is instructive to point out the

theoretical and computational issues/results that are currently available. A theoretical condition for

uniqueness that needs to be met in the interval Jacobian matrix is a regular Lipschitz matrix.The fact that the

interval matrix is Lipschitz is well known (See Neumaier, 1990, p. 175). As a result, the key issue becomes

whether the interval Jacobian matrix is regular(that is, consider necessary and sufficient conditions for

regularity), or (2) check a posteriori whether within an interval there exists a unique solution (that is,

consider sufficient conditions for regularity). It is interesting to note that Poljak and Rohn (1993) proved

that checking the regularity of interval matrices is an NP-hard problem, and hence it is regarded as a very

difficult problem (see also Neumaier, 1990, p. 76). In regard to (1), necessary and sufficient conditions for

regularity of the interval jacobian matrix are available. These conditions exhibit exponential behavior and they

are not a part of any of the existing interval analysis implementations. In regard to (2), sufficient conditions

for regularity of the interval Jacobian matrix are available. These sufficient conditions are based on the class

of the strongly regular interval matrices for which there exist rigorous criteria of testing in order ($n^3$)

operations. If a matrix is not found strongly regular, then the box is split and the rest is repeated. As the

diameter of the interval matrix becomes smaller, the likelihood of having a strongly regular matrix increases,

except when near singular solutions are approached. In this case, the verification cannot be done rigorously and

the implementations introduce ad hoc heuristics. The most common test used involves the preconditioning by the

midpoint inverse matrix and the check whether the resulting matrix is an $H$ matrix. If the midpoint matrix is

nearly singular, then this test becomes ineffective. Other tests based on the calculation of eigenvalues and

positive definiteness have been proposed, but these require squaring of the condition number.

As is pointed out by Hua et al. (1998b), in the context of the phase stability test, all stationary points need

not be located if the candidate phase is unstable, since a function evaluation, interval bounds test, or local

minimization of the tangent plane distance function can be performed during the interval computations. If the

result of the evaluation is a negative tangent plane distance, then the procedure can be terminated. In the more

difficult case where the candidate phase is stable, all stationary points must either be zero or positive, or it

must be verified that no negative stationary points exist. The method of Hua et al. (1998) avoids locating all

stationary points by setting an upper bound on the tangent plane distance function of zero. Therefore, only

stationary points that a zero tangent-plane distance must be located when the candidate phase is stable.

The minimization of the tangent plane distance function offers an approach based on enclosing all stationary

points. In the minimization approach, the solver explicitly searches for the lowest possible value of the

tangent plane distance function.

 Since regions that have the lowest solution of the lower bounding problem are chosen to

 investigate first, negative tangent-plane distance function. If they exist, are usually encountered in the first few iterations.

 An approach based on enclosing all stationary points, since it does not focus exclusively on regions likely

 to contain minimum values of the tangent-plane distance function, is likely

 to, on average, require more iterations to locate a negative tangent-plane distance.

In recent years, molecularly-based equations of state (EOS) have become increasingly popular tools for the

modelling  of phase behavior. These models, as typified by the SAFT (statistical association fluid theory)

approach, characteristically have parameters with well-defined physical meaning, based on molecular structure

(e.g., chain length) and interactions (e.g., association energy), and thus may be more reliable in making

extrapolations to different molecules or thermodynamic conditions. Unfortunately, even when good EOS models are

available, it is often very difficult to actually calculate the equilibrium phase behavior reliably from the

given models.

Stradder et al. (2000) used the interval analysis to study the phase stability and phase split problems. These

include the use of {\em volume-based} problem formulation, in which the core thermodynamic function for phase

equilibrium at constant temperature and pressure is the Helmoltz energy. In this work, a deterministic global

optimization method is presented for the solution

 of the stability problem by minimization of the tangent plane distance function.

 The stability analyzed by employing Gibbs free energy, unlike the Helmoltz free energy,

  at constant pressure and temperature. The computational complexity arises at constant temperature and pressure

  since density is a variable,

  as compared to the constant-volumed based approach in which density is constant.

  This approach extends the work of of McDonald and Floudas(1995a, b), and addresses

 the problem using SAFT EOS are increasingly being used to model the thermodynamic

 behavior of versatile phases, and they are not limited to

 low-pressure systems, like activity coefficient methods. These advantages come at a cost, however,

 since equation of state adds a highly nonlinear equality

 constraint to the formulation of the stability problem. The Gibbs energy function, the SAFT EOS, and

 the mixing rules have been analyzed to identify the special structure of the nonlinear expressions.

 The $\alpha$ underestimating approach (Adjiman et al., 1998a,b) is used to generate

 tight convex estimators for terms that do not possess special structure. In the next section,

 the formulation of the stability problem is presented. Then the structure of the mathematical

 formulation is discussed in detail and the solution is presented.

 Several computational studies are discussed, including a very challenging system containing

 three components.

\section{\sf SAFT Equation of State}

Many details concerning the SAFT EOS and it variants can be found elsewhere. A good description of the key

concepts underlying SAFT EOS has been provided by Fu and Sandler. In this section we summarize the equations and

parameters that make up the SAFT EOS for a mixture of species.

In the SAFT model, molecules of each species are treated as a chain composed of equal size, spherical segments,

with molecules of each different species $i$ having different number of segments, $m_i$, temperature-independent

segment molar volume (at close pack), $v_i^{00}$, and temperature-independent segment interaction energy,

$u_i^0$. For molecules that may associate, for instance due to hydrogen bonding, an association energy parameter

$\epsilon^{\alpha\beta}$ and dimensionless association volume parameter $\kappa^{\alpha\beta}$ are used to

characterize the interaction between association sites $\alpha$ and $\beta$. Values of these parameters for a

wide range of compounds are given by Huang and Radosz.

The SAFT EOS is generally expressed in terms of the residual Helmoltz energy per unit mole of mixture $a^{res}$

(this is the Helmoltz energy relative to an ideal gas mixture of the same composition and at the same

temperature and density). There are hard sphere, dispersion, chain and association contributions that must be

accounted for, so

\begin{equation}

   a^{res} =  a^{hs} + a^{disp} + a^{chain} + a^{assoc}

\end{equation}

There are some variations in the SAFT model, depending on the expressions used to represent each of these

contributions. We use the model as described by Huang and Radosz.

The hard sphere contribution $a^{hs}$ is based on the hard sphere EOS as expressed by Boublik, and is given by

\begin{equation}

\ds{ a^{hs} \over RT } = \ds{ 6 \over \pi N_A \rho}

                         \left[ \ds{ \left(\zeta_2\right)^3 + 3\zeta_1\zeta_2\zeta_3

                                      - 3\zeta_1\zeta_2\left(\zeta_3\right)^2

                                     \over \zeta_3(1-\zeta_3)^2

                                   }

                                 -\left(\zeta_0 - \ds{ \left(\zeta_2\right)^3 \over

                                 \left(\zeta_3\right)^2}\right)\right]

\end{equation}

where

\begin{equation}

   \zeta_j = \ds{\pi N_A \rho \over 6} \ds{ \sum_{i=1}^N} x_i m_i d_{ii}^j, ~~~~~~~~j=0,1,2,3

\end{equation}

Here $\rho$ is the total molar density of the mixture, $x_i$ is the mole fraction of compound $i$ in the

mixture, $N$ is the number of components in the mixture, $N_A$ is Avogadro's number, $j$ is an exponent, and

$d_{ii}$ is the temperature-dependent segment diameter given by

\begin{equation}

d_{ii} = \sigma_i \left[ 1-0.12\exp\left(\ds{-3u^0 \over kT}\right)\right]

\end{equation}

where

\begin{equation}

             \sigma_i = \left( v_i^{00}\ds{ 6\tau \over \pi N_A }\right)^{1\over 3}

\end{equation}

$k$ is the Boltzmann's constant, and $\tau=\pi \sqrt{2}/ 6$ is the packing fraction for closed-packed spheres.

The dispersion term $a^{disp}$ used by Huang and Radosz is

\begin{equation}

  \ds{ a^{disp} \over RT} = m \ds{\sum_{i=1}^4\sum_{j=1}^9}D_{ij}\left(\ds{u \over kT}\right)^i

           \left(\ds{\eta \over \tau}\right)^j

\end{equation}

\begin{center}

\begin{tabular}{ccccc}

 \multicolumn{5}{c}{Table 1: Chen and Kreglewski constants $D_{ij}$} \\  \hline \\

 $D_{ij}$ & $i=1$      & $i=2$      & $i=3$      &  $i=4$ \\\\  \hline \\

 $j=1$   & -0.88043   & 2.9396     & -2.8225    &  0.34  \\ \\

 $j=2$   & 4.1646270  & -6.0865383 & 4.7600148  &  -3.1875014 \\ \\

 $j=3$   & -48.203555 & 40.137956  & 11.257177  & 12.231796 \\ \\

 $j=4$   & 140.43620  & -76.230797 & -66.382743 & -12.110681 \\ \\

 $j=5$   & -195.23339 & -133.70055 & 69.248785  & 0.0        \\ \\

 $j=6$   & 113.51500  & 860.25349  & 0.0        & 0.0        \\ \\

 $j=7$   & 0.0        & -1535.3224 & 0.0        & 0.0         \\ \\

 $j=8$   & 0.0        & 1221.4261  & 0.0        & 0.0             \\ \\

 $j=9$   & 0.0        & -409.10539 & 0.0        & 0.0     \\ \hline

 \end{tabular}

\end{center}

 To determine the average segment number $m$, average segment energy $u$ and average reduced density

(packing fraction) $\eta$, the van der Walls one-fluid (vdW1) approach, that treats the mixture as a

hypothetical pure fluid having the same residual properties as the mixture, is used. Thus, with the vdW1 mixing

rule,

\begin{equation}

      m = \ds{\sum_{i=1}^N}x_im_i

\end{equation}

\begin{equation}

   \eta = \ds{ \pi N_A \rho \over 6} \ds{\sum_{i=1}^N} x_im_id_{ii}^3 = \zeta_3

\end{equation}

and

\begin{equation}

    \ds{ u\over kT} = \ds{\ds{ \sum_{i=1}^N \sum_{j=1}^N}x_ix_jm_im_jv_{ij}^0(u_{ij}/kT) \over

                          \ds{\sum_{i=1}^N \sum_{j=1}^N}x_ix_jm_im_jv_{ij}^0}

\end{equation}

where

\begin{equation}

v_{ij}^0 = \left\{\ds{1\over 2}\left[ \left( v_i^0\right)^{1/3} + \left(v_j^0\right)^{1/3} \right]\right\}^3

\end{equation}

\begin{equation}

u_{ij} = (1-k_{ij})(u_{ii}u_{jj})^{1/2}

\end{equation}

\begin{equation}

v_i^0 = v_i^{00} \left[ 1-0.12\exp\left(\ds{ -3u^0 \over kT}\right)\right]^3

\end{equation}

and

\begin{equation}

   u_{ii} = u_i^0\left( 1+ \ds{e\over kT}\right)

\end{equation}

The $D_{ij}$ are the Chen and Kreglewski constants, which are listed in Table 1, and $e/k=10$, with some

exceptions as discussed by Huang and Radosz. The $k_{ij}$ are binary interaction parameters that can be fit to

experimental data. It should be noted that under the one-fluid approach the upper limit on the reduced density

$\eta$ will be given by the closest packing of equal diameter spheres, which is the reduced density given by

$\tau$. It should also be noted that different versions of SAFT, for instance the SSAFT(simplified SAFT) model

of Fu and Sandler, may use different expressions for the dispersion term. Furthermore, different mixing rules

may be used; for example, Huang and Radosz also discuss mixing rules based on volume fraction. While we use the

expressions given above for the dispersion term, the computational method described here is general purpose and

can be applied in connection with any variant of the SAFT EOS.

The chain term, $a^{chain}$, as derived by chapman et al., is based on the pair correlation function,

$g_{ij}^{hs}(d_{ii})$, in the form of Boublik, and is given by

\begin{equation}

   \ds{ a^{chain} \over RT} = \ds{ \sum_{i=1}^N} x_i(1-m_i)\ln (g_{ii}^{hs}(d_{ii}))

\end{equation}

This is a special case of the more general pair correlation function, need below, which is

\begin{equation}

   g_{ij}^{hs} = \ds{ 1\over 1-\zeta_3} + \ds{ 3d_{ii}d_{jj} \over d_{ii}+d_{jj}}\ds{\zeta_2 \over

   (1-\zeta_3)^2} + 2 \left[\ds{ d_{ii}d_{jj} \over d_{ii}+d_{jj}}\right]^2\ds{ (\zeta_2)^2 \over (1-\zeta_3)^3}

\end{equation}

with $d_{ij}$ representing $d_{ii}d_{jj}/(d_{ii} + d_{ij})$.

Finally, the association term, $a^{assoc}$, is written as

\begin{equation}

   \ds{ a^{assoc} \over RT} = \ds{\sum_{i=1}^N}x_i

                              \left[\ds{\sum_{\alpha_i}}\left[\ln X^{\alpha_i} -\ds{X^{\alpha_i} \over 2}\right]+

                              \ds{ M_i \over 2} \right]

\end{equation}

where the summation over $\alpha_i$ indicates summation over all association sites on component $i$. Here $M_i$

is the number of association sites on component $i$, and $X^{\alpha_i}$ is the mole fraction of molecules of $i$

which are {\em not} bounded at the association site $\alpha_i$. This is determined from

\begin{equation}

   X^{\alpha_i} = \left[ 1 + N_A \ds{\sum_{j=1}^N\sum_{\beta_j}}\rho_j X^{\beta_j}\Delta^{\alpha_i\beta_j}\right]^{-1}

\end{equation}

where the summation over $\beta_j$ indicates summation over all association sites on component $j$. Note that

this means that $X^{\alpha_i}$ is, in general, given only implicitly, since $X^{\alpha_i}$ appears not only on

the left-hand side, but also in one of the terms in the double summation on the right-hand side. Thus, when

there are association to be accounted for, evaluation of the SAFT EOS requires an "internal" iteration to solve

the "internal" variables $X^{\alpha_i}$, except in some special cases in which it is possible to solve for these

variables explicitly. The association strength function $\Delta^{\alpha_i\beta_j}$ is

\begin{equation}

   \Delta^{\alpha_i\beta_j} = g_{ij}^{hs}(d_{ij})\left[\exp\left(\epsilon^{\alpha_i\beta_j}/kT\right) -1 \right]

   \sigma_{ij}^3\kappa^{\alpha_i\beta_j}

\end{equation}

with

\begin{equation}

  \sigma_{ij} = \ds{ \sigma_i + \sigma_j \over 2}

\end{equation}

The SAFT parameters $\epsilon^{\alpha_i\beta_j}$ and $\kappa^{\alpha_i\beta_j}$ are the association energy and

dimensionless association volume, respectively, used to characterize interactions between sites $\alpha_i$ and

$\beta_j$. In a mixture, there may be self-association interactions $(i=j)$ involving the same type of sites

$(\alpha =\beta)$ or different types of sites on molecules of the same species, and there may be cross-association

interactions $(i\neq j)$ between sites on molecules of different species.

The SAFT EOS in terms of the molar residual Helmoltz energy $a^{res}({\sf x}, \rho)$ given (at constant

temperature) as a function of composition (mole fraction) ${\sf x} = \left[x_1, x_2, \cdots, x_N\right]^T$ and

total molar density $\rho$. In pressure-explicit form, the EOS may be written

\begin{equation}

  P  = \rho^2\left( \ds {\partial a^{res}({\sf x}, \rho) \over \partial \rho} \right)_{{\sf x}, T} + \rho RT

\end{equation}

where the last term is the ideal gas contribution.  For ease of dealing with the function $a^{res}({\sf x},\rho)$

and its derivatives, the parametrization given by Huang and Radosz, following the approach of Topliss, is very useful.

\section{\sf Problem Statement}

The motivation for using the tangent-plane stability criterion arises from an assumption that must be made in

order to formulate the Gibbs free-energy minimization problem. That is, the number and type of phases that are

present in the true equilibrium state must be specified. For a given number and type of phase, however, the

global minimum of the Gibbs free-energy is not a sufficient condition for the true equilibrium solution. This is

because a different set of of phases may contain a solution that has a lower value for the Gibbs energy. Given a

candidate equilibrium solution, the advantage of the tangent plane is that it provides an unambiguous means of

determining if the proposed solution is stable or unstable.

The tangent-plane distance function is defined as the distance between the Gibbs free-energy surface for the new

phase and the tangent plane to the Gibbs energy surface constructed at the point ${\sf x}_0$. The expression for

the tangent plane distance function is:

\begin{equation}

   \begin{array}{rcl}

        D({\sf x}, \rho({\sf x})) & = &  \ds{ g({\sf x}, \rho({\sf x})) \over RT} -

          \left( \ds { g({\sf x}_0,\rho({\sf x}_0) \over RT}+

\ds{ 1 \over RT}\ds{\sum_{i=1}^N}\left( {\partial g({\sf x},\rho({\sf x})) \over \partial x_i}\right)_{{\sf

x}_0}(x_i-x_{i0})\right) \\ \\

         & = & \ds{ g({\sf x},\rho({\sf x})) \over RT} -\ds {1 \over RT}\left( g({\sf x}_0,\rho({\sf x}_0) +

                   \nabla g({\sf x}_0,\rho({\sf x}_0))

         \cdot ({\sf x} -{\sf x}_0) \right)

  \end{array}

\end{equation}

Note that the tangent-plane distance criterion does not provide candidate equilibrium solutions, nor does it provide

a method for determining where the tangent plane touches the Gibbs energy surface so that it always lies below it.

Therefore, the tangent plane criterion cannot be used by itself to determine the true equilibrium solution.

Recent developments in global optimization can provide theoretical guarantee that an $\epsilon$-global minimum can

 be obtained for every broad classes of nonlinear functions, such as twice differential ones. Based on these

 developments, the global minimization of the tangent-plane distance function is a promising approach.

 McDonald and Floudas proposed first methods for activity-coefficient equations that provide theoretical guarantees

 that the global minimum of the tangent-plane distance function is obtained.

 As part of every iteration in the optimization procedure, a function evaluation or a local minimization of the tangent-

 plane distance function must be performed. If at any point the value of the tangent-plane distance is negative, then

 the optimization procedure can be terminated, since the candidate phase is unstable. Therefore, in cases

 where the candidate solution is unstable, the problem need not be solved to global optimality and, as is shown in the

 "Computational Studies" section, often the problem can be terminated in the first few iterations.

\section{\sf Problem Formulation}

The formulation of the tangent-plane distance minimization problem begins with the following assumptions. We are

given a system of $|C|$ components at constant temperature, $T$, and pressure, $P$. In addition, the composition of

a candidate phase is provided, ${\sf x}_0$. When an equation of state is chosen as the thermodynamic model of the system,

we can calculate the density, $\rho$, and the Gibbs free energy of the candidate phase. The objective is to minimize

the tangent-plane distance function, which is a nonlinear function of the composition and the density of the new phase.

The problem is constrained by the bounds on the mole fraction and density, the restriction that the mole fractions

must sum to one. In addition, the equation of state of the new phase must be satisfied. The optimization formulation for

the tangent-plane distance function minimization, $(S)$ is given as

\begin{equation}

 (S)\left\{

   \begin{array}{rcl}

      \min  D({\sf x}, \rho({\sf x})) & = &  \ds{ g({\sf x}, \rho({\sf x})) \over RT} -

          \left( \ds { g({\sf x}_0,\rho({\sf x}_0) \over RT}+

\ds{ 1 \over RT}\ds{\sum_{i=1}^N}\left( {\partial g({\sf x},\rho({\sf x})) \over \partial x_i}\right)_{\sf x}(x_i-x0_i)\right) \\ \\

         & = & \ds{ g({\sf x},\rho({\sf x})) \over RT} -\ds {1 \over RT}\left[ g({\sf x}_0,\rho({\sf x}_0) +

                   \nabla g({\sf x}_0,\rho({\sf x}_0))\cdot ({\sf x} -{\sf x}_0 \right) \\ \\

         & = & \ds{ a({\sf x},\rho({\sf x})) \over RT} + \ds{P \over \rho R T}-\ds {1 \over RT}\left[ g({\sf x}_0,\rho({\sf x}_0) + \nabla g({\sf x}_0,\rho({\sf x}_0))\cdot ({\sf x} -{\sf x}_0 \right) \\ \\

         & = & \ds{ a^{res} +a^{id} \over RT} + \ds{P \over \rho R T}-\ds {1 \over RT}\left[ g({\sf x}_0,\rho({\sf x}_0) + \nabla g({\sf x}_0,\rho({\sf x}_0))\cdot ({\sf x} -{\sf x}_0 \right) \\ \\

         & = & \ds{ a^{res} \over RT} +  \ds{\sum_{i=1}^{N} x_i  \ln (x_i\rho R T)} +

               \ds{P \over \rho R T}-\ds {1 \over RT}\left[ g({\sf x}_0,\rho({\sf x}_0) + \nabla g({\sf x}_0,\rho({\sf x}_0))\cdot ({\sf x} -{\sf x}_0 \right) \\ \\

  \mbox{s.t.} & & \\ \\

    Z & = & \ds{\rho \over RT} \left( \ds{\partial a^{res} \over \partial \rho} \right)_{{\sf x},T} + 1 ~~~~(EOS) \\

 \ds{\sum_i} x_i & = & 1  \\ \\

 0 \leq x_i \leq 1& \forall& i \in {\cal C} \\ \\

  Z& \geq& 0

\end{array}

\right.

\end{equation}

where $Z$ represents the SAFT EOS for the new phase, and is a nonlinear function of composition and density. The

objective function has been written as the difference of two terms. The first term represents the molar Gibbs

free energy and is a nonlinear function of composition and density. The second term represents the tangent plane

to the Gibbs energy surface and is a linear function of composition and density at ${\sf x}_0$. Therefore,

formulation $(S)$ is a nonlinear programming problem (NLP). If a nonnegative global minimum is obtained, then

the postulated is stable. However, obtaining the global minimum solution for $(S)$ is difficult due to the

highly nonlinear nature of the SAFT EOS.

In this optimization problem, the gradient of the Gibbs free energy surface at ${\sf x}_0$ needed to be solved.

In order to obtain the gradient, the gradient of density has to be solved first and be shown in what follows.

\section{\sf Gradient of the Density}

From the equation of state, we have

\begin{equation}

  \begin{array}{rcl}

  P & = & \rho^2 \left( \ds{\partial a^{res}({\sf x}, \rho) \over \partial \rho} \right)_{{\sf x}, T} + \rho RT   \\ \\

    & = & \rho^2 [a^{res}]_{\rho} + \rho RT

  \end{array}

\end{equation}

where $\left[\cdot\right]_k = \ds{ \partial \left[\cdot\right] \over \partial x_k}$. Dividing by $RT$, we have

\begin{equation}

     \ds{ P \over RT}  =   \rho^2 \left[\tilde{a}^r\right]_{\rho} + \rho

\end{equation}

where $\tilde{a}^r = \ds{ a^{res} \over RT }$ and $\left[\cdot\right]_{\rho} = \ds{ \partial \left[\cdot\right]

\over \partial \rho}$.

 At constant $T$, $P$, $[P/(RT)]_k=0$. Thus

\begin{equation}

\begin{array}{rcl}

  2\rho [\rho]_k \left[\tilde{a}^r \right]_{\rho} +

   \rho^2\left[\left[\tilde{a}^r \right]_{\rho}\right]_k  + [\rho]_k  & = & 0

\end{array}

\end{equation}

Since

\begin{equation}

\left[\left[\tilde{a}^r\right]_{\rho}\right]_k =  \left[\left[\tilde{a}^h\right]_{\rho}\right]_k +

                                                          \left[\left[\tilde{a}^c\right]_{\rho}\right]_k +

                                                          \left[\left[\tilde{a}^d\right]_{\rho}\right]_k +

                                                          \left[\left[\tilde{a}^a\right]_{\rho}\right]_k

\end{equation}

where $\tilde{a}^h = \ds{ a^{hs} \over RT }$, $\tilde{a}^c = \ds{ a^{chain} \over RT }$, $\tilde{a}^d =

\ds{a^{disp} \over RT }$ and $\tilde{a}^a = \ds{ a^{assoc} \over RT }$. By separating variables, $

\left[\left[\tilde{a}^h\right]_{\rho}\right]_k$ is a affiliated linear function of $\left[\rho\right]_k$,

namely,

\begin{equation}

         \left[\left[\tilde{a}^h\right]_{\rho}\right]_k ={\cal P}_{\left[\left[{\tilde a}^h\right]_{\rho}\right]_k} \left[\rho\right]_k +

             {\cal Q}_{\left[\left[{\tilde a}^h\right]_{\rho}\right]_k}

\end{equation}

$ \left[\left[\tilde{a}^c\right]_{\rho}\right]_k$, $ \left[\left[\tilde{a}^d\right]_{\rho}\right]_k$ and $

\left[\left[\tilde{a}^a\right]_{\rho}\right]_k$ have the same expressions. The derivarives and expressions of

${\cal P}_{\left[\left[{\tilde a}^h\right]_{\rho}\right]_k}$ and ${\cal Q}_{\left[\left[{\tilde

a}^h\right]_{\rho}\right]_k}$ in terms of parameters of SAFT EOS are shown in detail in Appendix. Therefore, it

turns out

\begin{equation}

  \footnotesize

  \begin{array}{rcl}

   \left[\left[\tilde{a}^r\right]_{\rho}\right]_k  &  = & \left[\left[\tilde{a}^h\right]_{\rho}\right]_k +

                                                          \left[\left[\tilde{a}^c\right]_{\rho}\right]_k +

                                                          \left[\left[\tilde{a}^d\right]_{\rho}\right]_k +

                                                          \left[\left[\tilde{a}^a\right]_{\rho}\right]_k \\ \\

        & = &{\cal P}_{\left[\left[{\tilde a}^h\right]_{\rho}\right]_k} \left[\rho\right]_k +

             {\cal Q}_{\left[\left[{\tilde a}^h\right]_{\rho}\right]_k}  +

             {\cal P}_{\left[\left[{\tilde a}^c\right]_{\rho}\right]_k} \left[\rho\right]_k +

             {\cal Q}_{\left[\left[{\tilde a}^c\right]_{\rho}\right]_k}  +

             {\cal P}_{\left[\left[{\tilde a}^d\right]_{\rho}\right]_k} \left[\rho\right]_k +

             {\cal Q}_{\left[\left[{\tilde a}^d\right]_{\rho}\right]_k}  +

             {\cal P}_{\left[\left[{\tilde a}^a\right]_{\rho}\right]_k} \left[\rho\right]_k +

             {\cal Q}_{\left[\left[{\tilde a}^a\right]_{\rho}\right]_k}

 \\ \\

        & = &\left( {\cal P}_{\left[\left[{\tilde a}^h\right]_{\rho}\right]_k} +

                    {\cal P}_{\left[\left[{\tilde a}^c\right]_{\rho}\right]_k} +

                    {\cal P}_{\left[\left[{\tilde a}^d\right]_{\rho}\right]_k} +

                    {\cal P}_{\left[\left[{\tilde a}^a\right]_{\rho}\right]_k}

              \right)

\left[\rho\right]_k +

           \left(   {\cal Q}_{\left[\left[{\tilde a}^h\right]_{\rho}\right]_k} +

                    {\cal Q}_{\left[\left[{\tilde a}^c\right]_{\rho}\right]_k} +

                    {\cal Q}_{\left[\left[{\tilde a}^d\right]_{\rho}\right]_k} +

                    {\cal Q}_{\left[\left[{\tilde a}^a\right]_{\rho}\right]_k}

              \right) \\ \\

        & = & {\cal P}_{\left[\left[{\tilde a}^r\right]_{\rho}\right]_k}\left[\rho\right]_k  +

              {\cal Q}_{\left[\left[{\tilde a}^r\right]_{\rho}\right]_k}

  \end{array}

\end{equation}

where

\begin{equation}

  \left\{

  \begin{array}{rcl}

         {\cal P}_{\left[\left[{\tilde a}^r\right]_{\rho}\right]_k}

           & = &

                    {\cal P}_{\left[\left[{\tilde a}^h\right]_{\rho}\right]_k} +

                    {\cal P}_{\left[\left[{\tilde a}^c\right]_{\rho}\right]_k} +

                    {\cal P}_{\left[\left[{\tilde a}^d\right]_{\rho}\right]_k} +

                    {\cal P}_{\left[\left[{\tilde a}^a\right]_{\rho}\right]_k} \\ \\

         {\cal Q}_{\left[\left[{\tilde a}^r\right]_{\rho}\right]_k}

           & = &

                    {\cal Q}_{\left[\left[{\tilde a}^h\right]_{\rho}\right]_k} +

                    {\cal Q}_{\left[\left[{\tilde a}^c\right]_{\rho}\right]_k} +

                    {\cal Q}_{\left[\left[{\tilde a}^d\right]_{\rho}\right]_k} +

                    {\cal Q}_{\left[\left[{\tilde a}^a\right]_{\rho}\right]_k}

  \end{array}

  \right.

\end{equation}

Substituting ${\cal P}_{\left[\left[{\tilde a}^r\right]_{\rho}\right]_k}$ and

             ${\cal Q}_{\left[\left[{\tilde a}^r\right]_{\rho}\right]_k}$ into EOS, we have

\begin{equation}

  \begin{array}{rcl}

 2\rho[\rho]_k \left[\tilde{a}^r\right]_{\rho} +  \rho^2

\left( {\cal P}_{\left[\left[{\tilde a}^r\right]_{\rho}\right]_k}\left[\rho\right]_k  + {\cal

Q}_{\left[\left[{\tilde a}^r\right]_{\rho}\right]_k} \right)  + \left[\rho\right]_k & = & 0

  \end{array}

\end{equation}

Rearranging, it leads to

\begin{equation}

\begin{array}{rcl}

 \left(

2\rho[\tilde{a}^r]_{\rho}+ \rho^2{\cal P}_{\left[\left[{\tilde a}^r\right]_{\rho}\right]_k}

  +1  \right)\left[ \rho\right]_k + \rho^2{\cal Q}_{\left[\left[{\tilde a}^r\right]_{\rho}\right]_k}

 &= & 0

\end{array}

\end{equation}

Finally $\left[\rho\right]_k$ is solved

\begin{equation}

\begin{array}{rcl}

\left[\rho\right]_k & = & \ds{ -\rho^2{\cal Q}_{\left[\left[{\tilde a}^r\right]_{\rho}\right]_k}

\over  2\rho[\tilde{a}^r]_{\rho}+ \rho^2

{\cal P}_{\left[\left[{\tilde a}^r\right]_{\rho}\right]_k}  +1 }

\end{array}

\end{equation}

In this equation, $\left[\rho\right]_k$ is a function of density and variables of SAFT EOS. And it appears only

in the left hand side of the equation. There is no gradient of density in the right hand side of the equation.

Therefore gradient of density could be solved explicitly. Since the explicit mathematical expression of density

gradient is available, the $(S)$ could be solved by the global optimization approach.

\section{\sf Global Optimization Approach}

The $\alpha$BB global optimization method (Androulakis et al., 1995; Adjiman et al., 1996; Adjiman and Floudas,

1996; Adjiman et al., 1998b, a) guarantees convergence to the global minimum for general twice continuously

differentiable constrained and unconstrained nonlinear problems. This is accomplished through the generation of

a non-decreasing sequence of lower bounds and a non-increasing sequence of updated upper bounds on the global

solution. Finite $\epsilon$-convergence to the global minimum is achieved through the successive subdivision of

the region at each level in the branch and bound tree. The sequence of upper bounds on the global solution is

obtained by solving, to local optimality, the full nonconvex problem from different starting points. The lower

bounds are generated by solving a convex relaxation which underestimates the original problem.

There are three main components in the $\alpha$BB algorithm which affect the performance of the method.These

include: (1) the generation of the uderestimating formulation which will allow for the determination of a valid

lower bound on the global solution, (2) the method for determining the variable to branch the region on at each

level of the tree, and (3) the approaches used to determine appropriate variable bounds at each level. Each

component has a distinct effect on the convergence properties of the algorithm and will be discussed.

\section{\sf Computational approach}

Problem contains nonconvex terms in both the objective function and in the constraints, so nonlinear solvers may

find a local minimum, or may fail to find a feasible solution. The so-called "trivial" solution (where $x=x_0$

and $\rho=\rho_0$) is always a stationary  point of the tangent-plane distance function. In many cases, the

trivial solution is a local minimum with a large basin of attraction. When the candidate phase is unstable, the

trivial solution often causes a local approach to miss the negative global solution. In order to guarantee that

the global minimum has not been missed, a convex lower bounding problem, $(S^{LB})$ based on $(S)$ is solved.

The solution $(S^{LB})$ is guaranteed to be less than or equal to the solution of $(S)$ over the same domain. In

addition,since $(S^{LB})$ is convex, its global minimum can always be obtained.

The basic idea is to bracket the global solution by generating a nondecreasing sequence of lower bounds.

This procedure is guaranteed to converge within $\epsilon$ of the global minimum solution.  Upper bounds are

obtained by using a "local" nonlinear solver to get a solution of $(S)$. Lower bounds are obtained by solving

$(S^{LB})$. The generation of the lower bounding problem is discussed in the following section. A branch-and-bound

procedure is used to generate the sequence of upper and lower bounds. The original search domain is partitioned into

 smaller and smaller domains. As the sizes of the domains decreases, the quality of solution of the lower bounding

 decreases, the quality of solution obtained from the lower bounding problem in a particular domain is larger than

 the best upper bound, then the domain is larger than the best upper bound, then the domain is discarded. When

 the difference between the best upper bound and the minimum lower bound becomes less than a small number, $\epsilon$,

 the algorithm terminates with the best upper bound as the $\epsilon$-global minimum solution.

\section{\sf Algorithmic description}

The $\alpha$BB algorithm is employed to determine the global solution of $(S)$. Each iteration of the $\alpha$BB consists

of a {\em branching} step  and a {\em} bounding step. In the bounding step, problem of upper bound and lower bound

are solved. In the branching step, the current subdomain is divided into a number of smaller subdomains. The subdivision

of the domains results in increasingly tight lower bounding problems, creating a nondecreasing sequence of lower bounds

on the global solution.

In this optimization problem, there are only linear and general nonlinear terms with no special structure functions.

In the $\alpha$BB approach, nonconvex terms that do not possess special structure are replaced with $\alpha$-based

underestimator.

\begin {equation}

  {\cal L}({\sf x}) = f({\sf x}) + \ds{\sum_{i=1,N}} \alpha_i (x_i^L-x)(x_i^U-x)

\end{equation}

where the $\alpha_i$ are positive scalars. All of the terms in the summation are negative, therefore ${\cal L}$ is always

 an underestimator of $f$. The $\alpha$ parameters must satisfy the following criterion in order for ${\cal L}$ to be a

 convex function:

 \begin{equation}

        \alpha \geq \max\left\{0, -\ds{1 \over 2} \min_i \min_{ {\sf x}^L \leq {\sf x} \leq {\sf x}^U } \lambda_i({\sf x})\right\}

 \end{equation}

 The $\lambda_i$ are the eigenvalues of the Hessian matrix of $f({\sf x})$. The exact solution of the right handside

 provides the smallest possible value $\alpha$ that convexifies $f({\sf x})$. In this optimization problem,

 The Hessian matrix of density must be obtained first. Then the Hessian matrix of $f({\sf x})$ could be derived.

 The basic steps of the algorithm are now described. A detailed description of the $\alpha$BB algorithm can be found in

 Androulakis et al. (1995) and Adjiman et al. (1998b).

 Step 0:

  Initialization. The relative convergence, $\epsilon$, is specified and the iteration counter, Iter, is set to one.

 The current subdomain, $ \left[{\sf y}^{L,iter}, {\sf y}^{U,iter}\right]$ is set to global domain,

 $\left[{\sf y}^{LBD}, {\sf y}^{UBD}\right]$. Note that ${\sf y}=\left\{ {\sf x}, \rho, X^{\alpha_i},\cdots\right\}$.

 The lower and upper bounds, LBD and UBD, on the global minimum of $(S)$ is initialized. An initial current point,

 ${\sf y}^{c,Iter}$ is chosen.

 Step 1: Update Upper Bound on Global Solution. The current point is used as a starting point for a local solution to

 problem(UB). If the solution to this problem is less than UBD, the UBD is updated to the new solution, and the variable

 values at the new upper bound are stored.

 Important Note: If the solution of (UB) in any iteration is negative, then the global optimization procedure can be

 terminated, since the phase is unstable.

 Step 2: Select Branching Variable and Partition Current Region. The current domain is partitioned into two subdomains,

 $r_1$ and $r_2$, by bisecting the edge corresponding to a chosen variable. The criterion for choosing the branching

 variable is discussed in the subsection titled "Analysis of the Branching Criteria".

 Step 3: Solution of bound update problems in $r_1$ and $r_2$. The bounds on the variables in the subdomain can be improved

 by solving a so-called bound update problem. This problem is formulated by replacing the objective function of (LB) with

 the variable whose bound is to be updated. The variables whose bounds are updated by this method and the frequency

 of bound updates are discussed in the subsection titled as "Variable Bound Updates".

 Step 4: Update $\alpha$'s in $r_1$ and $r_2$. The $\alpha$ parameters are updated inside both sundomains. The method for

 calculating the $\alpha$'s is discussed in subsection titled "Analysis of $\alpha$ Calculation Methods".

 Step 5:Solve Lower Bounding Problem in $r_1$ and $r_2$. The lower bounding problem (LB) is solved in subdomain

 $r_1$ and $r_2$. If the solution in a subdomain is greater than the current upper bound, then this region is guaranteed

 not to contain the global minimum and is fathomed. Otherwise, the solution is stored along with the variable bounds for

 the region and the variable values at the solution.

 Step 6:Update Iteration Counter and LBD. The iteration counter is increased by one. The lower bound, LBD, is updated

 to be the minimum of all stored solutions. The current search region is selected as the subdomain containing

  the minimum of all stored lower bound solutions. The current variable bounds,

  $\left[{\sf y}^{L, Iter}, {\sf y}^{\sf U, Iter}\right]$ are updated to be the bounds of the current region, and the current

point ${\sf y}^{c, Iter}$ is updated to the solution point of the current region.

Step 7:Convergence Check. If

\begin{equation}

         \ds{ (UBD-LBD) \over UBD + 1 } > \epsilon

\end{equation}

then return to STEP 1.

Otherwise, $\epsilon$-convergence to the global minimum solution is achieved.

This global optimization algorithm has been tested with a variety of phase-stability problems. While the basic

outline of the algorithm is rigid, there is significant freedom in selecting options such as the criterion used

to determine the branching variable, the method for calculating the $\alpha$ parameters, and how often to solve

variable bound update problems. Through the computational studies, the options that provide the best performance

have been identified. These options are briefly described in the next three subsections.

\section{Analysis of the branching criteria}

Formulations $(S)$ each contain the same set of variables ${ {\sf x}, \rho, X^{\alpha_i}}$ and are independent

variables in the formulation. Therefore, it is natural to select   ${ {\sf x}, \rho, X^{\alpha_i}}$ variables to

branch on.

More alternatives exist for selecting the branching variable at each iteration. These are briefly summarized below:

\begin{enumerate}

\item Variable with the least reduced axis.

\item Variable with the least reduced axis in the nonconvex term with the maximum possible separation.

\item Variable with the least reduced axis in the nonconvex term with the largest difference between the

original nonconvex term and the convex uderestimator at the current point.

\item Variable with largest sum of maximum possible separation over all nonconvex terms it participates in.

\item Variable with largest sum of differences over all nonconvex it participates in.

\end{enumerate}

Least reduced axis refers to the variable whose bounds in the current domain have the largest separation.

Going down the list, each option becomes more sophisticated and requires more computational effort, but provides

"better" choices for branching variables. The computational studies have shown that option 5 provides the best results.

The computational effort required to select the branching variables is less than $1\%$ of the local computational effort.

\section{Calculating $\alpha_i$ by solving the Hessian matrix of Density}

   \noindent{\sf Step 0.2: Solve Density Hessian from EOS}

   \[\footnotesize

     \begin{array}{rcl}

       2\left[\rho\right]_{\ell}\left[\rho\right]_k\left[\tilde{a}^r\right]_{\rho} +

       2\rho \left[\left[\rho\right]_k\right]_{\ell}\left[\tilde{a}^r\right]_{\rho} +

       2\rho \left[\rho\right]_k \left[ \left[ \tilde{a}^r \right]_{\rho} \right]_{\ell} +

       2\rho \left[\rho\right]_{\ell}\left[\left[\tilde{a}^r\right]_{\rho}\right]_k +

       \rho^2\left[\left[\left[\tilde{a}^r\right]_{\rho}\right]_k\right]_{\ell} +

       \left[\left[\rho\right]_k\right]_{\ell} & = & 0

     \end{array}

   \]

   \[\footnotesize

     \begin{array}{rcl}

     \left[\left[\left[\tilde{a}^r\right]_{\rho}\right]_k\right]_{\ell}

                                                     & = &

     \left[\left[\left[\tilde{a}^h\right]_{\rho}\right]_k\right]_{\ell} +

     \left[\left[\left[\tilde{a}^c\right]_{\rho}\right]_k\right]_{\ell} +

     \left[\left[\left[\tilde{a}^d\right]_{\rho}\right]_k\right]_{\ell} +

     \left[\left[\left[\tilde{a}^a\right]_{\rho}\right]_k\right]_{\ell}

    \\ \\& = &

   \left(

    {\cal P}_{\left[\left[\left[\tilde{a}^h\right]_{\rho}\right]_k\right]_{\ell}}+

    {\cal P}_{\left[\left[\left[\tilde{a}^c\right]_{\rho}\right]_k\right]_{\ell}}+

    {\cal P}_{\left[\left[\left[\tilde{a}^d\right]_{\rho}\right]_k\right]_{\ell}}+

    {\cal P}_{\left[\left[\left[\tilde{a}^a\right]_{\rho}\right]_k\right]_{\ell}}

     \right)\left[\left[\rho\right]_k\right]_{\ell} +

   \\ \\ & &

    \left(

    {\cal Q}_{\left[\left[\left[\tilde{a}^h\right]_{\rho}\right]_k\right]_{\ell}}+

    {\cal Q}_{\left[\left[\left[\tilde{a}^c\right]_{\rho}\right]_k\right]_{\ell}}+

    {\cal Q}_{\left[\left[\left[\tilde{a}^d\right]_{\rho}\right]_k\right]_{\ell}}+

    {\cal Q}_{\left[\left[\left[\tilde{a}^a\right]_{\rho}\right]_k\right]_{\ell}}

     \right)

   \\ \\ & = &

     {\cal P}_{ \left[\left[\left[\tilde{a}^r\right]_{\rho}\right]_k\right]_{\ell}}

     \left[\left[\rho\right]_k\right]_{\ell} +

     {\cal Q}_{ \left[\left[\left[\tilde{a}^r\right]_{\rho}\right]_k\right]_{\ell}}

     \end{array}

   \]

   \noindent where

   \[\footnotesize

     \left\{

     \begin{array}{rcl}

         {\cal P}_{ \left[\left[\left[\tilde{a}^r\right]_{\rho}\right]_k\right]_{\ell}} & = &

    {\cal P}_{\left[\left[\left[\tilde{a}^h\right]_{\rho}\right]_k\right]_{\ell}}+

    {\cal P}_{\left[\left[\left[\tilde{a}^c\right]_{\rho}\right]_k\right]_{\ell}}+

    {\cal P}_{\left[\left[\left[\tilde{a}^d\right]_{\rho}\right]_k\right]_{\ell}}+

    {\cal P}_{\left[\left[\left[\tilde{a}^a\right]_{\rho}\right]_k\right]_{\ell}} \\ \\

    {\cal Q}_{ \left[\left[\left[\tilde{a}^r\right]_{\rho}\right]_k\right]_{\ell}} & = &

    {\cal Q}_{\left[\left[\left[\tilde{a}^h\right]_{\rho}\right]_k\right]_{\ell}}+

    {\cal Q}_{\left[\left[\left[\tilde{a}^c\right]_{\rho}\right]_k\right]_{\ell}}+

    {\cal Q}_{\left[\left[\left[\tilde{a}^d\right]_{\rho}\right]_k\right]_{\ell}}+

    {\cal Q}_{\left[\left[\left[\tilde{a}^a\right]_{\rho}\right]_k\right]_{\ell}}

     \end{array}

     \right.

   \]

   \[\footnotesize

     \begin{array}{rcl}

   -\left(

           2\rho \left[\tilde{a}^r\right]_{\rho} +

           \rho^2{\cal P}_{ \left[\left[\left[\tilde{a}^r\right]_{\rho}\right]_k\right]_{\ell}} +

           1

   \right)

   \left[\left[\rho\right]_k\right]_{\ell}

       & = &

               2\left[\rho\right]_{\ell}\left[\rho\right]_k\left[\tilde{a}^r\right]_{\rho} +

               2\rho\left[\rho\right]_k     \left[\left[\tilde{a}^r\right]_{\rho}\right]_{\ell} +

               2\rho\left[\rho\right]_{\ell}\left[\left[\tilde{a}^r\right]_{\rho}\right]_k +

               \rho^2 {\cal Q}_{ \left[\left[\left[\tilde{a}^r\right]_{\rho}\right]_k\right]_{\ell}} \\ \\

   \left[\left[\rho\right]_k\right]_{\ell} & = &

   -\ds{

         2\left[\rho\right]_{\ell}\left[\rho\right]_k\left[\tilde{a}^r\right]_{\rho} +

               2\rho\left[\rho\right]_k     \left[\left[\tilde{a}^r\right]_{\rho}\right]_{\ell} +

               2\rho\left[\rho\right]_{\ell}\left[\left[\tilde{a}^r\right]_{\rho}\right]_k +

               \rho^2 {\cal Q}_{ \left[\left[\left[\tilde{a}^r\right]_{\rho}\right]_k\right]_{\ell}}

        \over

         2\rho \left[\tilde{a}^r\right]_{\rho} +

           \rho^2{\cal P}_{ \left[\left[\left[\tilde{a}^r\right]_{\rho}\right]_k\right]_{\ell}} + 1

        }

       \end{array}

   \]

 \centerline{\sf Step 2. Hessian of the Objective function}

 \[

    \footnotesize

      \begin{array}{rcl}

        \left[\left[{\cal D}\right]_k\right]_{\ell} & = &

      \left[\left[ {\tilde g}\right]_k \right]_{\ell}  \\ \\

      & = & \left[\left[ {\tilde a}^r\right]_k\right]_{\ell} +

            \ds{ 1 \over x_{\ell}} + \ds{ \left[\rho\right]_{\ell} \over \rho } +

            \ds{ \left[\left[\rho\right]_k\right]_{\ell} \over \rho}-

            \ds{ \left[\rho\right]_k\left[\rho\right]_{\ell} \over \rho^2}-

            \ds{P \over RT}\left( \ds{\left[\left[\rho\right]_k\right]_{\ell} \over \rho^2} -

                                    2 \ds{\left[\rho\right]_k\left[\rho\right]_{\ell} \over \rho^3}

                          \right)

     \end{array}

     \]

 \noindent Solve $\left[\left[ \tilde{a}^r \right]_k\right]_{\ell}$

\section{\sf Analysis of $\alpha$ calculation methods}

The $\alpha$ parameter plays an important role in the $\alpha$BB algorithm. Using the smallest possible value of $\alpha$

enhances the convergence of the algorithm. Therefore, when it has been possible to derive an expression for the exact

smallest value of $\alpha$, this expression has been used. The basic idea of these methods is to obtain a lower bound

on the minimum eigenvalue of the interval Hessian matrix of a nonconvex term. The computational studies have shown

that a scaled Gerschgorin methods provides the best $\alpha$ values.

We have observed that the general nonconvex term $(S)$ is usually very close to convex. The $\alpha$ calculation

methods, however, must be valid  over the entire domain in order to provide the guarantee to global optimality.

As a result, small $\alpha$ values are usually sufficient to convexify the term over most of the domain, and a

larger value is needed only in a small subdomain. We have solved each of the test problems in the section on

computational studies using fixed values of $\alpha$. In each case, the global solution was obtained, and the

number of iterations needed is drastically reduced.

\section{Test Problems and results}

To test our initial implementation of the $\alpha$BB Algorithm for computation of phase stability from the

$SAFT$, several different binary and ternary mixtures have been used. The first two mixtures are self

associating systems, the final two are non-associating. For all problems, the SAFT parameters used for each

component were taken from Huang and Radosz and are listed in table 2. The nomenclature for association in table

2 is that used by Huang and Radosz and is explained further in the examples below.

\begin{center}

\begin{tabular}{lcccccc}

\multicolumn{7}{c}{Table 2: SAFT Parameters for compounds in Problems} \\ \hline \\

Compound      & $v^{00}$ (mL/mol) & $m$    & $u^0/k$(K) & $\epsilon/k$(K) & $10^2\kappa$ & association type \\ \\

Acetic Acid   & 14.5              & 2.132  & 290.73     & 3941            & 3.926        & 1A              \\\\

Benzene       & 11.421            & 3.749  & 250.19     & --              & --           & --             \\ \\

1-Butanol     & 12.0              & 3.971  & 225.96     & 2605            & 1.639        & 2B             \\ \\

n-Eicosane    & 12.0              & 13.940 & 211.25     & --              & --           & --             \\ \\

Ethanol       & 12.0              & 2.457  & 213.48     & 2759            & 2.920        & 2B             \\ \\

Ethene        & 18.157            & 1.464  & 212.06     & --              & --           & --             \\ \\

$n$-Heptane   & 12.282            & 5.391  & 204.61     & --              & --           & --             \\ \\

1-Propanol    & 12.0              & 3.240  & 225.68     & 2619            & 1.968        & 2B \\ \\ \hline

\end{tabular}

\end{center}

A number of test problems taken from the literature illustrate the proposed global optimization approach. These problems

have been solved using the $\alpha$BB algorithm, which has been written in C.

All computations were performed on a Hewlett-Packard J-2240 workstation. The local nonlinear solver SNOPT was used for

the upper bounding problems and for the variable bound update problems.

For each example, the solutions have been obtained using an interval-Hessian $\alpha$ calculation method, and using

fixed values of $\alpha$. A convergence tolerance of $1\times10^{-6}$ is used for determining global optimality. A

solution is identified as negative, thus terminating the procedure, when the objective function becomes less than

$-1\times10^{-6}$. Explicit formulations of these examples can be found in the handbook of test problems by

Floudas et al.(1999). In all examples, the initial bounds for the mole variables are $1\times10^{-3}$ and $0.999$ or

$1\times10^{-4}$ and $0.9999$. The initial bounds for the density are

\begin{equation}

   \rho \in \left[ \ds{ P \over Z_{max}RT}, \ds{ \sqrt{2} \over N_A \sum_{i=1}^Nx_{i0}m_id_{ii}^3} \right]

\end{equation}

A value $Z_{max}=2$ is used here. (Stadtherr et al.)

The convergence of the procedure is independent of any initial guess, so at every iteration, a random point can

be used to initialize the solution of the upper and lower bounding problems.

It has been suggested that branch-and-bound algorithms are subject to errors induced by round-off error, especially

in deciding whether to keep or reject a region based on the solution of the lower bounding problem. Specifically,

the NLP solvers used may find a solution to the lower bounding problem that is only accurate to $1\times10^{-6}$.

This error may cause the lower bound solution to be greater than the current best upper bound by some small amount,

and the region will be incorrectly rejected. In our approach, a region is only rejected if the solution of the lower

bounding problem obtained in that region is greater than $UB +\epsilon_0$. A typical value of $\epsilon_0$ is

$1\times10^{-7}$.

\section{\sf Case1:Nonassociating System}

This is a mixture of ethene (1) + n-eicosane (2). There are no association site on either molecule so

$a^{assoc}=0$. The binary interaction parameter value used was $k_{ij}=0.076$, from Huang and Radosz. Nine feed

compositions at $T=423K$ and $P=1,20, 250$ bars were considered with results shown in Table . The computed

results match calculations of mixture density of Stadtherr et al., who used the same SAFT model.

\centerline{\sf Case1.1:~Ethene~(1)~and~n-Eiscosane(2)}

\[

 \begin{array}{ccrcrc}

 \multicolumn{6}{c}{\sf Table~1.~~Data~for~Case~1} \\ \hline \hline

 \multicolumn{3}{c}{\mbox{$T$ = 423K}} & \multicolumn{3}{c}{k_{ij} = 0.076}  \\ \hline \hline

 \mbox{Trial}&{\sf x}_0&\mbox{$P$(bar)}& {\rho}_0\mbox{(mole/L)}&{\tilde g}_0~~~& \nabla {\tilde g}_0\\ \hline

  1      &  (0.200000, 0.800000)& 1    &  2.860439        & -2.669191 & (3.625043, -4.242749) \\

         &                      &      &  0.032224        &  0.388955 &                       \\

         &                      &      &  0.259616        &  0.898618 &                       \\

  2      &  (0.500000, 0.500000)& 1    &  3.898002        & -0.042293 & (4.741168, -4.825755) \\

         &                      &      &  0.029922        &  0.258253 &                       \\

         &                      &      &  0.645515        &  1.459906 &                       \\

  3      &  (0.750000, 0.250000)& 1    &  0.028927        &  0.420751 & (0.718787, -0.473356) \\

         &                      &      &  4.985839        &  2.514917 &                       \\

         &                      &      &  2.219565        &  2.668366 &                       \\ \hline

  4      &  (0.180000, 0.820000)& 20   &  2.835406        & -2.633692 & (3.557595, -3.992755) \\

         &                      &      &  0.428718        &  2.013618 &                       \\

  5      &  (0.500000, 0.500000)& 20   &  3.948315        &  0.095407 & (4.798015, -4.607200) \\

         &                      &      &  0.657092        &  2.281976 &                       \\

  6      &  (0.999900, 0.000100)& 20   &  0.585051        &  3.966188 & (3.967170, -5.856663) \\ \hline

  7      &  (0.850000, 0.150000)& 250  &  7.702049        &  4.671744 & (6.174188, -3.842108) \\

  8      &  (0.950000, 0.050000)& 250  &  8.690276        &  5.716717 & (6.255028, -4.511196) \\

  9      &  (0.990000, 0.010000)& 250  &  8.222649        &  6.150474 & (6.262059, -4.896450) \\ \hline \hline

\end{array}

\]

\[

 \begin{array}{cccrc}

  \multicolumn{5}{c}{\sf Table~1.2~Minima~for~Case~1} \\ \hline \hline

  \mbox{Postulated}  &  \multicolumn{2}{c}{\underline{\mbox{Solution}}}  &       & \mbox{Times out of 100}        \\

 \mbox{Phase}&     {\sf x}           & \rho\mbox{(mole/L)}   &{\sf TPD}~~~&\mbox{Local Optimz.Trials}  \\ \hline

    1        &  (0.999605, 0.000395) &   0.028476      & -2.626887   &   3 \\

             &  (0.200000, 0.800000) &   2.860439      &  0.000000   &  55 \\

             &  (0.775086, 0.224914) &   2.683822      &  1.000191   &  37 \\

    2        &  (0.999928, 0.000072) &   0.028476      & -3.742690   &   4 \\

             &  (0.500000, 0.500000) &   3.898001      &  0.000000   &  54 \\

             &  (0.808113, 0.191887) &   3.963524      &  0.233548   &  40 \\

    3        &  (0.000363, 0.999637) &   2.419640      & -3.531834   &  52 \\

             &  (0.750000, 0.250000) &   0.028927      &  0.000000   &  17 \\

             &  (0.269808, 0.730192) &   0.312813      &  1.112762   &  29 \\

   \hline

    4        &  (0.180000, 0.820000) &   2.835406      &  0.000000   &  57 \\

             &  (0.999025, 0.000975) &   0.585376      &  0.408702   &   4 \\

             &  (0.816030, 0.183970) &   2.741188      &  1.201968   &  28 \\

    5        &  (0.999848, 0.000152) &   0.585070      & -0.830896   &   4 \\

             &  (0.500000, 0.500000) &   3.948315      &  0.000000   &  55 \\

             &  (0.835185, 0.164815) &   4.106340      &  0.281810   &  29 \\

    6        &  (0.999900, 0.000100) &   0.585051      &  0.000000   &   5 \\

             &  (0.577324, 0.422676) &   4.338650      &  1.023885   &  49 \\

             &  (0.835609, 0.164391) &   4.313966      &  1.181507   &  33 \\

   \hline

    7        &  (0.850000, 0.150000) &   7.702049      &  0.000000   &  68 \\

    8        &  (0.950000, 0.050000) &   8.690276      &  0.000000   &  66 \\

    9        &  (0.990000, 0.010000) &   8.222649      &  0.000000   &  59 \\

    \hline \hline

\end{array}

\]

\[

 \begin{array}{ccccrr}

 \multicolumn{6}{c}{\sf Table~1.3~~Global~Computational~Results~of~Case~1}\\ \hline \hline

\mbox{Postulated}& \mbox{\sf Intervals} &\multicolumn{2}{c}{\underline{\mbox{Global Solution in Interval}}}&  &\alpha-\mbox{Calc.}\\

\mbox{Phase}     &\left[x_1\right]              & {\sf x}             & \rho\mbox{(mole/L)} & {\sf TPD}~~~&\mbox{\sf CPU}~~~\\ \hline

 1               &\left[0.00010, 0.20000\right] & (0.200000,0.800000) &   2.860439          &  0.000000   &   8492.4    \\

                 &\left[0.20000, 0.70000\right] & (0.700000,0.300000) &   0.029077          & -0.897484   &  17211.3    \\

                 &\left[0.70000, 0.99999\right] & (0.999605,0.000395) &   0.028476          & -2.626887   &   1250.9    \\

\hline

 2               &\left[0.00010, 0.25000\right] & (0.250000,0.750000) &   2.995963          &  0.166554   &  12002.4    \\

                 &\left[0.25000, 0.70000\right] & (0.700000,0.300000) &   0.029078          & -1.503870   &  10232.4    \\

                 &\left[0.70000, 0.99999\right] & (0.999928,0.000072) &   0.028476          & -3.742690   &    958.0    \\

\hline

 3               &\left[0.00010, 0.30000\right] & (0.000363,0.999637) &   2.419640          & -3.531834   &   6874.4    \\

                 &\left[0.30000, 0.70000\right] & (0.300000,0.700000) &   3.144161          & -1.734214   &   9039.8    \\

                 &\left[0.70000, 0.99999\right] & (0.750000,0.250000) &   0.028927          &  0.000000   &   1727.7    \\

\hline

 4               &\left[0.00001, 0.20000\right] & (0.180000,0.820000) &   2.835406          &  0.000000   &   7204.6    \\

                 &\left[0.20000, 0.75000\right] & (0.200000,0.800000) &   2.887205          &  0.000148   &  15775.4    \\

                 &\left[0.75000, 0.90000\right] & (0.900000,0.100000) &   0.647452          &  0.647452   &   1426.4    \\

                 &\left[0.90000, 0.99999\right] & (0.999025,0.000975) &   0.585375          &  0.408702   &    817.2    \\

\hline

 5               &\left[0.00010, 0.01000\right] & (0.010000,0.990000) &   2.458500          &  0.764156   &   6095.1    \\

                 &\left[0.01000, 0.02800\right] & (0.028000,0.972000) &   2.493718          &  0.684286   &   3645.9    \\

                 &\left[0.02800, 0.14700\right] & (0.147000,0.853000) &   2.753746          &  0.346095   &   3252.1    \\

                 &\left[0.14700, 0.55000\right] & (0.500000,0.500000) &   3.948315          &  0.000000   &  16043.8    \\

                 &\left[0.55000, 0.90000\right] & (0.900000,0.100000) &   0.647452          & -0.303879   &   4319.8    \\

                 &\left[0.90000, 0.99999\right] & (0.999848,0.000152) &   0.585070          & -0.830896   &    947.9    \\

\hline

 6               &\left[0.00001, 0.25000\right] & (0.250000,0.750000) &   3.024997          &  1.312788   &   7028.0    \\

                 &\left[0.25000, 0.75000\right] & (0.577324,0.422676) &   4.338649          &  1.023885   &  19871.1    \\

                 &\left[0.75000, 0.90000\right] & (0.900000,0.100000) &   0.647452          &  0.567827   &   1209.9    \\

                 &\left[0.90000, 0.99999\right] & (0.999900,0.000100) &   0.585051          &  0.000000   &    774.6    \\

\hline

 7               &\left[0.00001, 0.40000\right] & (0.400000,0.600000) &   3.864126          &  0.781361   &   7739.1    \\

                 &\left[0.40000, 0.80000\right] & (0.800000,0.200000) &   7.026359          &  0.011826   &  17355.6    \\

                 &\left[0.80000, 0.99999\right] & (0.850000,0.150000) &   7.702049          &  0.000000   &  11722.6    \\

\hline

 8               &\left[0.00001, 0.40000\right] & (0.400000,0.600000) &   3.864126          &  1.150478   &   7195.1    \\

                 &\left[0.40000, 0.80000\right] & (0.800000,0.200000) &   7.026359          &  0.080972   &  13995.2    \\

                 &\left[0.80000, 0.99999\right] & (0.950000,0.050000) &   8.690276          &  0.000000   &  13553.4    \\

\hline

 9               &\left[0.00001, 0.40000\right] & (0.400000,0.600000) &   3.864126          &  1.378817   &   5274.1    \\

                 &\left[0.40000, 0.80000\right] & (0.800000,0.200000) &   7.026359          &  0.152397   &  12035.8    \\

                 &\left[0.80000, 0.99999\right] & (0.990000,0.010000) &   8.222649          &  0.000000   &   9626.8    \\

\hline \hline

\end{array}

\]

\[

 \begin{array}{cccrcr}

 \multicolumn{6}{c}{\sf Table~1.4~~Computational~Results~for~Case~1}\\ \hline \hline

 \mbox{Postulated}  &  \multicolumn{2}{c}{\underline{\mbox{Global Solution}}}&& \mbox{Constant}&  \\

 \mbox{Phase}      &     {\sf x}     & \rho\mbox{(mole/L)}  & {\sf TPD}~~~ &\alpha              &\mbox{\sf CPU}\\ \hline

           1       &  (0.999605, 0.000395) &   0.028476      & -2.626887   &   0.1                 & 37.3 \\

           2       &  (0.999928. 0.000072) &   0.028476      & -3.742690   &   1.0                 &107.0  \\

           3       &  (0.000363, 0.999637) &   2.419640      & -3.531834   &   0.1                 & 36.8 \\  \hline

           4       &  (0.180000, 0.820000) &   2.835406      &  0.000000   &   0.1                 &184.5 \\

           5       &  (0.999848, 0.000152) &   0.585070      & -0.830896   &   1.0                 &632.3 \\

           6       &  (0.999900, 0.000100) &   0.585051      &  0.000000   &   0.1                 &119.8 \\  \hline

           7       &  (0.850000, 0.150000) &   7.702049      &  0.000000   &   0.1                 &256.0 \\

           8       &  (0.950000, 0.050000) &   8.690276      &  0.000000   &   0.1                 &232.4\\

           9       &  (0.990000, 0.010000) &   8.222649      &  0.000000   &   0.1                 &118.8 \\ \hline \hline

\end{array}

\]

\newpage

\section{\sf Case2: Ternary nonassociating system}

\centerline{\sf Case2: Decane(1) + Carbon Dioxide(2) + 1-Methylnaphthalene(3)}

\[

 \begin{array}{ccrrrc}

 \multicolumn{6}{c}{\sf Table~2.1~~Data~for~Case2} \\ \hline \hline

 \multicolumn{3}{c}{\mbox{$T$ = 350K}} & \multicolumn{3}{c}{k_{ij} = 0.1475}  \\ \hline \hline

 \mbox{Trial}&{\sf x}_0&\mbox{$P$(bar)}& {\rho}_0\mbox{(mole/L)}&{\tilde g}_0~~~& \nabla {\tilde g}_0\\ \hline

  1      &  (0.30, 0.60, 0.10)& 0.5    &  0.017314        & -0.598660 & (-0.919576, -0.201554, -2.018544) \\

         &                 &           &  7.611596        &  2.137749 &                       \\

         &                 &           &  2.854002        &  2.410951 &                       \\

  2      &  (0.50, 0.30, 0.20)& 0.5    &  0.017481        & -0.739730 &(-0.419574,-1.294229, -0.930723) \\

         &                 &           &  5.846686        & -0.685853 &                       \\

         &                 &           &  0.898991        &  1.223916 &                       \\

  3      &  (0.05, 0.15, 0.80)& 0.5    &  7.014520        & -1.582693 &(-3.095850, 3.948868, -2.525287)\\

         &                 &           &  0.017595        & -0.329198 &                       \\

         &                 &           &  0.784152        &  1.524903 &                       \\   \hline

  4      &  (0.02, 0.72, 0.26)& 10     &  0.385054        &  2.535014 &(-1.025545, 2.996251,  1.531632) \\

         &                 &           & 10.236142        &  2.965845 &                       \\

         &                 &           &  4.070580        &  3.157513 &                       \\   \hline

\hline \hline

\end{array}

\]

\[

 \begin{array}{cccrc}

  \multicolumn{5}{c}{\sf Table~2.2~~Local~and~Global~Minima~for~Case3} \\ \hline \hline

  \mbox{Postulated}  &  \multicolumn{2}{c}{\underline{\mbox{Solution}}}  &      & \mbox{Times out of 100}        \\

 \mbox{Phase}&     {\sf x}                     & \rho\mbox{(mole/L)}&{\sf TPD}~~~&\mbox{Local Optimz.Trials}  \\ \hline

    1        &  (0.247242, 0.001584, 0.751174) &   5.943689         & -0.557279 &  6 \\

             &  (0.300000, 0.600000, 0.100000) &   0.017314         &  0.000000 &  9 \\

             &  (0.608229, 0.178413, 0.213357) &   0.865023         &  2.301992 & 21 \\

    2        &  (0.147207, 0.000188, 0.852605) &   6.151089         & -1.574310 &  6 \\

             &  (0.500000, 0.200000, 0.300000) &   0.017553         &  0.000000 &  2 \\

             &  (0.588886, 0.045030, 0.366084) &   0.659413         &  1.749264 & 15 \\

    3        &  (0.050000, 0.150000, 0.800000) &   7.014152         &  0.000000 & 15 \\

             &  (0.076292, 0.741285, 0.182423) &   5.383197         &  0.904788 & 34 \\ \hline

    4        &  (0.007260, 0.001274, 0.991466) &   6.475556         & -3.796807 &  4 \\

             &  (0.020000, 0.720000, 0.260000) &   5.383197         &  0.000000 & 11 \\

             &  (0.039625, 0.431421, 0.528954) &   0.941055         &  1.290555 & 12\\ \hline

\hline \hline

\end{array}

\]

\[

 \begin{array}{cccrrr}

 \multicolumn{6}{c}{\sf Table~2.3~~Computational~Results~for~Case3}\\ \hline \hline

 \mbox{Postulated}&  \multicolumn{2}{c}{\underline{\mbox{Global Solution}}}& & \alpha-\mbox{Calc.} & \alpha-\mbox{Fixed} \\

 \mbox{Phase}    &     {\sf x}     & \rho\mbox{(mole/L)}  & {\sf TPD}&\mbox{\sf CPU}  &(\alpha,\mbox{\sf CPU})\\ \hline

           1     &  (0.247242, 0.001584, 0.751174) &   5.943689  & -0.557279 &         & (1.0,12441.390) \\

           2     &  (0.147207, 0.000188, 0.852605) &   6.151089  & -1.574310 &         & (0.1,330.120) \\

           3     &  (0.050000, 0.150000, 0.800000) &   7.014152  &  0.000000 &         & (0.1,3189.160) \\

           4     &  (0.007260, 0.001274, 0.991466) &   6.475556  & -3.796807 &         & (0.1,408.350) \\

                                                       \hline\hline

\end{array}

\]

\newpage

\section{\sf Case3: 1A Self-Associating System}

This is a mixture of acetic acid(1) and benzene (2). There are no association sites on benzene molecules, but

acetic acid molecules self-associate. In SAFT, the carboxylic acid group is typically treated as a single strong

association site ($\alpha_1$) that can self-associate. Thus, acetic acid is considered as having a 1A

association type, with $\epsilon^{\alpha_1\alpha_1/k}=3941K$ and $\kappa^{\alpha_1\alpha_1}=0.03926$. Again, for

this special case, the interval variable $X^{\alpha_1}$ can be solved explicitly. For the binary interaction

parameter, we use $k_{ij}=0.031$, as given by Fu and Sandler. Six feed compositions were considered at $T=323K$

and $T=318k=K$ and $P=0.25$bar, as indicated in the table.

%This is a mixture of $n$-heptane(1) and 1-propanol(2). There are no association sites on $n$-heptane molecules, but

%1-butanol molecules self-associate. 1-Propanol is assumed to be of association type 2B.

%This means that there are two association sites:$\alpha_2$, on the hydrogen in the hydroxyl group, and $\beta_2$, on the oxygen

%in the hydroxyl group, and that there is no association between sites of the same type; that is, $\Delta^{\alpha_2\alpha_2}=0$,

%$\Delta^{\beta_2\beta_2}=0$, and $\Delta^{\alpha_2\beta_2}=\Delta{\beta_2\alpha_2}\neq 0$. From Table 2,

%$\epsilon^{\alpha_2\beta_2}/k = 2619K$, and $\kappa^{\alpha_2\beta_2}=0.01968$. For this special case, the internal

%variables $X^{\alpha_2}$ and $X^{\beta_2}$ are equal and can be solved for explicitly. For the binary interaction parameter,

%$k_{ij}=0.018$, as given by Fu and Sandler.

%Table 3 shows results for five different

\centerline{\sf Case3:~Acetic Acid~(1)~and~Benzene(2)}

\[

 \begin{array}{ccrrrc}

 \multicolumn{6}{c}{\sf Table~3.1~~Data~for~Case~3} \\ \hline \hline

 \multicolumn{3}{c}{\mbox{$P$ = 0.25 bar}} & \multicolumn{3}{c}{k_{ij} = 0.031}  \\ \hline \hline

 \mbox{Trial}&{\sf x}_0&\mbox{$T$(K)}& {\rho}_0\mbox{(mole/L)}&{\tilde g}_0~~~& \nabla {\tilde g}_0\\ \hline

  1      &  (0.125000, 0.875000)& 323  &  0.009452        & -0.779346 & (-2.610636, -0.517731) \\

         &                      &      & 11.674804        & -0.176987 &                       \\

         &                      &      &  1.517031        &  2.185610 &   \\

  2      &  (0.250000, 0.750000)& 323  &  0.009634        & -0.990427 & (-2.007020, -0.651562) \\

         &                      &      & 12.224701        & -0.550378 &                       \\

         &                      &      &  1.525181        &  1.819862 &                       \\

  3      &  (0.750000, 0.250000)& 323  & 14.982564        & -1.544410 & (-1.822208, -0.711016) \\

         &                      &      &  0.011178        & -1.200526 &                       \\

         &                      &      &  1.512569        &  0.854186 & \\ \hline

  \multicolumn{3}{c}{\mbox{$P$ = 0.25 bar}} & \multicolumn{3}{c}{k_{ij} = 0.040}  \\ \hline \hline

  4      &  (0.050000, 0.950000)& 318  &  0.009539        & -0.593618 & (-2.259032, 0.926588) \\

         &                      &      & 11.399712        & -0.005540 &                       \\

         &                      &      &  1.489012        &  2.413793 &                       \\ \hline

  5      &  (0.800000, 0.200000)& 318  & 15.356762        & -1.740724 & (-1.926061,-0.999374) \\

         &                      &      &  0.011810        & -1.206223 &                       \\

         &                      &      &  1.482093        &  0.711845 &                       \\ \hline

  6      &  (0.990000, 0.010000)& 318  & 16.771197        & -1.743824 & (-1.721769,-3.927222) \\

         &                      &      &  0.012956        & -0.897214 &                       \\

         &                      &      &  1.446049        &  0.706584 &                       \\ \hline

\end{array}

\]

\[

 \begin{array}{ccrrc}

  \multicolumn{5}{c}{\sf Table~3.2~Local~and~Global~Minima~for~Case~3} \\ \hline \hline

  \mbox{Postulated}  &  \multicolumn{2}{c}{\underline{\mbox{Solution}}}  &       & \mbox{Times out of 100}        \\

 \mbox{Phase}&     {\sf x}           & \rho\mbox{(mole/L)}   &{\sf TPD}~~~&\mbox{Local Optimz.Trials}  \\ \hline

    1        &  (0.125000, 0.875000) &   0.009452      &  0.000000   &  15 \\

             &  (0.200190, 0.799810) &  12.000000      &  0.527887   &   5 \\

             &  (0.451275, 0.548725) &   1.529183      &  2.802142   &  28 \\

    2        &  (0.250000, 0.750000) &   0.009634      &  0.000000   &  14 \\

             &  (0.693974, 0.306026) &  14.620028      &  0.117086   &  40 \\

             &  (0.683534, 0.316466) &   1.519042      &  2.513463   &  46 \\

    3        &  (0.307668, 0.692332) &   0.009760      & -0.008497   &  11 \\

             &  (0.750000, 0.250000) &  14.982567      &  0.000000   &  22 \\

             &  (0.743042, 0.256958) &   1.513333      &  2.398487   &  28 \\ \hline

    4        &  (0.050000, 0.950000) &   0.009539      &  0.000000   &  5 \\

             &  (0.192505, 0.807495) &  12.000000      &  0.536989   &  5 \\

             &  (0.181897, 0.808103) &   1.500361      &  2.962056   &  28 \\ \hline

    5        &  (0.800000, 0.200000) &  15.356753      &  0.000000   &  34 \\

             &  (0.369910, 0.630090)  &  0.010130      &  0.206970   &  9 \\

             &  (0.798036, 0.201964)  &  1.482366      &  2.452559   &  25 \\ \hline

    6        &  (0.990000, 0.010000) &  16.771197      &  0.000000   &  34 \\

             &  (0.950168, 0.049832)  &  0.012688      &  0.822444   &  4 \\

             &  (0.990366, 0.009634)  &  1.445959      &  2.450401   &  14 \\ \hline

\end{array}

\]

\[

 \begin{array}{cccrrr}

 \multicolumn{6}{c}{\sf Table~3.3~~Global~Computational~Results~of~Case~3}\\ \hline \hline

\mbox{Postulated}& \mbox{\sf Intervals} &\multicolumn{2}{c}{\underline{\mbox{Global Solution in Interval}}}&  &\alpha-\mbox{Calc.}\\

\mbox{Phase}     &\left[x_1\right]              & {\sf x}             & \rho\mbox{(mole/L)} & {\sf TPD}~~~&\mbox{\sf CPU}~~~\\ \hline

 1               &\left[0.00010, 0.50000\right] & (0.125000,0.875000) &   0.009452          &  0.000000   &    409.7    \\

                 &\left[0.50000, 0.99990\right] & (0.500000,0.500000) &  13.477925          &  0.418950   &   4137.7    \\

\hline

 2               &\left[0.00010, 0.35000\right] & (0.250000,0.750000) &   0.009634          &  0.000000   &    504.6    \\

                 &\left[0.35000, 0.69000\right] & (0.683534,0.316466) &   1.519042          &  2.513463   &    312.8    \\

                 &\left[0.69000, 0.99990\right] & (0.693974,0.306026) &  14.620028          &  0.117086   &   2707.4    \\

\hline

 3               &\left[0.00010, 0.50000\right] & (0.307668,0.692332) &   0.009760          & -0.008497   &    243.7    \\

                 &\left[0.50000, 0.74500\right] & (0.743043,0.256957) &   1.513333          &  2.398487   &    178.3    \\

                 &\left[0.74500, 0.99990\right] & (0.750000,0.250000) &  14.982564          &  0.000000   &   3080.3    \\

\hline

 4               &\left[0.00010, 0.40000\right] & (0.050000,0.950000) &   0.009539          &  0.000000   &    232.3    \\

                 &\left[0.40000, 0.80000\right] & (0.587767,0.412233) &  14.010000          &  0.777740   &   4535.9    \\

                 &\left[0.80000, 0.99990\right] & (0.800000,0.200000) &  15.356762          &  1.119588   &   1392.1    \\

\hline

 5               &\left[0.00100, 0.79000\right] & (0.369910,0.630090) &   0.010130          &  0.206970   &344.4\\

                 &\left[0.79000, 0.99990\right] & (0.800000,0.200000) &  15.356762          &  0.000000   &2203.6\\

\hline

 6               &\left[0.00010, 0.30000\right] & (0.300000,0.700000) &   0.009950          &  2.204134   &153.2\\

                 &\left[0.30000, 0.95100\right] & (0.950168,0.049832) &   0.012688          &  0.822444   &175.7\\

                 &\left[0.95100, 0.99990\right] & (0.990000,0.010000) &  16.771197          &  0.000000   &343.6

                 \\ \hline

\end{array}

\]

\[

 \begin{array}{cccrcr}

 \multicolumn{6}{c}{\sf Table~3.4~~Computational~Results~for~Case~3}\\ \hline \hline

 \mbox{Postulated}  &  \multicolumn{2}{c}{\underline{\mbox{Global Solution}}}&& \mbox{Constant}&  \\

 \mbox{Phase}      &     {\sf x}     & \rho\mbox{(mole/L)}  & {\sf TPD}~~~ &\alpha   &\mbox{\sf CPU}\\ \hline

           1       &  (0.125000, 0.875000) &   0.009452      &  0.000000   &   1     & 226.2 \\

           2       &  (0.250000, 0.750000) &   0.009643      &  0.000000   &   1     & 247.6 \\

           3       &  (0.307668, 0.692332) &   0.009760      & -0.008497   &   1     & 260.0 \\ \hline

           4       &  (0.050000, 0.950000) &   0.009539      &  0.000000   &  0.1    &  61.3 \\

           5       &  (0.800000, 0.200000) &  15.356752      &  0.000000   &    1    & 349.2 \\

           6       &  (0.990000, 0.010000) &  16.771197      &  0.000000   &    1    & 271.3 \\ \hline

\end{array}

\]

\newpage

\section{Case4: 2B Self-Associating System}

This is a mixture of 1-propanol(1) and n-hexane. There are no association sites on $n$-hexane molecules, but

1-propanol molecules self-associate. 1-Propanol is assumed to be of association type 2B. This means that there

are two association sites:$\alpha_1$, on the hydrogen in the hydroxyl group, and $\beta_1$, on the oxygen in the

hydroxyl group, and that there is no association between sites of the same type; that is,

$\Delta^{\alpha_1\alpha_1}=0$, $\Delta^{\beta_1\beta_1}=0$, and

$\Delta^{\alpha_1\beta_1}=\Delta{\beta_1\alpha_1}\neq 0$. From Table 2, $\epsilon^{\alpha_1\beta_1}/k =2619 K$,

and $\kappa^{\alpha_1\beta_1}= 0.01968$. For this special case, the internal variables $X^{\alpha_1}$ and

$X^{\beta_1}$ are equal and can be solved for explicitly. For the binary interaction parameter, $k_{ij}=0.013$,

as given by Fu and Sandler.

Table 4.1 shows results for six different feed compositions ${\sf x}_0$ at $T=323K$ and $P=0.15$ and $P=15$

bars. For each feed, the results of solving the EOS for the feed density $\rho$ are shown first. Although,

mathematically, the EOS can have other real density roots in some cases, those shown are all of the real the

real density roots within physically feasible bounds specified above. The density root corresponding to the

minimum Gibbs free energy is shown in the table. This is the root used in the calculation of $\rho_0$ to set up

the phase stability problem. Each stationary point found, along with the corresponding value of the

tangent-plane distance {\sf TPD}, is given. Then, for the cases in which the feed is not stable(i.e., there is a

negative value for TPD).

\centerline{\sf Case4:~Propanol~(1)~and~Hexane(2)}

\[

 \begin{array}{ccrrrc}

 \multicolumn{6}{c}{\sf Table~4.1~~Data~for~Case~4} \\ \hline \hline

 \multicolumn{3}{c}{\mbox{$T$ = 323K}} & \multicolumn{3}{c}{k_{ij} = 0.013}  \\ \hline \hline

 \mbox{Trial}&{\sf x}_0&\mbox{$P$(bar)}& {\rho}_0\mbox{(mole/L)}&{\tilde g}_0~~~& \nabla {\tilde g}_0\\ \hline

  1      &  (0.90, 0.10)& 0.15 &  0.005630        & -1.230150 & (-1.011318, -3.199643) \\

         &                      &      & 12.261342        & -1.046869 &                        \\

         &                      &      &  1.182045        &  1.924951 &   \\ \hline

  2      &  (0.95, 0.05)& 0.15 &  0.005633        & -1.104044 & (-0.957300, -3.892177) \\

         &                      &      & 12.224701        & -1.060504 &                       \\

         &                      &      &  1.165256        &  2.018326 &                       \\ \hline

  3      &  (0.99, 0.01)& 0.15 & 13.022437        & -1.034885 & (-1.018687, -2.638451) \\

         &                      &      &  0.005635        & -0.961926 &                       \\

         &                      &      &  1.150849        &  2.133048 & \\  \hline

  4      &  (0.01, 0.99)& 15   &  7.560280        &  0.549156 & (-2.967175, 0.584675) \\

         &                      &      &  0.824949        &  2.968630 &                       \\ \hline

  5      &  (0.20, 0.80)& 15   &  8.246362        &  0.094968 & (-1.558620, 0.508366) \\

         &                      &      &  0.851233        &  2.557399 &                       \\ \hline

  6      &  (0.55, 0.45)& 15   &  9.929621        & -5.543629 & (-1.299095, 0.355865) \\

         &                      &      &  0.875829        &  2.317999 &                       \\ \hline

\end{array}

\]

\[

 \begin{array}{ccrrc}

  \multicolumn{5}{c}{\sf Table~4.2~Local~and~Global~Minima~for~Case~4} \\ \hline \hline

  \mbox{Postulated}  &  \multicolumn{2}{c}{\underline{\mbox{Solution}}}  &       & \mbox{Times out of 100}        \\

 \mbox{Phase}&     {\sf x}           & \rho\mbox{(mole/L)}   &{\sf TPD}~~~&\mbox{Local Optimz.Trials}  \\ \hline

    1        &  (0.994377, 0.005623) &  13.061416      & -0.003049   &  42 \\

             &  (0.900000, 0.100000) &   0.005630      &  0.000000   &   8 \\

             &  (0.946192, 0.053808) &   1.166583      &  3.138919   &  19 \\ \hline

    2        &  (0.997348, 0.002652) &  13.087983      & -0.054116   &  53 \\

             &  (0.950000, 0.050000) &   0.005633      &  0.000000   &   5 \\

             &  (0.974233, 0.025767) &   1.156631      &  3.113350   &  13 \\ \hline

    3        &  (0.835870, 0.164130) &   0.005627      & -0.066440   &  15 \\

             &  (0.990000, 0.010000) &  13.022437      &  0.000000   &  38 \\

             &  (0.906401, 0.093599) &   1.179972      &  3.105393   &  19 \\ \hline

    4        &  (0.010000, 0.990000) &   7.560280      &  0.000000   &  63 \\

    5        &  (0.200000, 0.800000) &   8.246362      &  0.000000   &  45 \\

    6        &  (0.550000, 0.450000) &   9.929621      &  0.000000   &  72 \\ \hline

\end{array}

\]

\[

 \begin{array}{cccrrr}

 \multicolumn{6}{c}{\sf Table~4.3~~Global~Computational~Results~of~Case~4}\\ \hline \hline

\mbox{Postulated}& \mbox{\sf Intervals} &\multicolumn{2}{c}{\underline{\mbox{Global Solution in Interval}}}&  &\alpha-\mbox{Calc.}\\

\mbox{Phase}     &\left[x_1\right]              & {\sf x}             & \rho\mbox{(mole/L)} & {\sf TPD}~~~&\mbox{\sf CPU}~~~\\ \hline

 1               &\left[0.0001, 0.2000\right]   & (0.200000,0.800000) &   0.005614          &  1.359490   &     83.1    \\

                 &\left[0.2000, 0.9100\right]   & (0.900000,0.100000) &   0.005630          &  0.000000   &    181.8    \\

                 &\left[0.9100, 0.9999\right]   & (0.994377,0.005623) &  13.061416          & -0.003049   &     575.9\\

\hline

 2               &\left[0.0001, 0.2000\right]   & (0.200000,0.800000) &   0.005614          &  1.902713   &    143.8    \\

                 &\left[0.2000, 0.9600\right]   & (0.950000,0.050000) &   0.005633          &  0.000000   &    215.3    \\

                 &\left[0.9600, 0.9999\right]   & (0.997348,0.002652) &  13.087983          & -0.054116   &    207.2    \\

\hline

 3               &\left[0.0001, 0.2000\right]   & (0.200000,0.800000) &   0.005614          &  0.912011   &   3413.7    \\

                 &\left[0.2000, 0.8500\right]   & (0.835870,0.164130) &   0.005627          & -0.066440   &    314.0    \\

                 &\left[0.8500, 0.9999\right]   & (0.990000,0.010000) &  13.022437          &  0.000000   &   1024.7    \\

\hline

 4               &\left[0.0001, 0.5000\right] & (0.010000,0.990000)   &   7.560280          &  0.000000   &   1693.4    \\

                 &\left[0.5000, 0.8000\right] & (0.500000,0.800000)   &   9.653998          &  0.721207   &   2008.4    \\

                 &\left[0.8000, 0.9999\right] & (0.800000,0.200000)   &  11.528160          &  1.343580   &   1400.7    \\

\hline

 5               &\left[0.0001, 0.2500\right] & (0.200000,0.800000) &   8.246362          &  0.000000   &2322.1\\

                 &\left[0.2500, 0.5500\right] & (0.250000,0.750000) &   8.454147          &  0.001852   &1970.4\\

                 &\left[0.5500, 0.9999\right] & (0.550000,0.450000) &   9.929619          &  0.074114   &4062.8\\

\hline

 6               &\left[0.0001, 0.3500\right] & (0.350000,0.650000) &   8.900727          &  0.023266   &1914.0\\

                 &\left[0.3500, 0.7500\right] & (0.550000,0.450000) &   9.929621          &  0.000000   &4013.7\\

                 &\left[0.7500, 0.9999\right] & (0.750000,0.250000) &  11.175751          &  0.032507   &2183.3

                 \\ \hline

\end{array}

\]

\[

 \begin{array}{cccrcr}

 \multicolumn{6}{c}{\sf Table~4.4~~Computational~Results~for~Case~4}\\ \hline \hline

 \mbox{Postulated}  &  \multicolumn{2}{c}{\underline{\mbox{Global Solution}}}&& \mbox{Constant}&  \\

 \mbox{Phase}      &     {\sf x}     & \rho\mbox{(mole/L)}  & {\sf TPD}~~~ &\alpha   &\mbox{\sf CPU}\\ \hline

           1       &  (0.994377, 0.005623) &  13.061416      & -0.003049   &   1     & 225.6 \\

           2       &  (0.997348, 0.002652) &  13.087983      & -0.054116   &   1     & 147.2 \\

           3       &  (0.835870, 0.164130) &   0.005627      & -0.066440   &   5     &  48.5 \\ \hline

           4       &  (0.010000, 0.990000) &   7.560280      &  0.000000   &   1     & 348.5 \\

           5       &  (0.200000, 0.800000) &   8.246362      &  0.000000   &    1    & 477.0 \\

           6       &  (0.550000, 0.450000) &   9.929621      &  0.000000   &    1    & 588.1 \\ \hline

\end{array}

\]

\newpage
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\end{enumerate}

   A difficulty here is that the SAFT EOS is high order in $\rho$ and thus there may be a large number of real roots.

   The real density root that yields the smallest molar Gibbs energy $g = (a+P)/\rho$ must then be used to compute

   $\rho_0$. Thus, in solving the $EOS$ for $\rho$, it is important that no real density roots be missed, since .

   The fact that for a given ${\sf x}$ there may be multiple real values of $\rho$ that satisfy the $EOS$ highlights

   an advantage of the $\alpha$BB global optimization approach to solve usual approach. Note that the approach

   to phase stability analysis is based on the molar Gibbs free energy function $g({\sf x},\rho)$, which will be

   multivalued if the

\newpage

\section{\sf Appendix}

\noindent {\sf Problem formulation}

\noindent{\sf Definition: Phase Stability}

%\begin{itemize}

    {\sf A phase at specified temperature $T$, pressure $P$, and feed mole fraction ${\sf x}$ is

         unstable if the molar Gibbs energy of mixing surface $g$ ever falls below a plane tangent

         to the surface at {\sf x}.

    }

%\end{itemize}

That is, if the tangent plane distance

\[\footnotesize

   \begin{array}{rcl}

        D({\sf x}, \rho({\sf x})) & = &  \ds{ g({\sf x}, \rho({\sf x})) \over RT} -

          \left( \ds { g({\sf z},\rho({\sf z}) \over RT}+

\ds{ 1 \over RT}\ds{\sum_{i=1}^N}\left( {\partial g({\sf x},\rho({\sf x})) \over \partial x_i}\right)_{\sf z}(x_i-z_i)\right) \\ \\

         & = & \ds{ g({\sf x},\rho({\sf x})) \over RT} -\ds {1 \over RT}\left[ g({\sf z},\rho({\sf z}) +

                   \nabla g({\sf z},\rho({\sf z}))

         \cdot ({\sf x} -{\sf z} \right)

  \end{array}

\]

is negative for any composition {\sf x}, the phase is unstable.

\noindent where

\[\footnotesize

   \begin{array}{rcl}

\ds{ g({\sf x}, \rho) \over RT}    & = & \ds{ a({\sf x}, \rho) \over RT}  + \ds{ P \over \rho RT} \\ \\

\tilde{g}                          & = & \tilde{a}+ \ds{ P \over \rho RT}                                   \\ \\

\ds{ a({\sf x}, \rho) \over RT}    & = & \tilde{a}^r \\ \\

                                   & = &\ds{a^{res}({\sf x}, \rho)\over RT} + \ds{a^{id}({\sf x}, \rho) \over RT} \\ \\

     \tilde{a}                     & = & \tilde{a}^r + \tilde{a}^i              \\ \\

       {\tilde a}^r                & = & \ds{a^{hs}({\sf x},\rho)\over RT} + \ds{a^{chain}({\sf x},\rho)\over RT} +

                                         \ds{a^{disp}({\sf x},\rho)\over RT} +\ds{a^{assoc}({\sf x},\rho)\over RT} \\ \\

                                  & = & \tilde{a}^h + \tilde{a}^c + \tilde{a}^d + \tilde{a}^a  \\ \\

%\tilde{a}^h                        & = & \ds{\ds {3BC \over AD} + 3BC - \ds{C^3 \over D } \over 1-\zeta}

% + \ds{  3BC\zeta-\ds{C^3 \over D} \over (1-\zeta)^2} + \ds{\ds{ 2C^3 \over D} \over (1-\zeta)^3} \right]\over D}\zeta - \ds{C^3 \over D^2} \over {1-\zeta}} +

%                                         \ds{\ds{C^3 \over D^2} \over (1-\zeta)^2} +

%                                         \left[ \ds{C^3 \over D^2}-A \right]\ln(1-\zeta) \\ \\

\tilde{a}^c                        & = & F \\ \\

\tilde{a}^d                        & = & E\ds{\sum_{i=1}^{4}\sum_{j=1}^{9}}D_{ij}G^i\left[\zeta \over \tau\right]^j\\\\

\tilde{a}^a                        & = & H  \\ \\

\tilde{a}^i                        & = & \ds{\sum_{i=1}^{N} x_i  \ln (x_i\rho R T)}   \\ \\

  \end{array}

\]

Subject to

\[\footnotesize

   \begin{array}{rclcrcl}

    \ds{P \over RT} & = & \rho^2 \left[ \ds{\partial \tilde{a}^r \over \partial \rho}

                                             \right]_{{\sf x},T} + \rho ~~~~(EOS) \\

                    & = & \rho^2 \left[\tilde{a}^r\right]_{\rho} + \rho \\ \\

  \left[ \tilde{a}^r \right]_{\rho} & = &  \left[\tilde{a}^h\right]_{\rho} +

                                                  \left[\tilde{a}^c\right]_{\rho} +

                                                  \left[\tilde{a}^d\right]_{\rho} +

                                                  \left[\tilde{a}^a\right]_{\rho} \\ \\

 \left[\tilde{a}^h\right]_{\rho}& = &N_o\left[ \ds{ AD + 3BC - \ds{C^3 \over D } \over 1-\zeta}

 + \ds{  3BC\zeta-\ds{C^3 \over D} \over (1-\zeta)^2} + \ds{\ds{ 2C^3 \over D} \over (1-\zeta)^3} \right]

\\ \\

 \left[\tilde{a}^c\right]_{\rho} & = & \ds{\sum_i}x_i (1-m_i)\ds{ [g_{ii}]_{\rho} \over g_{ii}}

\\ \\

 \left[\tilde{a}^d\right]_{\rho} & = &   N_o DE \ds{\sum_i\sum_j}\ds{ jD_{ij} \over \tau^j} G^i\zeta^{j-1}

\\\\

 \left[\tilde{a}^a\right]_{\rho} &= &\ds{\sum_i}x_i

 \left[\ds{\sum_{\alpha_i}}\left[\ds{1 \over X^{\alpha_i}} - \ds{ 1 \over 2} \right][X^{\alpha_i}]_{\rho} \right] \\ \\

    A  & = & \ds{\sum_{i=1}^Nx_i m_i (d_i)^0} \\

    B  & = & \ds{\sum_{i=1}^Nx_i m_i (d_i)^1} \\

    C  & = & \ds{\sum_{i=1}^Nx_i m_i (d_i)^2} \\

    D  & = & \ds{\sum_{i=1}^Nx_i m_i (d_i)^3} \\

    E  & = & A \\ %\ds{\sum_{i=1}^{N}m_i}           \\

    F  & = & \ds{\sum_{i=1}^{N}}x_i (1-m_i)\ln g_{ii}(d_{ii}) \\

    G  & = & \ds{\sum_i\sum_j} x_ix_jm_im_j[u_{ij}/kT](v^o)_{ij} \over

             \ds{\sum_i\sum_j}x_ix_jm_im_j(v^o)_{ij}  \\

    H  & = & \ds{\sum_{i}x_i} \left[ \ds{\sum_{\alpha_i}} \left[ \ln X^{\alpha_i} -{X^{\alpha_i} \over 2}\right]+

             {1 \over 2 } M_i \right]  \\  \\

\zeta_0&=  &N_o\rho A \\ \\

\zeta_1&=  &N_o\rho B \\ \\

\zeta_2&=  &N_o\rho C \\ \\

\zeta  &=  &N_o\rho D \\ \\

 N_o   &=  &\ds{ \pi N_A \over 6} \\ \\

 d_{ij}& = &\ds{d_id_j \over d_i + d_j}

              \end{array}

\]

\[\footnotesize

 \begin{array}{rcl}

     g_{ij} & = & \ds{1 \over 1-\zeta} + 3d_{ij}\ds{\zeta_2 \over (1-\zeta)^2} +

                  2d_{ij}^2\ds{\zeta_2^2 \over (1-\zeta)^3} \\ \\

  \left[g_{ij}\right]_{\rho} & = & N_o\left[ \ds{ D \over (1-\zeta)^2} +

  3d_{ij}\left[ \ds{C \over (1-\zeta)^2} + \ds{ 2D\zeta_2 \over (1-\zeta)^3} \right] +

  2d_{ij}^2\left[ \ds{2C\zeta_2 \over (1-\zeta)^3} + \ds{ 3D\zeta_2^2 \over (1-\zeta)^4} \right]\right)\\ \\

     X^{\alpha_i} & = & \left[ 1 + N_A \rho \ds{\sum_j \sum_{\beta_j}}x_jX^{\beta_j}\Delta^{\alpha_i\beta_j}\right]^{-1}

 \end{array}

\]

\[\footnotesize

 \begin{array}{rcl}

\left[X^{\alpha_i}\right]_{\rho} &=& -N_A\left(X_{\alpha_i}\right)^2\left[ \ds{\sum_j \sum_{\beta_j}}x_jX^{\beta_j}

\Delta^{\alpha_i\beta_j} + \rho \ds{\sum_j \sum_{\beta_j}}x_j[X^{\beta_j}]_{\rho}\Delta^{\alpha_i\beta_j} +

\rho \ds{\sum_j \sum_{\beta_j}}x_jX^{\alpha_j}\left[\Delta^{\alpha_i\beta_j}\right]_{\rho}\right] \\ \\

 \Delta^{\alpha_i\beta_j}& = & (\sigma_{ij})^3 \kappa^{\alpha_i\beta_j}\left[ \exp\left(\epsilon^{\alpha_i\beta_j}/(kT)\right)-1\right]g_{ij} \\ \\

                & = & \omega_{\alpha_i\beta_j}g_{ij} \\ \\

    \omega_{\alpha_i\beta_j}   & = &  (\sigma_{ij})^3 \kappa^{\alpha_i\beta_j}\left[ \exp\left(\epsilon^{\alpha_i\beta_j}/(kT)\right)-1\right] \\ \\

 \left[\Delta^{\alpha_i\beta_j}\right]_{\rho} & = & (\sigma_{ij})^3 \kappa^{\alpha_i\beta_j}

\left[ \exp\left(\epsilon^{\alpha_i\beta_j}/(kT)\right)-1\right]\left[g_{ij}\right]_{\rho}  \\ \\

                & = & \omega_{\alpha_i\beta_j}\left[g_{ij}\right]_{\rho} \\ \\

 \end{array}

\]

\[\footnotesize

  \begin{array}{rcl}

     \left[A\right]_k & = & m_k \\ \\

     \left[B\right]_k & = & m_kd_k \\\\

     \left[C\right]_k & = & m_kd_k^2 \\ \\

     \left[D\right]_k & = & m_kd_k^3  \\ \\

     \left[E\right]_k & = & \left[A\right]_k

  \end{array}

\]

\[\footnotesize

\begin{array}{rcl}

 \left[\left[A\right]_k\right]_{\ell} =  \left[\left[B\right]_k\right]_{\ell} =

 \left[\left[C\right]_k\right]_{\ell} =  \left[\left[D\right]_k\right]_{\ell} =

 \left[\left[E\right]_k\right]_{\ell} = 0

\end{array}

\]

\[\footnotesize

  \begin{array}{rcl}

     \left[\zeta_0\right]_k & = & N_o \left( \left[\rho\right]_k A + \rho \left[A\right]_k \right) \\ \\

     \left[\zeta_1\right]_k & = & N_o \left( \left[\rho\right]_k B + \rho \left[B\right]_k \right) \\ \\

     \left[\zeta_2\right]_k & = & N_o \left( \left[\rho\right]_k C + \rho \left[C\right]_k \right) \\ \\

     \left[\zeta  \right]_k & = & N_o \left( \left[\rho\right]_k D + \rho \left[D\right]_k \right)

  \end{array}

\]

\[

\footnotesize

\begin{array}{rcl}

     \left[\left[\zeta_0\right]_k\right]_{\ell} & = &

                         N_o \left(

                                      \left[\left[\rho\right]_k\right]_{\ell} A +

                                      \left[\rho\right]_k \left[A\right]_{\ell} +

                                      \left[\rho\right]_{\ell} \left[A\right]_k

                             \right) \\ \\

     \left[\left[\zeta_1\right]_k\right]_{\ell} & = &

                         N_o \left(

                                      \left[\left[\rho\right]_k\right]_{\ell} B +

                                      \left[\rho\right]_k \left[B\right]_{\ell} +

                                      \left[\rho\right]_{\ell} \left[B\right]_k

                             \right) \\ \\

     \left[\left[\zeta_2\right]_k\right]_{\ell} & = &

                         N_o \left(

                                      \left[\left[\rho\right]_k\right]_{\ell} C +

                                      \left[\rho\right]_k \left[C\right]_{\ell} +

                                      \left[\rho\right]_{\ell} \left[C\right]_k

                             \right) \\ \\

     \left[\left[\zeta\right]_k\right]_{\ell} & = &

                         N_o \left(

                                      \left[\left[\rho\right]_k\right]_{\ell} D +

                                      \left[\rho\right]_k \left[D\right]_{\ell} +

                                      \left[\rho\right]_{\ell} \left[D\right]_k

                             \right)

   \end{array}

\]

\newpage

\centerline{\sf Part I. Overall Density Convexity Analysis from Equation of State}

\noindent Let

\[\footnotesize \begin{array}{c}\tilde{a}^r = \ds{ a^{res}({\sf x}, \rho({\sf x}) \over RT} \end{array} \]

\noindent Equation of state

\[\footnotesize

  \begin{array}{rcl}

%  P & = & \rho^2 \left[ \ds{\partial a^{res}({\sf x}, \rho) \over \partial \rho} \right]_{{\sf x}, T} + \rho RT   \\ \\

%    & = & \rho^2 [a^{res}]_{\rho} + \rho RT \\ \\

\ds{ P \over RT} & = &  \rho^2 \left[\tilde{a}^r\right]_{\rho} + \rho

    \end{array}

\]

\noindent{\sf Step 0.1: Solve Density Jacobian}

\noindent At constant $T$, $P$, $[P/(RT)]_k=0$, where

$\left[\cdot\right]_k = \ds{ \partial \left[\cdot\right] \over \partial x_k}$, we have

\[\footnotesize

\begin{array}{rcl}

  2\rho [\rho]_k \left[\tilde{a}^r \right]_{\rho} +

   \rho^2\left[\left[\tilde{a}^r \right]_{\rho}\right]_k  + [\rho]_k  & = & 0

\end{array}

\]

\[\footnotesize

  \begin{array}{rcl}

   \left[\left[\tilde{a}^r\right]_{\rho}\right]_k  &  = & \left[\left[\tilde{a}^h\right]_{\rho}\right]_k +

                                                          \left[\left[\tilde{a}^c\right]_{\rho}\right]_k +

                                                          \left[\left[\tilde{a}^d\right]_{\rho}\right]_k +

                                                          \left[\left[\tilde{a}^a\right]_{\rho}\right]_k \\ \\

        & = &{\cal P}_{\left[\left[{\tilde a}^h\right]_{\rho}\right]_k} \left[\rho\right]_k +

             {\cal Q}_{\left[\left[{\tilde a}^h\right]_{\rho}\right]_k}  +

             {\cal P}_{\left[\left[{\tilde a}^c\right]_{\rho}\right]_k} \left[\rho\right]_k +

             {\cal Q}_{\left[\left[{\tilde a}^c\right]_{\rho}\right]_k}  +

             {\cal P}_{\left[\left[{\tilde a}^d\right]_{\rho}\right]_k} \left[\rho\right]_k +

             {\cal Q}_{\left[\left[{\tilde a}^d\right]_{\rho}\right]_k}  +

             {\cal P}_{\left[\left[{\tilde a}^a\right]_{\rho}\right]_k} \left[\rho\right]_k +

             {\cal Q}_{\left[\left[{\tilde a}^a\right]_{\rho}\right]_k}

 \\ \\

        & = &\left( {\cal P}_{\left[\left[{\tilde a}^h\right]_{\rho}\right]_k} +

                    {\cal P}_{\left[\left[{\tilde a}^c\right]_{\rho}\right]_k} +

                    {\cal P}_{\left[\left[{\tilde a}^d\right]_{\rho}\right]_k} +

                    {\cal P}_{\left[\left[{\tilde a}^a\right]_{\rho}\right]_k}

              \right)

\left[\rho\right]_k +

           \left(   {\cal Q}_{\left[\left[{\tilde a}^h\right]_{\rho}\right]_k} +

                    {\cal Q}_{\left[\left[{\tilde a}^c\right]_{\rho}\right]_k} +

                    {\cal Q}_{\left[\left[{\tilde a}^d\right]_{\rho}\right]_k} +

                    {\cal Q}_{\left[\left[{\tilde a}^a\right]_{\rho}\right]_k}

              \right) \\ \\

        & = & {\cal P}_{\left[\left[{\tilde a}^r\right]_{\rho}\right]_k}\left[\rho\right]_k  +

              {\cal Q}_{\left[\left[{\tilde a}^r\right]_{\rho}\right]_k}

  \end{array}

\]

\[\footnotesize

  \left\{

  \begin{array}{rcl}

         {\cal P}_{\left[\left[{\tilde a}^r\right]_{\rho}\right]_k}

           & = &

                    {\cal P}_{\left[\left[{\tilde a}^h\right]_{\rho}\right]_k} +

                    {\cal P}_{\left[\left[{\tilde a}^c\right]_{\rho}\right]_k} +

                    {\cal P}_{\left[\left[{\tilde a}^d\right]_{\rho}\right]_k} +

                    {\cal P}_{\left[\left[{\tilde a}^a\right]_{\rho}\right]_k} \\ \\

         {\cal Q}_{\left[\left[{\tilde a}^r\right]_{\rho}\right]_k}

           & = &

                    {\cal Q}_{\left[\left[{\tilde a}^h\right]_{\rho}\right]_k} +

                    {\cal Q}_{\left[\left[{\tilde a}^c\right]_{\rho}\right]_k} +

                    {\cal Q}_{\left[\left[{\tilde a}^d\right]_{\rho}\right]_k} +

                    {\cal Q}_{\left[\left[{\tilde a}^a\right]_{\rho}\right]_k}

  \end{array}

  \right.

\]

\[\footnotesize

  \begin{array}{rcl}

 2\rho[\rho]_k \left[\tilde{a}^r\right]_{\rho} +  \rho^2

\left(

{\cal P}_{\left[\left[{\tilde a}^r\right]_{\rho}\right]_k}\left[\rho\right]_k  +

{\cal Q}_{\left[\left[{\tilde a}^r\right]_{\rho}\right]_k}

\right)  + \left[\rho\right]_k & = & 0  \\ \\

\left( 2\rho[\tilde{a}^r]_{\rho}+ \rho^2{\cal P}_{\left[\left[{\tilde a}^r\right]_{\rho}\right]_k}

  +1  \right)\left[ \rho\right]_k + \rho^2{\cal Q}_{\left[\left[{\tilde a}^r\right]_{\rho}\right]_k}

 &= & 0

\end{array}

\]

\[\footnotesize

\begin{array}{rcl}

\left[\rho\right]_k & = & \ds{ -\rho^2{\cal Q}_{\left[\left[{\tilde a}^r\right]_{\rho}\right]_k}

\over  2\rho[\tilde{a}^r]_{\rho}+ \rho^2

{\cal P}_{\left[\left[{\tilde a}^r\right]_{\rho}\right]_k}  +1 }

\end{array}

\]

\newpage

\noindent{\sf Step 0.2: Solve Density Hessian from EOS}

\[\footnotesize

  \begin{array}{rcl}

    2\left[\rho\right]_{\ell}\left[\rho\right]_k\left[\tilde{a}^r\right]_{\rho} +

    2\rho \left[\left[\rho\right]_k\right]_{\ell}\left[\tilde{a}^r\right]_{\rho} +

    2\rho \left[\rho\right]_k \left[ \left[ \tilde{a}^r \right]_{\rho} \right]_{\ell} +

    2\rho \left[\rho\right]_{\ell}\left[\left[\tilde{a}^r\right]_{\rho}\right]_k +

    \rho^2\left[\left[\left[\tilde{a}^r\right]_{\rho}\right]_k\right]_{\ell} +

    \left[\left[\rho\right]_k\right]_{\ell} & = & 0

  \end{array}

\]

\[\footnotesize

  \begin{array}{rcl}

  \left[\left[\left[\tilde{a}^r\right]_{\rho}\right]_k\right]_{\ell}

                                                  & = &

  \left[\left[\left[\tilde{a}^h\right]_{\rho}\right]_k\right]_{\ell} +

  \left[\left[\left[\tilde{a}^c\right]_{\rho}\right]_k\right]_{\ell} +

  \left[\left[\left[\tilde{a}^d\right]_{\rho}\right]_k\right]_{\ell} +

  \left[\left[\left[\tilde{a}^a\right]_{\rho}\right]_k\right]_{\ell}

 \\ \\& = &

\left(

 {\cal P}_{\left[\left[\left[\tilde{a}^h\right]_{\rho}\right]_k\right]_{\ell}}+

 {\cal P}_{\left[\left[\left[\tilde{a}^c\right]_{\rho}\right]_k\right]_{\ell}}+

 {\cal P}_{\left[\left[\left[\tilde{a}^d\right]_{\rho}\right]_k\right]_{\ell}}+

 {\cal P}_{\left[\left[\left[\tilde{a}^a\right]_{\rho}\right]_k\right]_{\ell}}

  \right)\left[\left[\rho\right]_k\right]_{\ell} +

\\ \\ & &

 \left(

 {\cal Q}_{\left[\left[\left[\tilde{a}^h\right]_{\rho}\right]_k\right]_{\ell}}+

 {\cal Q}_{\left[\left[\left[\tilde{a}^c\right]_{\rho}\right]_k\right]_{\ell}}+

 {\cal Q}_{\left[\left[\left[\tilde{a}^d\right]_{\rho}\right]_k\right]_{\ell}}+

 {\cal Q}_{\left[\left[\left[\tilde{a}^a\right]_{\rho}\right]_k\right]_{\ell}}

  \right)

\\ \\ & = &

  {\cal P}_{ \left[\left[\left[\tilde{a}^r\right]_{\rho}\right]_k\right]_{\ell}}

  \left[\left[\rho\right]_k\right]_{\ell} +

  {\cal Q}_{ \left[\left[\left[\tilde{a}^r\right]_{\rho}\right]_k\right]_{\ell}}

  \end{array}

\]

\noindent where

\[\footnotesize

  \left\{

  \begin{array}{rcl}

      {\cal P}_{ \left[\left[\left[\tilde{a}^r\right]_{\rho}\right]_k\right]_{\ell}} & = &

 {\cal P}_{\left[\left[\left[\tilde{a}^h\right]_{\rho}\right]_k\right]_{\ell}}+

 {\cal P}_{\left[\left[\left[\tilde{a}^c\right]_{\rho}\right]_k\right]_{\ell}}+

 {\cal P}_{\left[\left[\left[\tilde{a}^d\right]_{\rho}\right]_k\right]_{\ell}}+

 {\cal P}_{\left[\left[\left[\tilde{a}^a\right]_{\rho}\right]_k\right]_{\ell}} \\ \\

 {\cal Q}_{ \left[\left[\left[\tilde{a}^r\right]_{\rho}\right]_k\right]_{\ell}} & = &

 {\cal Q}_{\left[\left[\left[\tilde{a}^h\right]_{\rho}\right]_k\right]_{\ell}}+

 {\cal Q}_{\left[\left[\left[\tilde{a}^c\right]_{\rho}\right]_k\right]_{\ell}}+

 {\cal Q}_{\left[\left[\left[\tilde{a}^d\right]_{\rho}\right]_k\right]_{\ell}}+

 {\cal Q}_{\left[\left[\left[\tilde{a}^a\right]_{\rho}\right]_k\right]_{\ell}}

  \end{array}

  \right.

\]

\[\footnotesize

  \begin{array}{rcl}

-\left(

        2\rho \left[\tilde{a}^r\right]_{\rho} +

        \rho^2{\cal P}_{ \left[\left[\left[\tilde{a}^r\right]_{\rho}\right]_k\right]_{\ell}} +

        1

\right)

\left[\left[\rho\right]_k\right]_{\ell}

    & = &

            2\left[\rho\right]_{\ell}\left[\rho\right]_k\left[\tilde{a}^r\right]_{\rho} +

            2\rho\left[\rho\right]_k     \left[\left[\tilde{a}^r\right]_{\rho}\right]_{\ell} +

            2\rho\left[\rho\right]_{\ell}\left[\left[\tilde{a}^r\right]_{\rho}\right]_k +

            \rho^2 {\cal Q}_{ \left[\left[\left[\tilde{a}^r\right]_{\rho}\right]_k\right]_{\ell}} \\ \\

\left[\left[\rho\right]_k\right]_{\ell} & = &

-\ds{

      2\left[\rho\right]_{\ell}\left[\rho\right]_k\left[\tilde{a}^r\right]_{\rho} +

            2\rho\left[\rho\right]_k     \left[\left[\tilde{a}^r\right]_{\rho}\right]_{\ell} +

            2\rho\left[\rho\right]_{\ell}\left[\left[\tilde{a}^r\right]_{\rho}\right]_k +

            \rho^2 {\cal Q}_{ \left[\left[\left[\tilde{a}^r\right]_{\rho}\right]_k\right]_{\ell}}

     \over

      2\rho \left[\tilde{a}^r\right]_{\rho} +

        \rho^2{\cal P}_{ \left[\left[\left[\tilde{a}^r\right]_{\rho}\right]_k\right]_{\ell}} + 1

     }

    \end{array}

\]

\newpage

\centerline{\sf 1. Hard Sphere Term: Density Convexity Analysis}

\[\footnotesize

 \begin{array}{rcl}

\left[\left[\tilde{a}^h\right]_{\rho}\right]_k & = &

\left[N_o\left( \ds{ AD  - \ds{C^3 \over D } \over 1-\zeta} +

 \ds{  3BC-\ds{C^3 \over D} \over (1-\zeta)^2} + \ds{\ds{ 2C^3 \over D} \over (1-\zeta)^3} \right) \right]_k

 \end{array}

\]

\centerline{\sf 1.1 The First Hard Sphere Term}

\[\footnotesize

  \begin{array}{rcl}

      N_o\left[ \ds{ AD - \ds{ C^3 \over D} \over 1-\zeta}\right]_k & = &

            N_o\ds{ \left[A\right]_k D + A \left[D\right]_k-\ds{3C^2 \over D}\left[C\right]_k +

               \ds{C^3 \over D^2}\left[D\right]_k  \over 1-\zeta} +

            N_o^2\ds{ AD- \ds{ C^3 \over D} \over (1-\zeta)^2}\left( \rho\left[D\right]_k + \left[\rho\right]_k D \right)

 \\ \\&=&

N_o^2\ds{ AD^2-  C^3 \over (1-\zeta)^2}\left[\rho\right]_k +

N_o\ds{ \left[A\right]_k D + A \left[D\right]_k-\ds{3C^2 \over D} \left[C\right]_k + \ds{C^3 \over D^2}\left[D\right]_k  \over 1-\zeta} +

N_o^2\ds{ AD- \ds{ C^3 \over D} \over (1-\zeta)^2}\rho\left[D\right]_k \\ \\

 & = & {\cal P}_1 \left[\rho\right]_k  +{\cal Q}_{1k} \\ \\

  \end{array}

\]

\[\footnotesize

   \left\{

   \begin{array}{rcl}

      {\cal P}_1 & = &  N_o^2\ds{ AD^2-  C^3 \over (1-\zeta)^2} \\ \\

      {\cal Q}_{1k} & = &  N_o\ds{ \left[A\right]_k D + A \left[D\right]_k-\ds{3C^2 \over D}\left[C\right]_k +

        \ds{C^3 \over D^2}\left[D\right]_k  \over 1-\zeta} +

N_o^2\ds{ AD- \ds{ C^3 \over D} \over (1-\zeta)^2}\rho\left[D\right]_k

   \end{array}

  \right.

\]

\[\footnotesize

   \left\{

   \begin{array}{rcl}

      \left[{\cal P}_1\right]_{\ell}  & = &  N_o^2

                       \left[\ds{\left[A\right]_{\ell} D^2 + 2AD\left[D\right]_{\ell}-

                         3C^2\left[C\right]_{\ell} \over (1-\zeta)^2} +

                        2N_o\ds{ AD^2-  C^3 \over (1-\zeta)^3}\left(\left[\rho\right]_{\ell} D +

                                           \rho \left[D\right]_{\ell}\right)

                  \right] \\ \\

      \left[{\cal Q}_{1k}\right]_{\ell} & = & N_o\ds{ \left[A\right]_k\left[D\right]_{\ell} +

                                                      \left[D\right]_k\left[A\right]_{\ell} -

                                           \ds{ 6\left[C\right]_k\left[C\right]_{\ell}C \over D} +

                                           \ds{ 3\left[C\right]_k\left[D\right]_{\ell} C^2 \over D^2} +

                                           \ds{ 3\left[D\right]_k\left[C\right]_{\ell} C^2\over D^2} -

                                           \ds{ 2\left[D\right]_k\left[D\right]_{\ell} C^3\over D^3}

                                            \over 1-\zeta } + \\ \\

         & & N_o^2\ds{ \left[A\right]_k D + A \left[D\right]_k-\ds{3C^2 \over D} \left[C\right]_k +

 \ds{C^3 \over D^2}\left[D\right]_k  \over (1-\zeta)^2}

             \left( \left[\rho\right]_{\ell} D + \rho \left[D\right]_{\ell} \right) + \\ \\

& & N_o^2[D]_k\left[\ds{\rho\left( \left[A\right]_{\ell}D + A\left[D\right]_{\ell} -\ds{3C^2\left[C\right]_{\ell} \over D}

 + \ds{C^3 \over D^2}\left[D\right]_{\ell}

                        \right) +

                        \left[\rho\right]_{\ell} \left(AD- \ds{ C^3 \over D}\right)

                       \over (1-\zeta)^2} +

     \right. \\ \\ & &  \left.

          2N_o\rho\ds{ AD- \ds{ C^3 \over D} \over (1-\zeta)^3}\left( \left[\rho\right]_{\ell} D +

                                                                       \rho\left[D\right]_{\ell} \right)

      \right]

   \end{array}

   \right.

\]

\newpage

\centerline{\sf 1.2 The Second Hard Sphere Term}

\[\footnotesize

  \begin{array}{rcl}

    N_o\left[ \ds{ 3BC - \ds{ C^3 \over D}\over (1-\zeta)^2}\right]_k & = &

    N_o\left[ \ds{ 3\left([B]_k C + B [C]_k -\ds{C^2[C]_k \over D}\right)+\ds{ C^3[D]_k \over D^2} \over (1-\zeta)^2} +

               2N_o\ds{3BC-\ds{C^3 \over D} \over (1-\zeta)^3}

     \left( \rho[D]_k + [\rho]_k D \right) \right] \\ \\ & =&

               2N_o^2\ds{ 3BCD - C^3 \over (1-\zeta)^3}[\rho]_k +

  N_o\left[ \ds{ 3\left(\left[B\right]_k C + B\left[C\right]_k -\ds{C^2\left[C\right]_k \over D}\right)+

       \ds{C^3\left[D\right]_k \over D^2} \over (1-\zeta)^2} +

               2N_o\ds{3BC-\ds{C^3 \over D} \over (1-\zeta)^3}\rho\left[D\right]_k \right] \\ \\

  & = & {\cal P}_2 \left[\rho\right]_k  +{\cal Q}_{2k}

  \end{array}

\]

\[\footnotesize

   \left\{

   \begin{array}{rcl}

      {\cal P}_2 & = &   2N_o^2\ds{3BCD-C^3 \over (1-\zeta)^3} \\ \\

      {\cal Q}_{2k} & = &  N_o\left[ \ds{ 3\left(\left[B\right]_k C + B\left[C\right]_k -\ds{C^2\left[C\right]_k \over D}\right)+

      \ds{C^3\left[D\right]_k \over D^2} \over (1-\zeta)^2} + 2N_o\ds{3BC-\ds{C^3 \over D} \over (1-\zeta)^3}

\rho \left[D\right]_k \right]

   \end{array}

   \right.

\]

\[\footnotesize

   \left\{

   \begin{array}{rcl}

      \left[{\cal P}_2 \right]_{\ell}& = &   2N_o^2\left[\ds{3\left(\left[B\right]_{\ell}CD +

B\left[C\right]_{\ell}D + BC\left[D\right]_{\ell}

           -\left[C\right]_{\ell}C^2 \right) \over (1-\zeta)^3}  +

3N_o\ds{\left(3BCD-C^3\right)\left(\left[\rho\right]_{\ell}D + \rho\left[D\right]_{\ell}\right)

 \over (1-\zeta)^4} \right]\\\\

\left[{\cal Q}_{2k}\right]_{\ell} & = &  N_o\left[

\ds{ 3\left(\left[B\right]_k \left[C\right]_{\ell} + \left[B\right]_{\ell} \left[C\right]_k -

 2\left[C\right]_k\left[C\right]_{\ell}

\ds{C \over D} +\left[C\right]_k\left[D\right]_{\ell} \ds{C^2 \over D^2}

\right)+

\left(3\left[C\right]_{\ell}\left[D\right]_k\ds{C^2 \over D^2} -

2\left[D\right]_k\left[D\right]_{\ell}\ds{C^3 \over D^3}\right) \over (1-\zeta)^2}+

\right. \\\\&&\left.

 \ds{2N_o\left[ 3\left(\left[B\right]_k C + B\left[C\right]_k -

       \ds{C^2\left[C\right]_k \over D}\right)+\ds{C^3[D]_k \over D^2}\right]

         \left( \left[\rho\right]_{\ell}D + \rho\left[D\right]_{\ell} \right)

 \over (1-\zeta)^3} +

\right. \\\\&&\left.

      2N_o\left[D\right]_k

   \left(  \ds{\left[\rho\right]_{\ell}\left(3BC-\ds{C^3 \over D}\right) +

           \rho \left(3(\left[B\right]_{\ell}C +B\left[C\right]_{\ell})-3\left[C\right]_{\ell}\ds{C^2 \over D}+

           \left[D\right]_{\ell}\ds{C^3\over D^2} \right)

           \over (1-\zeta)^3}  +

    \right. \right. \\ \\ & & \left. \left.

\ds{ 3N_o\rho \left(3BC - \ds{C^3 \over D} \right)\left(\left[\rho\right]_{\ell}D + \rho \left[D\right]_{\ell}\right)

         \over (1-\zeta)^4}

\right)\right]

   \end{array}

   \right.

\]

\newpage

\centerline{\sf 1.3 The Third Hard Sphere Term}

\[\footnotesize

  \begin{array}{rcl}

    N_o\left[ \ds{ \ds{ 2C^3 \over D} \over (1-\zeta)^3}\right]_k & = &

     2N_o\left[

    \ds{ 3C^2\left[C\right]_k \over D(1-\zeta)^3} -\ds{C^3\left[D\right]_k \over D^2(1-\zeta)^3} +

     N_o\ds{3C^3 \over D(1-\zeta)^4}(\rho\left[D\right]_k+D\left[\rho\right]_k) \right] \\ \\ & =&

      6N_o^2\ds{C^3 \over (1-\zeta)^4}\left[\rho\right]_k +

 2N_o\left[\ds{ 3C^2\left[C\right]_k \over D(1-\zeta)^3} -\ds{C^3\left[D\right]_k \over D^2(1-\zeta)^3} +

              3N_o\ds{\left[D\right]_k\rho C^3 \over D(1-\zeta)^4}\right] \\ \\

      & = & {\cal P}_3 \left[\rho\right]_k  +{\cal Q}_{3k}

  \end{array}

\]

\[\footnotesize

   \left\{

   \begin{array}{rcl}

      {\cal P}_3 & = & 6N_o^2\ds{C^3 \over (1-\zeta)^4} \\ \\

      {\cal Q}_{3k} & = & 2N_o\left[\ds{ 3C^2[C]_k \over D(1-\zeta)^3} -\ds{C^3[D]_k \over D^2(1-\zeta)^3} +

              3N_o\ds{\left[D\right]_k\rho C^3 \over D(1-\zeta)^4}\right]

   \end{array}

   \right.

\]

\[\footnotesize

   \left\{

   \begin{array}{rcl}

   \left[ {\cal P}_3\right]_{\ell} & = &  6N_o^2\left[ \ds{3\left[C\right]_{\ell}C^2 \over (1-\zeta)^4} +

                         \ds{ 4N_oC^3(\left[\rho\right]_{\ell} D + \rho \left[D\right]_{\ell})  \over (1-\zeta)^5} \right]

 \\ \\

   \left[ {\cal Q}_{3k}\right]_{\ell} & = & 2N_o\left[

                        3\left[C\right]_k \left(

                    \ds{2\left[C\right]_{\ell} C \over D(1-\zeta)^3} -

                    \ds{ \left[D\right]_{\ell}C^2 \over D^2(1-\zeta)^3} +

                    \ds{3N_oC^2 ( \left[\rho\right]_{\ell} D + \rho\left[D\right]_{\ell} ) \over D(1-\zeta)^4}

                               \right)

                         - \right. \\ \\ & & \left.

                        \left[D\right]_k \left( \ds{ 3\left[C\right]_{\ell}C^2 \over D^2(1-\zeta)^3} -

                    \ds{ 2\left[D\right]_{\ell}C^3 \over D^3(1-\zeta)^3} +

                    \ds{ 3N_o C^3(\left[\rho\right]_{\ell}D + \rho\left[D\right]_{\ell}) \over D^2 (1-\zeta)^4 }

                              \right)

                         + \right. \\ \\ & & \left.

                        3N_o\left[D\right]_k\left(  \ds{

                  \left[\rho\right]_{\ell} C^3 + 3\left[C\right]_{\ell}\rho C^2 \over D(1-\zeta)^4 } -

                  \ds{ \left[D\right]_{\ell}\rho C^3 \over D^2(1-\zeta)^4} +

                  \ds{  4N_o\rho C^3(\left[\rho\right]_{\ell}D + \rho \left[D\right]_{\ell}) \over D(1-\zeta)^5}

                                 \right)

\right]

   \end{array}

  \right.

\]

\newpage

\centerline{\sf 1.4 Overall Hard Sphere Term Density Convexity Term Analysis}

\noindent{\sf Step 1.4.1 : Solve Density Jacobian from EOS}

\[\footnotesize

   \begin{array}{rcl}

   \left[\left[\tilde{a}^h\right]_{\rho}\right]_k & = & ({\cal P}_1 + {\cal P}_2 + {\cal P}_3)\left[\rho\right]_k +

                                                        ({\cal Q}_{1k} + {\cal Q}_{2k} + {\cal Q}_{3k}) \\ \\

                                                  & = & {\cal P}_{\left[\left[\tilde{a}^h\right]_{\rho}\right]_k}

                                                         \left[\rho\right]_k +

                                                         {\cal Q}_{\left[\left[\tilde{a}^h\right]_{\rho}\right]_k}

   \end{array}

\]

\[ \footnotesize

  \left\{

   \begin{array}{rcl}

        {\cal P}_{\left[\left[\tilde{a}^h\right]_{\rho}\right]_k} & = &

            {\cal P}_1 + {\cal P}_2 + {\cal P}_3

        \\ \\

        & = &

        N_o^2\left[ \ds{ AD^2 - C^3 \over (1-\zeta)^2} + \ds{ 2(3BCD- C^3) \over (1-\zeta)^3}+

                               \ds{ 6C^3 \over (1-\zeta)^4}

                        \right] \\ \\

 {\cal Q}_{\left[\left[\tilde{a}^h\right]_{\rho}\right]_k} & = &

    {\cal Q}_{1k} + {\cal Q}_{2k} + {\cal Q}_{3k} \\ \\

 & = &  N_o\ds{ \left[A\right]_k D + A \left[D\right]_k-\ds{3C^2 \over D} \left[C\right]_k +

      \ds{C^3 \over D^2}\left[D\right]_k  \over 1-\zeta} +

N_o^2\ds{ AD- \ds{ C^3 \over D} \over (1-\zeta)^2}\rho \left[D\right]_k +

\\ \\& & N_o\left[ \ds{ 3\left(\left[B\right]_k C + B\left[C\right]_k -\ds{C^2\left[C\right]_k \over D}\right)+

    \ds{C^3\left[D\right]_k \over D^2} \over (1-\zeta)^2} + 2N_o\ds{3BC-\ds{C^3 \over D} \over (1-\zeta)^3}

      \rho\left[D\right]_k \right] +

\\ \\ & &

2N_o\left[\ds{ 3C^2\left[C\right]_k \over D(1-\zeta)^3} -\ds{C^3\left[D\right]_k \over D^2(1-\zeta)^3} +

              N_o\ds{3\left[D\right]_k \rho  C^3 \over D(1-\zeta)^4}\right]

    \end{array}

    \right.

\]

\noindent{\sf Step 1.4.2 : Solve Density Hessian from EOS}

\[\footnotesize

   \begin{array}{rcl}

   \left[\left[\left[\tilde{a}^h\right]_{\rho}\right]_k\right]_{\ell}

                                                  & = &

                                                         {\cal P}_{\left[\left[\tilde{a}^h\right]_{\rho}\right]_k}

                                                         \left[ \left[\rho\right]_k\right]_{\ell} +

                                                         \left[

                                                            {\cal P}_{\left[\left[\tilde{a}^h\right]_{\rho}\right]_k}

                                                         \right]_{\ell} \left[\rho\right]_k +

                                                         \left[

                                                             {\cal Q}_{\left[\left[\tilde{a}^h\right]_{\rho}\right]_k}

                                                         \right]_{\ell}   \\ \\

                                                 & = &

{\cal P}_{\left[\left[\left[\tilde{a}^h\right]_{\rho}\right]_k\right]_{\ell}} \left[\left[\rho\right]_k\right]_{\ell} +

{\cal Q}_{\left[\left[\left[\tilde{a}^h\right]_{\rho}\right]_k\right]_{\ell}}

   \end{array}

\]

\[\footnotesize

  \left\{

  \begin{array}{rcl}

    {\cal P}_{\left[\left[\left[\tilde{a}^h\right]_{\rho}\right]_k\right]_{\ell}} & = &

    {\cal P}_{\left[\left[\tilde{a}^h\right]_{\rho}\right]_k}  \\ \\

    {\cal Q}_{\left[\left[\left[\tilde{a}^h\right]_{\rho}\right]_k\right]_{\ell}} & = &

                                                         \left[

                                                           {\cal P}_{\left[\left[\tilde{a}^h\right]_{\rho}\right]_k}

                                                         \right]_{\ell} \left[\rho\right]_k +

                                                         \left[

                                                             {\cal Q}_{\left[\left[\tilde{a}^h\right]_{\rho}\right]_k}

                                                         \right]_{\ell}  \\ \\

 \end{array}

  \right.

\]

\[\footnotesize

   \begin{array}{rcl}

 \left[{\cal P}_{\left[\left[\tilde{a}^h\right]_{\rho}\right]_k}\right]_{\ell}

              & = & \left[ {\cal P}_1\right]_{\ell} +

                                                 \left[ {\cal P}_2\right]_{\ell} +

                                                 \left[ {\cal P}_3\right]_{\ell} \\ \\

      &= &  N_o^2\left[\ds{\left[A\right]_{\ell} D^2 + 2AD\left[D\right]_{\ell}-3C^2

           \left[C\right]_{\ell} \over (1-\zeta)^2} +

                        2N_o\ds{ AD^2-  C^3 \over (1-\zeta)^3}\left(\left[\rho\right]_{\ell} D +

                                 \rho \left[D\right]_{\ell}\right)

                  \right] +\\ \\

      &  &2N_o^2\left[\ds{3\left(\left[B\right]_{\ell}CD + B\left[C\right]_{\ell}D +

          BC\left[D\right]_{\ell}-\left[C\right]_{\ell}C^2 \right) \over (1-\zeta)^3}  +

3N_o\ds{\left(3BCD-C^3\right)\left(\left[\rho\right]_{\ell}D + \rho\left[D\right]_{\ell}\right)

 \over (1-\zeta)^4} \right] \\ \\

      &  &  6N_o^2\left[ \ds{3\left[C\right]_{\ell}C^2 \over (1-\zeta)^4} +

                         \ds{ 4N_oC^3(\left[\rho\right]_{\ell} D + \rho \left[D\right]_{\ell})  \over (1-\zeta)^5} \right]

    \end{array}

\]

\[\footnotesize

   \begin{array}{rcl}

 \left[{\cal Q}_{\left[\left[\tilde{a}^h\right]_{\rho}\right]_k}\right]_{\ell}

& = & \left[ {\cal Q}_{1k}\right]_{\ell} +

                                                 \left[ {\cal Q}_{2k}\right]_{\ell} +

                                                 \left[ {\cal Q}_{3k}\right]_{\ell} \\ \\ &= &

 N_o\ds{ \left[A\right]_k\left[D\right]_{\ell} +

                                                      \left[D\right]_k\left[A\right]_{\ell} -

                                           \ds{ 6\left[C\right]_k\left[C\right]_{\ell}C \over D} +

                                           \ds{ 3\left[C\right]_k\left[D\right]_{\ell} C^2 \over D^2} +

                                           \ds{ 3\left[D\right]_k\left[C\right]_{\ell} C^2\over D^2} -

                                           \ds{ 2\left[D\right]_k\left[D\right]_{\ell} C^3\over D^3}

                                            \over 1-\zeta } + \\ \\

         & & N_o^2\ds{ \left[A\right]_k D + A \left[D\right]_k-\ds{3C^2 \over D} \left[C\right]_k + \ds{C^3 \over D^2}

\left[D\right]_k  \over (1-\zeta)^2}

             \left( \left[\rho\right]_{\ell} D + \rho \left[D\right]_{\ell} \right) + \\ \\

& & N_o^2\left[D\right]_k\left[\ds{\rho\left( \left[A\right]_{\ell}D + A\left[D\right]_{\ell} -

\ds{3C^2\left[C\right]_{\ell} \over D} + \ds{C^3 \over D^2}\left[D\right]_{\ell}

                        \right) +

                        \left[\rho\right]_{\ell} \left(AD- \ds{ C^3 \over D}\right)

                       \over (1-\zeta)^2} +

     \right. \\ \\ & &  \left.

          2N_o\rho\ds{ AD- \ds{ C^3 \over D} \over (1-\zeta)^3}\left( \left[\rho\right]_{\ell} D +

                        \rho \left[D\right]_{\ell} \right)

      \right] +

\\ \\ & &

 N_o\left[ \ds{ 3\left(\left[B\right]_k \left[C\right]_{\ell} + \left[B\right]_{\ell} \left[C\right]_k -2\left[C\right]_k

\left[C\right]_{\ell}

\ds{C \over D} +\left[C\right]_k\left[D\right]_{\ell} \ds{C^2 \over D^2}

\right)+

\left(3\left[C\right]_{\ell}\left[D\right]_k\ds{C^2 \over D^2} -2\left[D\right]_k\left[D\right]_{\ell}

\ds{C^3 \over D^3}\right) \over (1-\zeta)^2}+

\right. \\\\&&\left.

 \ds{2N_o\left[ 3\left(\left[B\right]_k C + B \left[C\right]_k -

   \ds{C^2\left[C\right]_k \over D}\right)+\ds{C^3\left[D\right]_k \over D^2}\right]

         \left( \left[\rho\right]_{\ell}D + \rho\left[D\right]_{\ell} \right)

 \over (1-\zeta)^3} +

\right. \\\\&&\left.

      2N_o\left[D\right]_k

   \left(  \ds{\left[\rho\right]_{\ell}\left(3BC-\ds{C^3 \over D}\right) +

           \rho \left(3(\left[B\right]_{\ell}C +B\left[C\right]_{\ell})-3\left[C\right]_{\ell}\ds{C^2 \over D}+

           \left[D\right]_{\ell}\ds{C^3\over D^2} \right)

           \over (1-\zeta)^3}  +

    \right. \right. \\ \\ & & \left. \left.

    \ds{ 3N_o\rho \left(3BC - \ds{C^3 \over D} \right)\left(\left[\rho\right]_{\ell}D + \rho

          \left[D\right]_{\ell}\right) \over (1-\zeta)^4}

\right)\right] +

\\\\ & &

 2N_o\left[

                        3\left[C\right]_k \left(

                                      \ds{2\left[C\right]_{\ell} C \over D(1-\zeta)^3} -

                                      \ds{ \left[D\right]_{\ell}C^2 \over D^2(1-\zeta)^3} +

                                      \ds{3N_oC^2 ( \left[\rho\right]_{\ell} D + \rho\left[D\right]_{\ell} )

                                            \over D(1-\zeta)^4}

                               \right)

                         - \right. \\ \\ & & \left.

                        \left[D\right]_k \left( \ds{ 3\left[C\right]_{\ell}C^2 \over D^2(1-\zeta)^3} -

                                      \ds{ 2\left[D\right]_{\ell}C^3 \over D^3(1-\zeta)^3} +

                                      \ds{ 3N_o C^3(\left[\rho\right]_{\ell}D + \rho\left[D\right]_{\ell})

                                                \over D^2 (1-\zeta)^4 }

                              \right)

                         + \right. \\ \\ & & \left.

                        3N_o\left[D\right]_k\left(  \ds{   \left[\rho\right]_{\ell} C^3 +

                    3\left[C\right]_{\ell}\rho C^2 \over D(1-\zeta)^4 } -

                                         \ds{  \left[D\right]_{\ell}\rho C^3 \over D^2(1-\zeta)^4} +

                                         \ds{  4N_o\rho C^3(\left[\rho\right]_{\ell}D +

                                                \rho \left[D\right]_{\ell}) \over D(1-\zeta)^5}

                                 \right)

      \right]

    \end{array}

\]

\newpage

\centerline{\sf 2. Chain Term: Density Convexity Analysis}

\[\footnotesize

  \begin{array}{rcl}

   \left[\left[\tilde{a}^c\right]_{\rho}\right]_k & = &

            \left[  \ds{\sum_i}x_i (1-m_i)\ds{ \left[g_{ii}\right]_{\rho} \over g_{ii}}\right]_k \\ \\

             & = &  (1-m_k)\ds{ \left[g_{kk}\right]_{\rho} \over g_{kk}} -

                    \ds{\sum_i}x_i (1-m_i)\ds{ \left[g_{ii}\right]_{\rho} \over g_{ii}^2}\left[g_{ii}\right]_k +

                    \ds{\sum_i}x_i (1-m_i)\ds{ \left[\left[g_{ii}\right]_{\rho}\right]_k \over g_{ii}}

  \end{array}

\]

\[\footnotesize

  \begin{array}{rcl}

   \left[\left[\left[\tilde{a}^c\right]_{\rho}\right]_k\right]_{\ell}

%   \left[\left[  \ds{\sum_i}x_i (1-m_i)\ds{ \left[g_{ii}\right]_{\rho} \over g_{ii}}\right]_k\right]_{\ell} \\ \\

             & = &  \left[(1-m_k)\ds{ \left[g_{kk}\right]_{\rho} \over g_{kk}} -

                    \ds{\sum_i}x_i (1-m_i)\ds{ \left[g_{ii}\right]_{\rho} \over g_{ii}^2}\left[g_{ii}\right]_k +

               \ds{\sum_i}x_i (1-m_i)\ds{ \left[\left[g_{ii}\right]_{\rho}\right]_k \over g_{ii}} \right]_{\ell} \\ \\

   & = & (1-m_k)\left[ \ds{\left[\left[g_{kk}\right]_{\rho}\right]_{\ell} \over g_{kk} } -

                       \ds{ \left[g_{kk}\right]_{\rho} \left[g_{kk}\right]_{\ell} \over g_{kk}^2 }

                \right]-

(1-m_{\ell})\ds{ \left[g_{\ell\ell}\right]_{\rho} \over g_{\ell\ell}^2}\left[g_{\ell\ell}\right]_k - \\ \\

   &   & \ds{\sum_i}x_i(1-m_i)

         \left[

           \ds{ \left[\left[g_{ii}\right]_{\rho}\right]_{\ell} \left[g_{ii}\right]_k +

                \left[g_{ii}\right]_{\rho}\left[\left[g_{ii}\right]_k\right]_{\ell}

                \over

                     g_{ii}^2

               }

            -2\ds{ \left[g_{ii}\right]_{\rho}\left[g_{ii}\right]_k\left[g_{ii}\right]_{\ell} \over

                     g_{ii}^3}

          \right] + \\ \\

   &   & (1-m_{\ell})\ds{ \left[\left[g_{\ell\ell}\right]_{\rho}\right]_k \over g_{\ell\ell}} +

         \ds{\sum_i}x_i(1-m_i)

            \left[

             \ds{ \left[\left[\left[g_{ii}\right]_{\rho}\right]_k\right]_{\ell} \over g_{ii}} -

             \ds{ \left[\left[g_{ii}\right]_{\rho}\right]_k \left[g_{ii}\right]_{\ell} \over g_{ii}^2}

             \right]

   \end{array}

\]

To obtain Jacobian $\left[\left[\tilde{a}^c\right]_{\rho}\right]_k$ and Hessian

 $\left[\left[\left[\tilde{a}^c\right]_{\rho}\right]_k\right]_{\ell}$,

 $\left[g_{ij}\right]_k$,  $\left[\left[g_{ii}\right]_{\rho}\right]_k$, $\left[\left[g_{ij}\right]_k\right]_{\ell}$

and $\left[\left[\left[g_{ii}\right]_{\rho}\right]_k\right]_{\ell}$ need to be solved.

\centerline{\sf Step 2.1 Solve $\left[g_{ij}\right]_k$ and $\Delta^{\alpha_i\beta_j}$}

\[\footnotesize

 \begin{array}{rcl}

 \left[g_{ij}\right]_k & = & N_o

    \left[

                  \ds{ \left[\rho\right]_kD +\rho\left[D\right]_k \over (1-\zeta)^2} +

  3d_{ij} \left[ \ds{ \left[\rho\right]_k C + \rho \left[C\right]_k \over (1-\zeta)^2} +

\ds{ 2\zeta_2 \over (1-\zeta)^3}(\left[\rho\right]_kD + \rho\left[D\right]_k) \right] + \right.\\ \\

& & \left.2d_{ij}^2\left[ \ds{2\zeta_2(\left[\rho\right]_kC+\rho\left[C\right]_k)\over (1-\zeta)^3} +

\ds{ 3\zeta_2^2(\left[\rho\right]_kD +\rho\left[D\right]_k) \over (1-\zeta)^4}\right] \right] \\ \\ & = &

N_o\left[ \ds{ D\over (1-\zeta)^2} +

   3d_{ij} \left[ \ds{ C\over (1-\zeta)^2} +

\ds{ 2\zeta_2D \over (1-\zeta)^3} \right]+

2d_{ij}^2\left[ \ds{2\zeta_2C\over (1-\zeta)^3} +

\ds{ 3\zeta_2^2D \over (1-\zeta)^4}\right] \right]\left[\rho\right]_k + \\ \\ &  &

N_o\rho\left[ \ds{ \left[D\right]_k\over (1-\zeta)^2} +

  3d_{ij} \left[ \ds{ \left[C\right]_k\over (1-\zeta)^2} +

\ds{ 2\zeta_2\left[D\right]_k \over (1-\zeta)^3} \right]+

2d_{ij}^2\left[ \ds{2\zeta_2\left[C\right]_k\over (1-\zeta)^3} +

\ds{ 3\zeta_2^2\left[D\right]_k \over (1-\zeta)^4}\right] \right] \\ \\ & = &

{\cal P}_{ \left[g_{ij}\right]_k } \left[\rho\right]_k + {\cal Q}_{ \left[g_{ij}\right]_k }

\end{array}

\]

\[\footnotesize

  \left\{

  \begin{array}{rcl}

           {\cal P}_{ \left[g_{ij}\right]_k } & = &N_o\left[ \ds{ D\over (1-\zeta)^2} +

  3d_{ij}\left[ \ds{ C\over (1-\zeta)^2} +

\ds{ 2\zeta_2D \over (1-\zeta)^3} \right]+

2d_{ij}^2\left[ \ds{2\zeta_2C\over (1-\zeta)^3} +

\ds{ 3\zeta_2^2D \over (1-\zeta)^4}\right] \right]\\ \\

{\cal Q}_{ \left[g_{ij}\right]_k } & = &

N_o\rho\left[ \ds{ \left[D\right]_k\over (1-\zeta)^2} +

  3d_{ij} \left[ \ds{ \left[C\right]_k\over (1-\zeta)^2} +

\ds{ 2\zeta_2\left[D\right]_k \over (1-\zeta)^3} \right]+

2d_{ij}^2\left[ \ds{2\zeta_2\left[C\right]_k\over (1-\zeta)^3} +

\ds{ 3\zeta_2^2\left[D\right]_k \over (1-\zeta)^4}\right] \right]

  \end{array}

  \right.

\]

\noindent Since

\[

  \footnotesize

   \begin{array}{rcl}

    \Delta^{\alpha_i\beta_j}

                & = & \omega_{\alpha_i\beta_j}g_{ij}

    \end{array}

\]

\[

  \footnotesize

   \begin{array}{rcl}

    \left[\Delta^{\alpha_i\beta_j}\right]_k

                & = & \omega_{\alpha_i\beta_j}

                       \left({\cal P}_{\left[g_{ij}\right]_k} \left[\rho\right]_k +

                             {\cal Q}_{\left[g_{ij}\right]_k}

                       \right)  \\ \\

                & = & {\cal P}_{\left[\Delta^{\alpha_i\beta_j}\right]_k} \left[\rho\right]_k +

                      {\cal Q}_{\left[\Delta^{\alpha_i\beta_j}\right]_k}

    \end{array}

\]

\[

  \footnotesize

  \left\{

     \begin{array}{rcl}

        {\cal P}_{\left[\Delta^{\alpha_i\beta_j}\right]_k} & = &

                 \omega_{\alpha_i\beta_j}{\cal P}_{\left[g_{ij}\right]_k}  \\ \\

        {\cal Q}_{\left[\Delta^{\alpha_i\beta_j}\right]_k} & = &

                 \omega_{\alpha_i\beta_j}{\cal Q}_{\left[g_{ij}\right]_k}

     \end{array}

  \right.

\]

\newpage

\centerline{\sf Step 2.2~~~~~~ Solve $\left[\left[g_{ij}\right]_k\right]_{\ell}$ and

                                     $\left[\left[\Delta^{\alpha_i\beta_j}\right]_k\right]_{\ell}$ }

\[\footnotesize

  \begin{array}{rcl}

     \left[\left[g_{ij}\right]_k\right]_{\ell} & = &

        {\cal P}_{ \left[g_{ij}\right]_k } \left[\left[\rho\right]_k\right]_{\ell} +

           \left[{\cal P}_{ \left[g_{ij}\right]_k }\right]_{\ell} \left[\rho\right]_k +

           \left[{\cal Q}_{ \left[g_{ij}\right]_k }\right]_{\ell} \\ \\

      & = &  {\cal P}_{ \left[\left[g_{ij}\right]_k\right]_{\ell} } \left[\left[\rho\right]_k\right]_{\ell} +

             {\cal Q}_{ \left[\left[g_{ij}\right]_k\right]_{\ell} }

  \end{array}

\]

\[

  \footnotesize

  \left\{

  \begin{array}{rcl}

          {\cal P}_{ \left[\left[g_{ij}\right]_k\right]_{\ell} } & = &

                      {\cal P}_{ \left[g_{ij}\right]_k  } \\ \\

         \left[{\cal Q}_{ \left[g_{ij}\right]_k }\right]_{\ell}  & = &

           \left[{\cal P}_{ \left[g_{ij}\right]_k }\right]_{\ell} \left[\rho\right]_k +

           \left[{\cal Q}_{ \left[g_{ij}\right]_k }\right]_{\ell}

  \end{array}

  \right.

\]

\[\footnotesize

  \left\{

  \begin{array}{rcl}

   \left[{\cal P}_{ \left[g_{ij}\right]_k } \right]_{\ell} & = &N_o\left[ \ds{ \left[D\right]_{\ell}\over (1-\zeta)^2} +

      \ds{ 2N_oD(\left[\rho\right]_{\ell}D + \rho \left[D\right]_{\ell}) \over (1-\zeta)^3 } +

        \right.\\ \\ & & \left.

  3d_{ij}  \left[ \ds{ \left[C\right]_{\ell}\over (1-\zeta)^2} +

  \ds{ 2N_oC(\left[\rho\right]_{\ell}D + \rho \left[D\right]_{\ell}) \over (1-\zeta)^3 } +

 2\left(

        \ds{ N_o(\left[\rho\right]_{\ell}C + \rho \left[C\right]_{\ell})D +

             \zeta_2\left[D\right]_{\ell} \over (1-\zeta)^3} +

        \ds{3N_o\zeta_2D(\left[\rho\right]_{\ell}D + \rho \left[D\right]_{\ell}) \over (1-\zeta)^4}

  \right) \right] +

\right. \\ \\ & & \left.

2d_{ij}^2

\left[2 \left( \ds{ N_o(\left[\rho\right]_{\ell}C + \rho\left[C\right]_{\ell})C +

                        \zeta_2\left[C\right]_{\ell} \over (1-\zeta)^3} +

                \ds{3N_o\zeta_2C(\left[\rho\right]_{\ell}D + \rho\left[D\right]_{\ell})  \over (1-\zeta)^4}

         \right) +

 \right.\right. \\ \\ & & \left. \left.

      3\left(

          \ds{ 2N_o\zeta_2(\left[\rho\right]_{\ell}C + \rho\left[C\right]_{\ell})D +

              \zeta_2^2\left[D\right]_{\ell} \over (1-\zeta)^4} +

          \ds{ 4N_o\zeta_2^2D(\left[\rho\right]_{\ell}D + \rho\left[D\right]_{\ell}) \over (1-\zeta)^5 }

      \right)

\right]

\right] \\ \\

   \left[{\cal Q}_{ \left[g_{ij}\right]_k } \right]_{\ell} & = &

N_o\left[\rho\right]_{\ell}\left[ \ds{ [D]_k\over (1-\zeta)^2} +

  3d_{ij} \left[ \ds{ \left[C\right]_k\over (1-\zeta)^2} +

\ds{ 2\zeta_2\left[D\right]_k \over (1-\zeta)^3} \right]+

2d_{ij}^2\left[ \ds{2\zeta_2\left[C\right]_k\over (1-\zeta)^3} +

\ds{ 3\zeta_2^2\left[D\right]_k \over (1-\zeta)^4}\right] \right] + \\ \\ & &

N_o\rho \left[ \ds{ 2N_o\left[D\right]_k(\left[\rho\right]_{\ell}D + \rho \left[D\right]_{\ell})\over (1-\zeta)^3} +

       \right.\\ \\ & & \left.

  3d_{ij}\left[ \ds{ 2N_o\left[C\right]_k(\left[\rho\right]_{\ell}D +\rho\left[D\right]_{\ell})\over (1-\zeta)^3} +

  \ds{ 2N_o\left[D\right]_k(\left[\rho\right]_{\ell}C + \rho \left[C\right]_{\ell}) \over (1-\zeta)^3 } +

  \ds{ 6N_o\zeta_2\left[D\right]_k(\left[\rho\right]_{\ell}D + \rho \left[D\right]_{\ell}) \over (1-\zeta)^4}

\right] +

\right. \\ \\ & & \left.

2d_{ij}^2

\left[ \ds{ 2N_o\left[C\right]_k(\left[\rho\right]_{\ell}C + \rho \left[C\right]_{\ell}) \over (1-\zeta)^3 }  +

       \ds{ 6N_o\left[C\right]_k\zeta_2(\left[\rho\right]_{\ell}D + \rho \left[D\right]_{\ell})  \over (1-\zeta)^4} +

\right. \right.  \\ \\ & & \left. \left.

       \ds{ 6N_o\left[D\right]_k\zeta_2(\left[\rho\right]_{\ell}C + \rho \left[C\right]_{\ell})  \over (1-\zeta)^4} +

       \ds{12N_o\left[D\right]_k\zeta_2^2(\left[\rho\right]_{\ell}D + \rho \left[D\right]_{\ell}) \over (1-\zeta)^5}

\right]

\right]

  \end{array}

 \right.

\]

\noindent Since

\[

  \footnotesize

   \begin{array}{rcl}

    \left[\left[\Delta^{\alpha_i\beta_j}\right]_k\right]_{\ell}

                & = & \omega_{\alpha_i\beta_j}\left[\left[g_{ij}\right]_k\right]_{\ell} \\ \\

                & = & \omega_{\alpha_i\beta_j}\left({\cal P}_{\left[\left[g_{ij}\right]_k\right]_{\ell}}

                      \left[\left[\rho\right]_k\right]_{\ell} +

                      {\cal Q}_{\left[\left[g_{ij}\right]_k\right]_{\ell}}

                      \right) \\ \\

                & = & {\cal P}_{\left[\left[\Delta^{\alpha_i\beta_j}\right]_k\right]_{\ell}}

                      \left[\left[\rho\right]_k\right]_{\ell} +

                      {\cal Q}_{\left[\left[\Delta^{\alpha_i\beta_j}\right]_k\right]_{\ell}}

    \end{array}

\]

\noindent We have

\[\footnotesize

  \left\{

  \begin{array}{rcl}

    {\cal P}_{\left[\left[\Delta^{\alpha_i\beta_j}\right]_k\right]_{\ell}} & = &

           \omega_{\alpha_i\beta_j}{\cal P}_{\left[\left[g_{ij}\right]_k\right]_{\ell}}   \\ \\

    {\cal Q}_{\left[\left[\Delta^{\alpha_i\beta_j}\right]_k\right]_{\ell}} & = &

           \omega_{\alpha_i\beta_j}{\cal Q}_{\left[\left[g_{ij}\right]_k\right]_{\ell}}

   \end{array}

   \right.

\]

\newpage

\centerline{\sf Step 2.3 Solve $\left[\left[g_{ij}\right]_{\rho}\right]_k$}

\[\footnotesize

 \begin{array}{rcl}

 \left[\left[g_{ij}\right]_{\rho}\right]_k & = &

N_o\left[

\ds{ \left[D\right]_k \over (1-\zeta)^2 } + \ds{ 2N_oD (\left[\rho\right]_kD +\rho\left[D\right]_k) \over (1-\zeta)^3}

\right.\\\\

& &\left. 3d_{ij}\left[ \ds{ \left[C\right]_k \over (1-\zeta)^2} +

\ds{2N_oC (\left[\rho\right]_kD + \rho\left[D\right]_k) \over (1-\zeta)^3} +

\ds{ 2\left[D\right]_k \zeta_2 +2N_oD(\left[\rho\right]_kC +\rho\left[C\right]_k) \over (1-\zeta)^3} +

\ds{6N_oD\zeta_2 (\left[\rho\right]_kD + \rho\left[D\right]_k) \over (1-\zeta)^4}

\right] +

\right.\\ \\ & &\left.

2d_{ij}^2

\left[ \ds{ 2\left[C\right]_k\zeta_2 +2N_oC(\left[\rho\right]_k C+ \rho \left[C\right]_k) \over (1-\zeta)^3} +

\ds{ 6N_oC\zeta_2\left(\left[\rho\right]_kD + \rho\left[D\right]_k\right) \over (1-\zeta)^4}

 \right. \right.\\ \\ & & \left.\left.

\ds{ 3\left[D\right]_k\zeta_2^2 + 6N_oD\zeta_2(\left[\rho\right]_k C+ \rho\left[C\right]_k) \over (1-\zeta)^4} +

\ds{12N_oD\zeta_2^2(\left[\rho\right]_k D+ \rho \left[D\right]_k) \over (1-\zeta)^5}

\right] \right]

\\ \\ & = &

N_o^2 \left[\ds{ 2D^2  \over (1-\zeta)^3}  +

3d_{ij}\left[\ds{4CD \over (1-\zeta)^3} + \ds{6D^2\zeta_2 \over (1-\zeta)^4}\right] +

2d_{ij}^2

 \left[ \ds{ 2C^2 \over (1-\zeta)^3} + \ds{12CD\zeta_2 \over (1-\zeta)^4} + \ds{ 12D^2 \zeta_2^2 \over (1-\zeta)^5 }

\right]

\right]\left[\rho\right]_k + \\ \\ & &

N_o\left[

\ds{ \left[D\right]_k \over (1-\zeta)^2 } + \ds{ 2N_oD\rho\left[D\right]_k \over (1-\zeta)^3} +

3d_{ij}\left[ \ds{ \left[C\right]_k \over (1-\zeta)^2} +

\ds{ 2\left[D\right]_k \zeta_2 + 2N_oC\rho\left[D\right]_k +2N_oD\rho\left[C\right]_k  \over (1-\zeta)^3} +

\ds{6N_oD\zeta_2\rho\left[D\right]_k \over (1-\zeta)^4}

\right] +

\right.  \\ \\ & & \left.

2d_{ij}^2

\left[ \ds{ 2\left[C\right]_k\zeta_2 +2N_oC\rho \left[C\right]_k \over (1-\zeta)^3} +

\ds{ 3\left[D\right]_k\zeta_2^2 +  6N_oC\zeta_2 \rho\left[D\right]_k + 6N_oD\zeta_2\rho\left[C\right]_k

 \over (1-\zeta)^4} +

\ds{12N_oD\zeta_2^2 \rho \left[D\right]_k \over (1-\zeta)^5}

\right] \right] \\ \\

& = &  {\cal P}_{ \left[\left[g_{ij}\right]_{\rho}\right]_k } \left[\rho\right]_k +

       {\cal Q}_{ \left[\left[g_{ij}\right]_{\rho}\right]_k }

 \end{array}

\]

\[\footnotesize

  \left\{

  \begin{array}{rcl}

     {\cal P}_{ \left[\left[g_{ij}\right]_{\rho}\right]_k } & = &

N_o^2 \left[\ds{ 2D^2  \over (1-\zeta)^3}  +

3d_{ij}\left[\ds{4CD \over (1-\zeta)^3} + \ds{6D^2\zeta_2 \over (1-\zeta)^4}\right] +

2d_{ij}^2

 \left[ \ds{ 2C^2 \over (1-\zeta)^3} + \ds{12CD\zeta_2 \over (1-\zeta)^4} + \ds{ 12D^2 \zeta_2^2 \over (1-\zeta)^5 }

\right] \right]          \\ \\

 {\cal Q}_{ \left[\left[g_{ij}\right]_{\rho}\right]_k } & = &

N_o\left[\ds{ \left[D\right]_k \over (1-\zeta)^2 } + \ds{ 2N_oD\rho\left[D\right]_k \over (1-\zeta)^3} +

3d_{ij}\left[ \ds{ \left[C\right]_k \over (1-\zeta)^2} +

\ds{ 4\left[D\right]_k \zeta_2 \over (1-\zeta)^3} +

\ds{6N_oD\zeta_2\rho\left[D\right]_k \over (1-\zeta)^4}

\right] +

\right.  \\ \\ & & \left.

2d_{ij}^2

\left[ \ds{ 2\left[C\right]_k\zeta_2 +2N_oC\rho \left[C\right]_k \over (1-\zeta)^3} +

\ds{ 3\left[D\right]_k\zeta_2^2 +  6N_oC\zeta_2 \rho\left[D\right]_k + 6N_oD\zeta_2\rho

\left[C\right]_k \over (1-\zeta)^4} +

\ds{12N_oD\zeta_2^2 \rho \left[D\right]_k \over (1-\zeta)^5}

\right] \right]

  \end{array}

  \right.

\]

\noindent Since

\[

  \footnotesize

   \begin{array}{rcl}

    \left[\left[\Delta^{\alpha_i\beta_j}\right]_{\rho}\right]_k

                & = & \omega_{\alpha_i\beta_j}\left[\left[g_{ij}\right]_{\rho}\right]_k \\ \\

                & = & \omega_{\alpha_i\beta_j}\left({\cal P}_{\left[\left[g_{ij}\right]_{\rho}\right]_k}

                      \left[\rho\right]_k +

                      {\cal Q}_{\left[\left[g_{ij}\right]_{\rho}\right]_k}

                      \right) \\ \\

                & = & {\cal P}_{\left[\left[\Delta^{\alpha_i\beta_j}\right]_{\rho}\right]_k}

                      \left[\rho\right]_k +

                      {\cal Q}_{\left[\left[\Delta^{\alpha_i\beta_j}\right]_{\rho}\right]_k}

    \end{array}

\]

\noindent We have

\[\footnotesize

  \left\{

  \begin{array}{rcl}

    {\cal P}_{\left[\left[\Delta^{\alpha_i\beta_j}\right]_{\rho}\right]_k} & = &

           \omega_{\alpha_i\beta_j}{\cal P}_{\left[\left[g_{ij}\right]_{\rho}\right]_k}   \\ \\

    {\cal Q}_{\left[\left[\Delta^{\alpha_i\beta_j}\right]_k\right]_{\ell}} & = &

           \omega_{\alpha_i\beta_j}{\cal Q}_{\left[\left[g_{ij}\right]_{\rho}\right]_k}

   \end{array}

   \right.

\]

\newpage

\centerline{\sf Step 2.4~~~~~~Solve $\left[\left[\left[g_{ij}\right]_{\rho}\right]_k\right]_{\ell}$

                             and  $\left[\left[\left[\Delta_{\alpha_i\beta_j}\right]_{\rho}\right]_k\right]_{\ell}$}

\[\footnotesize

  \begin{array}{rcl}

  \left[\left[\left[g_{ij}\right]_{\rho}\right]_k\right]_{\ell}

       & = & {\cal P}_{\left[\left[g_{ij}\right]_{\rho}\right]_k} \left[\left[\rho\right]_k\right]_{\ell} +

             \left[{\cal P}_{\left[\left[g_{ij}\right]_{\rho}\right]_k}\right]_{\ell}\left[\rho\right]_k  +

             \left[{\cal Q}_{\left[\left[g_{ij}\right]_{\rho}\right]_k}\right]_{\ell} \\ \\

       & = & {\cal P}_{\left[\left[\left[g_{ij}\right]_{\rho}\right]_k\right]_{\ell}}

                  \left[\left[\rho\right]_k\right]_{\ell} +

             {\cal Q}_{\left[\left[\left[g_{ij}\right]_{\rho}\right]_k\right]_{\ell}}

  \end{array}

\]

\[\footnotesize

  \left\{

  \begin{array}{rcl}

        {\cal P}_{\left[\left[\left[g_{ij}\right]_{\rho}\right]_k\right]_{\ell}} & = &

        {\cal P}_{\left[\left[g_{ij}\right]_{\rho}\right]_k} \\ \\

        {\cal Q}_{\left[\left[\left[g_{ij}\right]_{\rho}\right]_k\right]_{\ell}} & = &

       \left[{\cal P}_{\left[\left[g_{ij}\right]_{\rho}\right]_k}\right]_{\ell}\left[\rho\right]_k  +

             \left[{\cal Q}_{\left[\left[g_{ij}\right]_{\rho}\right]_k}\right]_{\ell}

  \end{array}

  \right.

\]

\noindent where

\[\footnotesize

  \begin{array}{rcl}

     \left[{\cal P}_{ \left[\left[g_{ij}\right]_{\rho}\right]_k }\right]_{\ell} & = &

N_o^2 \left[ 2\left( \ds{ 2D\left[D\right]_{\ell} \over (1-\zeta)^3} +

                     \ds{ 3N_oD^2\left(\left[\rho\right]_{\ell}D +\rho \left[D\right]_{\ell} \right) \over (1-\zeta)^4}

              \right) +

      \right. \\ \\ & &      \left.

            3d_{ij}

            \left[

                   4\left(

                          \ds{ \left[C\right]_{\ell}D+C\left[D\right]_{\ell} \over (1-\zeta)^3} +

                          \ds{ 3N_oCD(\left[\rho\right]_{\ell}D + \rho\left[D\right]_{\ell}) \over (1-\zeta)^4 }

                   \right)

                   +

                   \right. \right. \\ \\ & &

                   \left. \left.

                   6\left(

                          \ds{ 2D\zeta_2\left[D\right]_{\ell} +

                       N_oD^2(\left[\rho\right]_{\ell}C + \rho\left[C\right]_{\ell}) \over (1-\zeta)^4} +

                          \ds{ 4N_oD^2\zeta_2(\left[\rho\right]_{\ell}D + \rho\left[D\right]_{\ell}) \over (1-\zeta)^5 }

                    \right)

            \right] +

      \right. \\ \\ & &

      \left.

           2d_{ij}^2

           \left[

                 2\left(

                        \ds{ 2C\left[C\right]_{\ell} \over (1-\zeta)^3} +

                        \ds{ 3N_oC^2(\left[\rho\right]_{\ell}D + \rho\left[D\right]_{\ell}) \over (1-\zeta)^4}

                  \right)+

                 \right. \right. \\ \\ & & \left. \left.

                12\left(

                   \ds{ \left[C\right]_{\ell}D\zeta_2 + C\left[D\right]_{\ell}\zeta_2 +

                      N_oCD(\left[\rho\right]_{\ell}C + \rho\left[C\right]_{\ell}) \over

                         (1-\zeta)^4 }+

                   \ds{ 4N_oCD\zeta_2(\left[\rho\right]_{\ell}D + \rho\left[D\right]_{\ell}) \over (1-\zeta)^5}

                  \right)

                \right. \right. \\ \\ & & \left. \left.

                12\left(

                   \ds{ 2D\left[D\right]_{\ell}\zeta_2^2 +

                         2N_oD^2\zeta_2 (\left[\rho\right]_{\ell}C + \rho\left[C\right]_{\ell}) \over (1-\zeta)^5} +

                   \ds{ 5N_oD^2\zeta_2^2(\left[\rho\right]_{\ell}D + \rho\left[D\right]_{\ell}) \over (1-\zeta)^6}

                 \right)

           \right]

       \right]

  \end{array}

\]

\[\footnotesize

  \begin{array}{rcl}

     \left[{\cal Q}_{ \left[\left[g_{ij}\right]_{\rho}\right]_k }\right]_{\ell} & = &

         N_o \left[

                   \ds{ 2N_o\left[D\right]_k(\left[\rho\right]_{\ell}D + \rho\left[D\right]_{\ell})\over (1-\zeta)^3 }  +

          2N_o\left[D\right]_k\left(

                         \ds{ \left[\rho\right]_{\ell}D + \rho\left[D\right]_{\ell} \over (1-\zeta)^3} +

                         \ds{3N_oD\rho(\left[\rho\right]_{\ell} D + \rho\left[D\right]_{\ell}) \over (1-\zeta)^4}

                   \right) +

           \right. \\ \\ & & \left.

         3d_{ij}

 \left[

       \ds{ 2N_o\left[C\right]_k \left(\left[\rho\right]_{\ell}D + \rho\left[D\right]_{\ell}\right)

            \over (1-\zeta)^3} +

%           \right. \right. \\ \\ & & \left. \left.

        \ds{ 4N_o\left[D\right]_k\left( \left[\rho\right]_{\ell}C + \rho \left[C\right]_{\ell} \right)

              \over (1-\zeta)^3

           } +

%           \right. \right. \\ \\ & & \left. \left.

         \ds{ 12N_o\left[D\right]_k\zeta_2 \left( \left[\rho\right]_{\ell}D + \rho \left[D\right]_{\ell}\right)

              \over (1-\zeta)^4

             }+

          \right. \right. \\ \\ & & \left. \left.

      \ds{

           6N_o\left[D\right]_k( \left[D\right]_{\ell}\zeta_2 \rho +

                                 N_oD\rho(\left[\rho\right]_{\ell}C + \rho\left[C\right]_{\ell}) +

                                 D\zeta_2 \left[\rho\right]_{\ell}

                                )

            \over

           (1-\zeta)^4

          } +

        \ds{ 24N_o^2\left[D\right]_kD\zeta_2\rho(\left[\rho\right]_{\ell}D + \rho \left[D\right]_{\ell})

             \over

             (1-\zeta)^5

           }

\right]+

  \right. \\ \\ & & \left.

   2d_{ij}^2

   \left[

         \ds{4N_o\left[C\right]_k(\left[\rho\right]_{\ell}C + \rho\left[C\right]_{\ell}) \over (1-\zeta)^3} +

         \ds{12N_o^2\left[C\right]_k\zeta_2(\left[\rho\right]_{\ell}D + \rho \left[D\right]_{\ell})

                \over (1-\zeta^4)} +

          \right. \right. \\ \\ & & \left. \left.

          \ds{

               6N_o\left[D\right]_k\zeta_2\left(\left[\rho\right]_{\ell}C + \rho\left[C\right]_{\ell} \right)

               \over (1-\zeta)^4}

              +

% \right. \right. \\ \\ & & \left. \left.

           \ds{

               6N_o\left[D\right]_k\left( \left[C\right]_{\ell} \zeta_2 \rho +

                                          N_oC\rho(\left[\rho\right]_{\ell}C + \rho\left[C\right]_{\ell}) +

                                           C\zeta_2 \left[\rho\right]_{\ell}

                                    \right)

                \over (1-\zeta)^4

               } +

 \right. \right. \\ \\ & & \left. \left.

            \ds{

               6N_o\left[C\right]_k\left( \left[D\right]_{\ell} \zeta_2 \rho +

                                          N_oD\rho(\left[\rho\right]_{\ell}C + \rho\left[C\right]_{\ell}) +

                                           D\zeta_2 \left[\rho\right]_{\ell}

                                    \right)

                \over

              (1-\zeta)^4

              }+

  \right. \right. \\ \\ & & \left. \left.

       \ds{

           4N_o\left(

              3\left[D\right]_k \zeta_2^2 + 6N_o\left[D\right]_kC\zeta_2\rho + 6N_o\left[C\right]_kD\zeta_2\rho

              \right)

               \left( \left[\rho\right]_{\ell} D + \rho \left[D\right]_{\ell}  \right)

                \over

                (1-\zeta)^5

          } +

 \right. \right. \\ \\ & & \left. \left.

      12N_o\left[D\right]_k\left[

           \ds{

              \left[D\right]_{\ell}\zeta_2^2\rho +

               2N_oD\zeta_2\rho(\left[\rho\right]_{\ell}C + \rho\left[C\right]_{\ell}) +

                   D\zeta_2^2\left[\rho\right]_{\ell}

              \over (1-\zeta)^5

              }+

%            \right. \right. \right. \\ \\ & & \left. \left. \left.

            \ds{ 5N_oD\zeta_2^2\rho(\left[\rho\right]_{\ell}D + \rho \left[D\right]_{\ell}) \over (1-\zeta)^6}

             \right]

            \right]

            \right]

  \end{array}

\]

\noindent Since

\[\begin{array}{rcl}

  \left[\left[\left[\Delta^{\alpha_i\beta_j}\right]_{\rho}\right]_k\right]_{\ell}& = &

   \omega_{\alpha_i\beta_j}  \left[\left[\left[g_{ij}\right]_{\rho}\right]_k\right]_{\ell}  \\ \\

   & = &

   \omega_{\alpha_i\beta_j}\left(

        {\cal P}_{\left[\left[\left[g_{ij}\right]_{\rho}\right]_k\right]_{\ell}}

                       \left[\left[\rho\right]_k\right]_{\ell}+

        {\cal Q}_{\left[\left[\left[g_{ij}\right]_{\rho}\right]_k\right]_{\ell}}

       \right) \\ \\

    & = & {\cal P}_{\left[\left[\left[\Delta^{\alpha_i\beta_j}\right]_{\rho}\right]_k\right]_{\ell}}

           \left[\left[\rho\right]_k\right]_{\ell} +

          {\cal Q}_{\left[\left[\left[\Delta^{\alpha_i\beta_j}\right]_{\rho}\right]_k\right]_{\ell}}

  \end{array}

\]

\[\footnotesize

  \left\{

  \begin{array}{rcl}

   {\cal P}_{\left[\left[\left[\Delta^{\alpha_i\beta_j}\right]_{\rho}\right]_k\right]_{\ell}}

   & = & \omega_{\alpha_i\beta_j}{\cal P}_{\left[\left[\left[g_{ij}\right]_{\rho}\right]_k\right]_{\ell}}

    {\cal Q}_{\left[\left[\left[\Delta^{\alpha_i\beta_j}\right]_{\rho}\right]_k\right]_{\ell}}  \\ \\

   & = & \omega_{\alpha_i\beta_j}{\cal Q}_{\left[\left[\left[g_{ij}\right]_{\rho}\right]_k\right]_{\ell}}

  \end{array}

  \right.

\]

\newpage

\centerline{\sf Step 2.5 Chain Term: Density Convexity Analysis (Continued)}

\noindent{\sf Step 2.5.1: Solve Density Jacobian from EOS}

\[\footnotesize

  \begin{array}{rcl}

    \left[\left[ \tilde{a}^c \right]_{\rho}\right]_k & = &

    \left[  \ds{\sum_i}x_i (1-m_i)\ds{ \left[g_{ii}\right]_{\rho} \over g_{ii}}\right]_k \\ \\

             & = &  (1-m_k)\ds{ \left[g_{kk}\right]_{\rho} \over g_{kk}} -

                    \ds{\sum_i}x_i (1-m_i)\ds{ \left[g_{ii}\right]_{\rho} \over g_{ii}^2}\left[g_{ii}\right]_k +

                    \ds{\sum_i}x_i (1-m_i)\ds{ \left[\left[g_{ii}\right]_{\rho}\right]_k \over g_{ii}}     \\ \\

             & = &   (1-m_k)\ds{ \left[g_{kk}\right]_{\rho} \over g_{kk}} -

            \ds{\sum_i}x_i (1-m_i)\ds{ \left[g_{ii}\right]_{\rho} \over g_{ii}^2}

     \left({\cal P}_{ \left[g_{ij}\right]_k } \left[\rho\right]_k + {\cal Q}_{ \left[g_{ij}\right]_k } \right)+ \\ \\

         &&  \ds{\sum_i}\ds{x_i (1-m_i) \over g_{ii}}

       \left(         {\cal P}_{ \left[\left[g_{ij}\right]_{\rho}\right]_k } \left[\rho\right]_k +

                      {\cal Q}_{ \left[\left[g_{ij}\right]_{\rho}\right]_k }

       \right) \\ \\ & = &

         \left(-\ds{\sum_i}x_i (1-m_i)\ds{ \left[g_{ii}\right]_{\rho} \over g_{ii}^2}

    {\cal P}_{ \left[g_{ii}\right]_k } +

 \ds{\sum_i}\ds{x_i (1-m_i) \over g_{ii}}

        {\cal P}_{ \left[\left[g_{ii}\right]_{\rho}\right]_k } \right)\left[\rho\right]_k+

     \\ \\  & &

         (1-m_k)\ds{ \left[g_{kk}\right]_{\rho} \over g_{kk}} -

          \ds{\sum_i}x_i (1-m_i)\ds{ [g_{ii}]_{\rho} \over g_{ii}^2}{\cal Q}_{ \left[g_{ii}\right]_k }+

          \ds{\sum_i}\ds{x_i (1-m_i) \over g_{ii}} {\cal Q}_{ \left[\left[g_{ii}\right]_{\rho}\right]_k }  \\ \\

      & = & {\cal P}_{\left[\left[ \tilde{a}^c \right]_{\rho}\right]_k}\left[\rho\right]_k +

            {\cal Q}_{\left[\left[ \tilde{a}^c \right]_{\rho}\right]_k}

  \end{array}

\]

\[\footnotesize

  \left\{

  \begin{array}{rcl}

          {\cal P}_{\left[\left[ \tilde{a}^c \right]_{\rho}\right]_k}

              & = & -\ds{\sum_i}x_i (1-m_i)\ds{ \left[g_{ii}\right]_{\rho} \over g_{ii}^2}

    {\cal P}_{ \left[g_{ii}\right]_k } +  \ds{\sum_i}\ds{x_i (1-m_i) \over g_{ii}}

        {\cal P}_{ \left[\left[g_{ii}\right]_{\rho}\right]_k }  \\ \\

{\cal Q}_{\left[\left[ \tilde{a}^c \right]_{\rho}\right]_k}

& = &  (1-m_k)\ds{ \left[g_{kk}\right]_{\rho} \over g_{kk}} -

            \ds{\sum_i}x_i (1-m_i)\ds{ \left[g_{ii}\right]_{\rho} \over g_{ii}^2}{\cal Q}_{ \left[g_{ii}\right]_k }+

          \ds{\sum_i}\ds{x_i (1-m_i) \over g_{ii}} {\cal Q}_{ \left[\left[g_{ii}\right]_{\rho}\right]_k }

  \end{array}

  \right.

\]

\noindent{\sf Step 2.5.2: Solve Density Hessian from EOS}

\[

  \footnotesize

  \begin{array}{rcl}

    \left[\left[\left[\tilde{a}^c\right]_{\rho}\right]_k\right]_{\ell}

      & = &   {\cal P}_{\left[\left[ \tilde{a}^c \right]_{\rho}\right]_k}\left[\left[\rho\right]_k\right]_{\ell} +

               \left[{\cal P}_{\left[\left[ \tilde{a}^c \right]_{\rho}\right]_k}\right]_{\ell}\left[\rho\right]_k +

               \left[{\cal Q}_{\left[\left[ \tilde{a}^c \right]_{\rho}\right]_k}\right]_{\ell} \\ \\

      & = &    {\cal P}_{\left[\left[\left[ \tilde{a}^c \right]_{\rho}\right]_k\right]_{\ell}}

               \left[\left[\rho\right]_k\right]_{\ell} +

               {\cal Q}_{\left[\left[\left[ \tilde{a}^c \right]_{\rho}\right]_k\right]_{\ell}}

   \end{array}

\]

\noindent with

\[\footnotesize

  \left\{

    \begin{array}{rcl}

      {\cal P}_{\left[\left[\left[ \tilde{a}^c \right]_{\rho}\right]_k\right]_{\ell}}& = &

      {\cal P}_{\left[\left[ \tilde{a}^c \right]_{\rho}\right]_k} \\ \\

      {\cal Q}_{\left[\left[\left[ \tilde{a}^c \right]_{\rho}\right]_k\right]_{\ell}} & = &

       \left[{\cal P}_{\left[\left[ \tilde{a}^c \right]_{\rho}\right]_k}\right]_{\ell}\left[\rho\right]_k +

               \left[{\cal Q}_{\left[\left[ \tilde{a}^c \right]_{\rho}\right]_k}\right]_{\ell} \\ \\

    \end{array}

  \right.

\]

\noindent where

\[\footnotesize

  \left\{

  \begin{array}{rcl}

    \left[{\cal P}_{\left[\left[{\tilde a}^c\right]_{\rho}\right]_k}\right]_{\ell}

        & = &  -(1-m_{\ell})\ds{ [g_{\ell\ell}]_{\rho} \over g_{\ell\ell}^2}

    {\cal P}_{ \left[g_{\ell\ell}\right]_k } -

    \ds{ \sum_i}x_i(1-m_i)\left[

    \ds{ \left[\left[g_{ii}\right]_{\rho}\right]_{\ell}{\cal P}_{\left[g_{ii}\right]_k} +

                    [g_{ii}]_{\rho}\left[{\cal P}_{\left[g_{ii}\right]_k}\right]_{\ell}

     \over g_{ii}^2} -

   \ds{2[g_{ii}]_{\rho}{\cal P}_{\left[g_{ii}\right]_k}[g_{ii}]_{\ell} \over g_{ii}^3}

      \right] + \\ \\ & &

  \ds{ (1-m_{\ell})  {\cal P}_{ \left[\left[g_{\ell\ell}\right]_{\rho}\right]_k } \over g_{\ell\ell}}+

  \ds{\sum_i}x_i (1-m_i)\left[

         \ds{ \left[{\cal P}_{ \left[\left[g_{ii}\right]_{\rho}\right]_k}\right]_{\ell}\over g_{ii}}-

          \ds{ {\cal P}_{ \left[\left[g_{ii}\right]_{\rho}\right]_k } [g_{ii}]_{\ell} \over g_{ii}^2}   \right] \\ \\

 \left[{\cal Q}_{\left[\left[{\tilde a}^c\right]_{\rho}\right]_k}\right]_{\ell}

 & = &  (1-m_k)

                  \left[

                  \ds{ \left[\left[g_{kk}\right]_{\rho}\right]_{\ell} \over g_{kk}} -

                  \ds{ \left[g_{kk}\right]_{\rho} \left[g_{kk}\right]_{\ell} \over g_{kk}^2}

                  \right] -

                    (1-m_{\ell})\ds{ [g_{\ell\ell}]_{\rho}{\cal Q}_{[g_{\ell\ell}]_k} \over g_{\ell\ell}^2}-

  \\ \\ & &

                \ds{\sum_i}x_i (1-m_i)

                \left[

                \ds{  \left[\left[g_{ii}\right]_{\rho}\right]_{\ell}{\cal Q}_{ \left[g_{ii}\right]_k} +

                            \left[g_{ii}\right]_{\rho}\left[{\cal Q}_{ \left[g_{ii}\right]_k}\right]_{\ell}

                     \over g_{ii}^2

                   } - \ds{ 2[g_{ii}]_{\rho}{\cal Q}_{ \left[g_{ii}\right]_k } [g_{ii}]_{\ell}\over g_{ii}^3}\right] +

 \\ \\ & &

    (1-m_{\ell})\ds{ {\cal Q}_{ \left[\left[g_{\ell\ell}\right]_{\rho}\right]_k } \over g_{\ell\ell}} +

   \ds{\sum_i}x_i (1-m_i)\left[

      \ds{ \left[ {\cal Q}_{ \left[\left[g_{ii}\right]_{\rho}\right]_k } \right]_{\ell}  \over g_{ii}}-

      \ds{ {\cal Q}_{ \left[\left[g_{ii}\right]_{\rho}\right]_k } [g_{ii}]_{\ell}  \over g_{ii}^2}

      \right]

  \end{array}

  \right.

\]

\newpage

\centerline{\sf 3. Dispersion Term: Density Converity Analysis}

\noindent{\sf Step 3.1  Solve Density Jacobian from EOS}

\[\footnotesize

\begin{array}{rcl}

\left[\left[ \tilde{a}^d \right]_{\rho}\right]_k & = &

\left[ N_oDE \ds{\sum_i\sum_j}\ds{ jD_{ij} \over \tau^j}G^i\zeta^{j-1}\right]_k  \\ \\

& = &

N_o

\left[ (\left[D\right]_kE +D\left[E\right]_k) \ds{\sum_i\sum_j}\ds{ jD_{ij} \over \tau^j}G^i\zeta^{j-1} +

       DE\left[G\right]_k\ds{\sum_i\sum_j}\ds{ ijD_{ij} \over \tau^j}G^{i-1}\zeta^{j-1} +

\right. \\ \\ & & \left.

       N_oDE\ds{\sum_i\sum_j}\ds{j(j-1)D_{ij}\over \tau^j}G^i\zeta^{j-2}(\left[\rho\right]_k D+ \rho \left[D\right]_k)

\right] \\ \\

& = &

 \left(N_o^2D^2E \ds{\sum_i\sum_j}\ds{ j(j-1)D_{ij} \over \tau^j}G^{i}\zeta^{j-2}\right)

         \left[\rho\right]_k +

\\ \\ & &

N_o

\left[ (D\left[E\right]_k+\left[D\right]_kE) \ds{\sum_i\sum_j}\ds{ jD_{ij}\over \tau^j}G^i\zeta^{j-1} +

       DE\left[G\right]_k \ds{\sum_i\sum_j}\ds{ ijD_{ij} \over \tau^j}G^{i-1}\zeta^{j-1} +

\right. \\ \\ & & \left.

        N_o\left[D\right]_k\rho DE \ds{\sum_i\sum_j}\ds{ j(j-1)D_{ij} \over \tau^j}G^{i}\zeta^{j-2}

\right]

\\ \\ & = & {\cal P}_{\left[\left[{\tilde a}^d\right]_{\rho}\right]_k}\left[\rho\right]_k  +

            {\cal Q}_{\left[\left[{\tilde a}^d\right]_{\rho}\right]_k}

\end{array}

\]

\[\footnotesize

   \left\{

   \begin{array}{rcl}

       {\cal P}_{\left[\left[{\tilde a}^d\right]_{\rho}\right]_k} & = &

   N_o^2D^2E \ds{\sum_i\sum_j}\ds{ j(j-1)D_{ij} \over \tau^j}G^{i}\zeta^{j-2}\\ \\

  {\cal Q}_{\left[\left[{\tilde a}^d\right]_{\rho}\right]_k} & = & N_o

\left[ (D\left[E\right]_k+\left[D\right]_kE) \ds{\sum_i\sum_j}\ds{ jD_{ij}\over \tau^j}G^i\zeta^{j-1} +

       DE\left[G\right]_k \ds{\sum_i\sum_j}\ds{ ijD_{ij} \over \tau^j}G^{i-1}\zeta^{j-1} +

\right. \\ \\ & & \left.

        N_o\left[D\right]_k\rho DE \ds{\sum_i\sum_j}\ds{ j(j-1)D_{ij} \over \tau^j}G^{i}\zeta^{j-2}

\right]

   \end{array}

  \right.

\]

\noindent{\sf Step 3.2: Solve Density Hessian from EOS}

\[\footnotesize

  \begin{array}{rcl}

    \left[ \left[\left[ \tilde{a}^d \right]_{\rho}\right]_k  \right]_{\ell}

        & = &  {\cal P}_{\left[\left[{\tilde a}^d\right]_{\rho}\right]_k}

 \left[\left[\rho\right]_k\right]_{\ell}  +

 \left[{\cal P}_{\left[\left[{\tilde a}^d\right]_{\rho}\right]_k}\right]_{\ell}\left[\rho\right]_k +

 \left[{\cal Q}_{\left[\left[{\tilde a}^d\right]_{\rho}\right]_k}\right]_{\ell} \\ \\

        & = &

{\cal P}_{\left[ \left[\left[ \tilde{a}^d \right]_{\rho}\right]_k  \right]_{\ell}}\left[\left[\rho\right]_k\right]_{\ell}+

{\cal Q}_{\left[ \left[\left[ \tilde{a}^d \right]_{\rho}\right]_k  \right]_{\ell}}

   \end{array}

\]

\noindent with

\[\footnotesize

   \left\{

   \begin{array}{rcl}

      {\cal P}_{\left[ \left[\left[ \tilde{a}^d \right]_{\rho}\right]_k \right]_{\ell}}  & = &

      {\cal P}_{\left[\left[{\tilde a}^d\right]_{\rho}\right]_k}  \\ \\

      {\cal Q}_{\left[ \left[\left[ \tilde{a}^d \right]_{\rho}\right]_k  \right]_{\ell}} & = &

       \left[{\cal P}_{\left[\left[{\tilde a}^d\right]_{\rho}\right]_k}\right]_{\ell}\left[\rho\right]_k +

       \left[{\cal Q}_{\left[\left[{\tilde a}^d\right]_{\rho}\right]_k}\right]_{\ell}

   \end{array}

   \right.

\]

\[\footnotesize

   \left\{

   \begin{array}{rcl}

    \left[{\cal P}_{\left[\left[{\tilde a}^d\right]_{\rho}\right]_k}\right]_{\ell}

  & = &

    N_o^2

   \left[

        \left(2\left[D\right]_{\ell}DE+ D^2\left[E\right]_{\ell}\right)

        \ds{\sum_i\sum_j}\ds{ j(j-1)D_{ij} \over \tau^j}G^{i}\zeta^{j-2} +

  \right. \\ \\ & & \left.

         D^2E \ds{\sum_i\sum_j}\ds{ j(j-1)D_{ij} \over  \tau^j}

         \left(iG^{i-1}\left[G\right]_{\ell}\zeta^{j-2} +N_o(j-2)G^{i}\zeta^{j-3}

         (\left[\rho\right]_{\ell}D + \rho \left[D\right]_{\ell} \right)

    \right]

\\ \\

 \left[{\cal Q}_{\left[\left[{\tilde a}^d\right]_{\rho}\right]_k}\right]_{\ell}

    & = &

N_o

\left[ (\left[D\right]_{\ell}\left[E\right]_k + \left[D\right]_k\left[E\right]_{\ell})

\ds{\sum_i\sum_j}\ds{jD_{ij} \over \tau^j} G^i\zeta^{j-1}+

\right. \\ \\ & & \left.

(D\left[E\right]_k + \left[D\right]_kE)

\ds{\sum_i\sum_j}

\ds{ jD_{ij} \over \tau^j}

\left[iG^{i-1}\left[G\right]_{\ell}\zeta^{j-1} + N_o(j-1)G^i\zeta^{j-2}

\left( \left[\rho\right]_{\ell} D + \rho \left[D\right]_{\ell} \right) \right]

        \right. \\ \\ & & \left.

\left(

\left[D\right]_{\ell}E\left[G\right]_k+ D\left[E\right]_{\ell}\left[G\right]_k +DE\left[\left[G\right]_k\right]_{\ell}

\right)

\ds{\sum_i\sum_j}\ds{ ijD_{ij} \over \tau^j} G^{i-1}\zeta^{j-1} +

        \right. \\ \\ & & \left.

       DE\left[G\right]_k\ds{\sum_i\sum_j}\ds{ ijD_{ij} \over \tau^j}

       \left[

             (i-1)G^{i-2}\left[G\right]_{\ell}\zeta^{j-1} +

              N_o(j-1)G^{i-1}\zeta^{j-2}\left(\left[\rho\right]_{\ell} D + \rho \left[D\right]_{\ell} \right)

       \right]

            + \right. \\ \\ & & \left.

  N_o \left[D\right]_k\left[

 \left(\left[\rho\right]_{\ell}DE+ \rho\left[D\right]_{\ell}E + \rho D\left[E\right]_{\ell}\right) \ds{\sum_i\sum_j}

 \ds{ j(j-1)D_{ij} \over \tau^j}G^{i}\zeta^{j-2}+

       \right.   \right. \\ \\ & & \left.\left.

        \rho DE\ds{\sum_i\sum_j}\ds{ j(j-1)D_{ij} \over \tau^j}

         \left( i G^{i-1}\left[G\right]_{\ell}\zeta^{j-2} +N_o(j-2)G^i\zeta^{j-3}

         \left(\left[\rho\right]_{\ell}D + \rho \left[D\right]_{\ell} \right)

         \right)

      \right]

\right]

   \end{array}

\right.

\]

\[\footnotesize

  \left\{

  \begin{array}{rcl}

     \left[G\right]_k & = &\ds{ 2\ds{\sum_j}x_jm_km_j\left(\ds{u_{kj} \over kT}\right)(v^o)_{kj} -

                2G\ds{\sum_j}x_jm_km_j(v^o)_{kj} \over \ds{\sum_i \sum_j} x_ix_jm_im_j(v^0)_{ij}} \\ \\

 \left[\left[G\right]_k\right]_{\ell} & = &\ds{ 2m_km_{\ell}\left(\ds{u_{k{\ell}} \over kT}-G\right)(v^o)_{k{\ell}}       -2\left[G\right]_{\ell}\ds{\sum_j}x_jm_km_j(v^o)_{kj}

                  \over \ds{\sum_i \sum_j} x_ix_jm_im_j(v^0)_{ij} } - \\ \\ & &

 \ds{  \left(2\ds{\sum_j}x_jm_km_j\left(\ds{u_{kj} \over kT}\right)(v^o)_{kj} -

                2G\ds{\sum_j}x_jm_km_j(v^o)_{kj}\right)\left( 2\ds{\sum_j} x_jm_{\ell}m_j(v^0)_{{\ell}j}\right)

    \over

 \left(\ds{\sum_i \sum_j} x_ix_jm_im_j(v^0)_{ij}\right)^2 }

  \end{array}

  \right.

\]

\newpage

\centerline{\sf 4. Associating Term: Density Convexity Analysis}

\centerline{ \sf Step 4.1 : Solve Density Jacobian from EOS}

\[\footnotesize

  \begin{array}{rcl}

  \left[ \left[ \tilde{a}^a \right]_{\rho}\right]_k & = &

   \left[\ds{\sum_i}x_i\left(\ds{\sum_{\alpha_i}}\left[\ds{1 \over X^{\alpha_i}} - \ds{ 1 \over 2} \right][X^{\alpha_i}]_{\rho} \right)   \right]_k \\ \\

 &= & \ds{\sum_{\alpha_k}}\left[\ds{1 \over X^{\alpha_k}} - \ds{ 1 \over 2} \right][X^{\alpha_k}]_{\rho} -

\ds{\sum_i}x_i\left[\ds{\sum_{\alpha_i}}\ds{[X^{\alpha_i}]_{\rho} \over \left(X^{\alpha_i}\right)^2} \left[X^{\alpha_i}\right]_k \right]+

\ds{\sum_i}x_i\left[\ds{\sum_{\alpha_i}}\left[\ds{1 \over X^{\alpha_i}} - \ds{ 1 \over 2} \right]

\left[\left[X^{\alpha_i}\right]_{\rho}\right]_k\right] \\ \\

\end{array}

\]

\noindent Solve $\left[X^{\alpha_i}\right]_k$, $\left[\left[X^{\alpha_i}\right]_{\rho}\right]_k$.

\newpage

{\centerline{\underline{{\sf Step 4.1 Solve  $\left[X^{\alpha_i}\right]_k$ }}}

\noindent Recall

\[\footnotesize

  \begin{array}{rcl}

    \left[X^{\alpha_i}\right]_k & = & -N_A\left(X^{\alpha_i}\right)^2\left[

                      \left[\rho\right]]_k\ds{\sum_j\sum_{\beta_j}}x_jX^{\beta_j}

                          \Delta^{\alpha_i\beta_j} +

                       \rho \ds{\sum_{\beta_k}}X^{\beta_k}\Delta^{\alpha_i\beta_k} +

                       \rho \ds{\sum_j\sum_{\beta_j}}x_j[X^{\beta_j}]_k\Delta^{\alpha_i\beta_j} + \right.\\ \\&& \left.

                       \rho \ds{\sum_j\sum_{\beta_j}}x_jX^{\beta_j}[\Delta^{\alpha_i\beta_j}]_k \right] \\ \\

        & = &-{\cal X}^{\alpha_i}\left[\left[\rho\right]_k\ds{\sum_j\sum_{\beta_j}}x_jX^{\beta_j}

                          \Delta^{\alpha_i\beta_j} +

                       \rho \ds{\sum_{\beta_k}}X^{\beta_k}\Delta^{\alpha_i\beta_k} +

                       \rho \ds{\sum_j\sum_{\beta_j}}x_j[X^{\beta_j}]_k\Delta^{\alpha_i\beta_j} + %\right.\\ \\&& \left.

                       \rho \ds{\sum_j\sum_{\beta_j}}x_jX^{\beta_j}[\Delta^{\alpha_i\beta_j}]_k \right] \\ \\

  \end{array}

\]

\noindent \noindent Let

\[\footnotesize

   \begin{array}{rcl}

       {\cal X}^{\alpha_i} & = & N_A\left(X^{\alpha_i}\right)^2 \\ \\

   \end{array}

\]

Rearranging, we have

\[\footnotesize

  \begin{array}{rcl}

\left[X^{\alpha_i}\right]_k

   & + &

 {\cal X}^{\alpha_i}\rho \ds{\sum_j\sum_{\beta_j}}x_j\left[X^{\beta_j}\right]_k \Delta^{\alpha_i\beta_j} \\ \\

& = & -{\cal X}^{\alpha_i}\left[\rho\right]_k\ds{\sum_j\sum_{\beta_j}}x_jX^{\beta_j}\Delta^{\alpha_i\beta_j}

        -{\cal X}^{\alpha_i}\rho \ds{\sum_{\beta_k}}X^{\beta_k}\Delta^{\alpha_i\beta_k}

         -{\cal X}^{\alpha_i} \rho \ds{\sum_j\sum_{\beta_j}}x_jX^{\beta_j}

           \left({\cal P}_{\left[\Delta^{\alpha_i\beta_j}\right]_k} \left[\rho\right]_k +

                 {\cal Q}_{\left[\Delta^{\alpha_i\beta_j}\right]_k}\right) \\

   & = &  -{\cal X}^{\alpha_i}\left(\ds{\sum_j\sum_{\beta_j}}x_jX^{\beta_j}\Delta^{\alpha_i\beta_j} +

             \rho \ds{\sum_j\sum_{\beta_j}}x_jX^{\beta_j}

           {\cal P}_{\left[\Delta^{\alpha_i\beta_j}\right]_k}\right)\left[\rho\right]_k- \\ \\

                       &&

         {\cal X}^{\alpha_i}\rho\left(\ds{\sum_{\beta_k}}X^{\beta_k}\Delta^{\alpha_i\beta_k}   +                                                   \ds{\sum_j\sum_{\beta_j}}x_jX^{\beta_j}

                             {\cal Q}_{\left[\Delta_{\alpha_i\beta_j}\right]_k}\right)

      \\ \\ & = & {\tilde {\cal P}}_{\left[X^{\alpha_i}\right]_k}\left[\rho\right]_k +

                  {\tilde {\cal Q}}_{\left[X^{\alpha_i}\right]_k}

  \end{array}

\]

where

\[\footnotesize

    \left\{

   \begin{array}{rcl}

        {\tilde {\cal P}}_{\left[X^{\alpha_i}\right]_k}

                   & = &  -{\cal X}^{\alpha_i} \left(

                      \ds{\sum_j\sum_{\beta_j}}x_jX^{\beta_j}\Delta^{\alpha_i\beta_j}+

                      \rho\ds{\sum_j\sum_{\beta_j}}x_j X^{\beta_j}

                      {\cal P}_{\left[\Delta^{\alpha_i\beta_j}\right]_k} \right)\\ \\

         {\tilde {\cal Q}}_{\left[X^{\alpha_i}\right]_k} & = &

                -{\cal X}^{\alpha_i}\rho\left(\ds{\sum_{\beta_k}}X^{\beta_k}\Delta^{\alpha_i\beta_k}   +                                                   \ds{\sum_j\sum_{\beta_j}}x_jX^{\beta_j}

                             {\cal Q}_{\left[\Delta^{\alpha_i\beta_j}\right]_k}\right)

   \end{array}

   \right.

\]

\noindent For all association sites $A_1, B1, \cdots, A_2, B_2, \cdots$, we derive the matrix expression for the

above equation

\[\footnotesize

\begin{array}{ll}

   \left[

          \begin{array}{rrrrrr}

           1 +  x_1 \rho{\cal X}^{A_1}\Delta^{A_1A_1} &

                x_1 \rho{\cal X}^{A_1}\Delta^{A_1B_1} &

                          \cdots                                   &

                x_2 \rho{\cal X}^{A_1}\Delta^{A_1A_2} &

                x_2 \rho{\cal X}^{A_1} \Delta^{A_1B_2} &

                          \cdots \\ \\

                x_1 \rho{\cal X}^{B_1}\Delta^{B_1A_1} &

            1+  x_1 \rho{\cal X}^{B_1}\Delta^{B_1B_1} &

                          \cdots                                   &

                x_2 \rho{\cal X}^{B_1}\Delta^{B_1A_2} &

                x_2 \rho{\cal X}^{B_1}\Delta^{B_1B_2} &

                          \cdots \\ \\

                     \vdots & \vdots &\vdots  & \vdots & \vdots & \vdots \\ \\

                 x_1 \rho{\cal X}^{A_2}\Delta^{A_2A_1} &

                x_1 \rho{\cal X}^{A_2}\Delta^{A_2B_1} &

                          \cdots                                   &

           1+   x_2 \rho{\cal X}^{A_2}\Delta^{A_2A_2} &

                x_2 \rho{\cal X}^{A_2}\Delta^{A_2B_2} &

                          \cdots \\ \\

                x_1 \rho{\cal X}^{B_2}\Delta^{B_2A_1} &

                x_1 \rho{\cal X}^{B_2}\Delta^{B_2B_1} &

                          \cdots                                   &

                x_2 \rho{\cal X}^{B_2}\Delta^{B_2A_2} &

           1+   x_2 \rho{\cal X}^{B_2}\Delta^{B_2B_2} &

                          \cdots \\ \\

  \vdots & \vdots &\vdots  & \vdots & \vdots & \vdots

          \end{array}

   \right]

   \left[

          \begin{array}{c}

            \left[X^{A_1}\right]_k \\ \\

            \left[X^{B_1}\right]_k \\ \\

                    \vdots \\

            \left[X^{A_2}\right]_k\\ \\

            \left[X^{B_2}\right]_k \\ \\

                    \vdots

          \end{array}

    \right] \\ \\ =

     \left[

            \begin{array}{c}

            {\tilde {\cal P}}_{\left[X^{A_1}\right]_k} \\ \\

            {\tilde {\cal P}}_{\left[X^{B_1}\right]_k} \\ \\

              \vdots               \\ \\

            {\tilde {\cal P}}_{\left[X^{A_2}\right]_k} \\ \\

            {\tilde {\cal P}}_{\left[X^{B_2}\right]_k} \\ \\

              \vdots

            \end{array}

      \right]\left[\rho\right]_k +

     \left[

            \begin{array}{c}

               {\tilde {\cal Q}}_{\left[X^{A_1}\right]_k}  \\ \\

               {\tilde {\cal Q}}_{\left[X^{B_1}\right]_k} \\ \\

                   \vdots \\

               {\tilde {\cal Q}}_{\left[X^{A_2}\right]_k} \\ \\

               {\tilde {\cal Q}}_{\left[X^{B_2}\right]_k}  \\ \\

                   \vdots

             \end{array}

      \right]

\end{array}

\]

\noindent Let

\[\footnotesize

   \begin{array}{rcl}

        {\sf A} & = &

   \left[

          \begin{array}{rrrrrr}

           1 +  x_1 \rho{\cal X}^{A_1}\Delta^{A_1A_1} &

                x_1 \rho{\cal X}^{A_1}\Delta^{A_1B_1} &

                          \cdots                                   &

                x_2 \rho{\cal X}^{A_1}\Delta^{A_1A_2} &

                x_2 \rho{\cal X}^{A_1} \Delta^{A_1B_2} &

                          \cdots \\ \\

                x_1 \rho{\cal X}^{B_1}\Delta^{B_1A_1} &

            1+  x_1 \rho{\cal X}^{B_1}\Delta^{B_1B_1} &

                          \cdots                                   &

                x_2 \rho{\cal X}^{B_1}\Delta^{B_1A_2} &

                x_2 \rho{\cal X}^{B_1}\Delta^{B_1B_2} &

                          \cdots \\ \\

                     \vdots & \vdots &\vdots  & \vdots & \vdots & \vdots \\ \\

                 x_1 \rho{\cal X}^{A_2}\Delta^{A_2A_1} &

                x_1 \rho{\cal X}^{A_2}\Delta^{A_2B_1} &

                          \cdots                                   &

           1+   x_2 \rho{\cal X}^{A_2}\Delta^{A_2A_2} &

                x_2 \rho{\cal X}^{A_2}\Delta^{A_2B_2} &

                          \cdots \\ \\

                x_1 \rho{\cal X}^{B_2}\Delta^{B_2A_1} &

                x_1 \rho{\cal X}^{B_2}\Delta^{B_2B_1} &

                          \cdots                                   &

                x_2 \rho{\cal X}^{B_2}\Delta^{B_2A_2} &

           1+   x_2 \rho{\cal X}^{B_2}\Delta^{B_2B_2} &

                          \cdots \\ \\

  \vdots & \vdots &\vdots  & \vdots & \vdots & \vdots

          \end{array}

   \right]

  \end{array}

\]

\[\footnotesize

   \begin{array}{rclrclrcl}

    {\sf x}_1 & =& \left[

                          \begin{array}{c}

                            \left[X^{A_1}\right]_k \\ \\

                            \left[X^{B_1}\right]_k \\ \\

                                   \vdots \\ \\

                            \left[X^{A_2}\right]_k \\ \\

                            \left[X^{B_2}\right]_k \\ \\

                                  \vdots

                          \end{array}

                    \right]

~~~~~~    {\sf b}_1 & = &

                      \left[

            \begin{array}{c}

            {\tilde {\cal P}}_{\left[X^{A_1}\right]_k} \\ \\

            {\tilde {\cal P}}_{\left[X^{B_1}\right]_k} \\ \\

              \vdots               \\ \\

            {\tilde {\cal P}}_{\left[X^{A_2}\right]_k} \\ \\

            {\tilde {\cal P}}_{\left[X^{B_2}\right]_k} \\ \\

              \vdots

            \end{array}

      \right]

~~~~~~     {\sf c}_1 & = &

     \left[

            \begin{array}{c}

               {\tilde {\cal Q}}_{\left[X^{A_1}\right]_k}\\ \\

               {\tilde {\cal Q}}_{\left[X^{B_1}\right]_k}  \\ \\

                   \vdots \\  \\

               {\tilde {\cal Q}}_{\left[X^{A_2}\right]_k} \\ \\

               {\tilde {\cal Q}}_{\left[X^{B_2}\right]_k} \\ \\

                   \vdots

             \end{array}

      \right]

    \end{array}

\]

\noindent It leads to

\[\footnotesize

   \begin{array}{rcl}

       {\sf A}{\sf x}_1 = {\sf b}_1\left[\rho\right]_k + {\sf c}_1 \\ \\

              {\sf x}_1 = {\sf A}^{-1}{\sf b}_1\left[\rho\right]_k + {\sf A}^{-1}{\sf c}_1

    \end{array}

\]

\noindent Then for $\left[X^{\alpha_i}\right]_k \in {\sf x}_1$, it turns out

\[\footnotesize

   \begin{array}{rcl}

      \left[X^{\alpha_i}\right]_k & = &

                 {\cal P}_{\left[X^{\alpha_i}\right]_k} \left[\rho\right]_k +

                 {\cal Q}_{\left[X^{\alpha_i}\right]_k}

      \end{array}

\]

where

${\cal P}_{\left[X^{\alpha_i}\right]_k}  \in {\sf A}^{-1}{\sf b}_1$ and

${\cal Q}_{\left[X^{\alpha_i}\right]_k}  \in {\sf A}^{-1}{\sf c}_1$.

\newpage

\centerline{\underline{\sf Step 4.1.2 Solve  $\left[\left[X^{\alpha_i}\right]_{\rho}\right]_k$ }}

\[\footnotesize

  \begin{array}{rcl}

\left[\left[X^{\alpha_i}\right]_{\rho}\right]_k &=& -N_A\left[\left(X^{\alpha_i}\right)^2

\left[ \ds{\sum_j \sum_{\beta_j}}x_jX^{\beta_j}\Delta^{\alpha_i\beta_j} +

 \rho \ds{\sum_j \sum_{\beta_j}}x_j[X^{\beta_j}]_{\rho}\Delta^{\alpha_i\beta_j} +

 \rho \ds{\sum_j \sum_{\beta_j}}x_jX^{\beta_j}\left[\Delta^{\alpha_i\beta_j}\right]_{\rho}\right] \right]_k \\ \\

&=& -N_A\left[ 2X^{\alpha_i}[X^{\alpha_i}]_k\left[ \ds{\sum_j \sum_{\beta_j}}x_jX^{\beta_j}

\Delta^{\alpha_i\beta_j} +  \rho \ds{\sum_j \sum_{\beta_j}}x_j[X^{\beta_j}]_{\rho}\Delta^{\alpha_i\beta_j}

+\rho \ds{\sum_j \sum_{\beta_j}}x_jX^{\beta_j}\left[\Delta^{\alpha_i\beta_j}\right]_{\rho}\right] +\right. \\ \\

& & \left. \left(X^{\alpha_i}\right)^2\left(\left[

\ds{\sum_{\beta_k}}X^{\beta_k}\Delta^{\alpha_i\beta_k}+

\ds{\sum_j \sum_{\beta_j}}x_j[X^{\beta_j}]_k\Delta^{\alpha_i\beta_j} +

 \ds{\sum_j \sum_{\beta_j}}x_jX^{\beta_j}[\Delta^{\alpha_i\beta_j}]_k

\right] +

\right. \right. \\ \\& & \left.\left.

\left[\rho\right]_k \ds{\sum_j \sum_{\beta_j}}x_j[X^{\beta_j}]_{\rho}\Delta^{\alpha_i\beta_j} +

 \right.\right.\\ & & \left. \left.

\rho \left[ \ds{\sum_{\beta_k}} [X^{\beta_k}]_{\rho}\Delta^{\alpha_i\beta_k} +

\ds{\sum_j\sum_{\beta_j}}x_j[[X^{\beta_j}]_{\rho}]_k\Delta^{\alpha_i\beta_j}+

\ds{\sum_j\sum_{\beta_j}}x_j[X^{\beta_j}]_{\rho}[\Delta^{\alpha_i\beta_j}]_k \right] +\right. \right.\\ \\

& & \left.\left. \left[\rho\right]_k \ds{\sum_j \sum_{\beta_j}}x_jX^{\beta_j}

\left[\Delta^{\alpha_i\beta_j}\right]_{\rho} + \right.\right.\\ \\

& & \left.\left.

 \rho \left[ \ds{\sum_{\beta_k}}X^{\beta_k}\left[\Delta^{\alpha_i\beta_k}\right]_{\rho}  +

            \ds{\sum_j \sum_{\beta_j}}x_j[X^{\beta_j}]_k\left[\Delta^{\alpha_i\beta_j}\right]_{\rho}+

            \ds{\sum_j \sum_{\beta_j}}x_jX^{\beta_j}\left[\left[\Delta^{\alpha_i\beta_j}\right]_{\rho}\right]_k

     \right]      \right)\right]

\end{array}

\]

\[ \footnotesize

   \begin{array}{ll}

\left[\left[X^{\alpha_i}\right]_{\rho}\right]_k  +

    {\cal X}^{\alpha_i}\rho\ds{\sum_j\sum_{\beta_j}}x_j\left[\left[X^{\beta_j}\right]_{\rho}\right]_k

\Delta^{\alpha_i\beta_j} =

& \\ \\

 -2N_AX^{\alpha_i}\left[ \ds{\sum_j \sum_{\beta_j}}x_jX^{\beta_j}

\Delta^{\alpha_i\beta_j} +  \rho \ds{\sum_j \sum_{\beta_j}}x_j[X^{\beta_j}]_{\rho}\Delta^{\alpha_i\beta_j}

+\rho \ds{\sum_j \sum_{\beta_j}}x_jX^{\beta_j}\left[\Delta^{\alpha_i\beta_j}\right]_{\rho}\right]

\left( {\cal P}_{\left[X^{\alpha_i}\right]_k} \left[\rho\right]_k + {\cal Q}_{\left[X^{\alpha_i}\right]_k} \right)

& \\ \\

-{\cal X}^{\alpha_i}\ds{\sum_{\beta_k}}X^{\beta_k}\Delta^{\alpha_i\beta_k}

%\\ \\ & &

-{\cal X}^{\alpha_i}\ds{\sum_j \sum_{\beta_j}}x_j\Delta^{\alpha_i\beta_j}

\left( {\cal P}_{\left[X^{\beta_j}\right]_k [\rho]_k} + {\cal Q}_{\left[X^{\beta_j}\right]_k} \right)

&  \\ \\

-{\cal X}^{\alpha_i}\ds{\sum_j \sum_{\beta_j}}x_jX^{\beta_j}

\left( {\cal P}_{[\Delta^{\alpha_i\beta_j}]_k}[\rho]_k + {\cal Q}_{[\Delta^{\alpha_i\beta_j}]_k} \right)

&\\ \\

-{\cal X}^{\alpha_i}

\left[

      \ds{\sum_j \sum_{\beta_j}}x_j[X^{\beta_j}]_{\rho}\Delta^{\alpha_i\beta_j}+

      \ds{\sum_j \sum_{\beta_j}}x_jX^{\beta_j}\left[\Delta^{\alpha_i\beta_j}\right]_{\rho}

\right]\left[\rho\right]_k

& \\ \\

-{\cal X}^{\alpha_i}\rho \ds{\sum_{\beta_k}} [X^{\beta_k}]_{\rho}\Delta^{\alpha_i\beta_k}

-{\cal X}^{\alpha_i}\rho \ds{\sum_j\sum_{\beta_j}}x_j[X^{\beta_j}]_{\rho}

\left({\cal P}_{[\Delta^{\alpha_i\beta_j}]_k}\left[\rho\right]_k +{\cal Q}_{[\Delta^{\alpha_i\beta_j}]_k} \right)

& \\ \\

-{\cal X}^{\alpha_i}\rho  \ds{\sum_{\beta_k}}X^{\beta_k}\left[\Delta^{\alpha_i\beta_k}\right]_{\rho}

& \\ \\

-{\cal X}^{\alpha_i} \rho

 \ds{\sum_j \sum_{\beta_j}}x_j\left[\Delta^{\alpha_i\beta_j}\right]_{\rho}

\left( {\cal P}_{\left[X^{\beta_j}\right]_k} \left[\rho\right]_k + {\cal Q}_{\left[X^{\beta_j}\right]_k} \right)

& \\ \\

-{\cal X}^{\alpha_i} \rho

 \ds{\sum_j \sum_{\beta_j}}x_jX^{\beta_j}

 \left(

     {\cal P}_{\left[\left[\Delta^{\alpha_i\beta_j}\right]_{\rho}\right]_k}\left[\rho\right]_k +

     {\cal Q}_{\left[\left[\Delta^{\alpha_i\beta_j}\right]_{\rho}\right]_k}

 \right)

\end{array}

\]

\[

\footnotesize

\begin{array}{rcl}

\left[\left[X^{\alpha_i}\right]_{\rho}\right]_k  +

{\cal X}^{\alpha_i}\rho\ds{\sum_j\sum_{\beta_j}}x_j\left[\left[X^{\beta_j}\right]_{\rho}\right]_k

\Delta^{\alpha_i\beta_j}

&=&

{\tilde{\cal P}}_{\left[\left[X^{\alpha_i}\right]_{\rho}\right]_k} \left[\rho\right]_k +

{\tilde{\cal Q}}_{\left[\left[X^{\alpha_i}\right]_{\rho}\right]_k}

\end{array}

\]

\[\footnotesize

 \left\{

 \begin{array}{rcl}

{\tilde {\cal P}}_{\left[\left[X^{\alpha_i}\right]_{\rho}\right]_k}  & = &

 -2N_AX^{\alpha_i}\left[ \ds{\sum_j \sum_{\beta_j}}x_jX^{\beta_j}

\Delta^{\alpha_i\beta_j} +  \rho \ds{\sum_j \sum_{\beta_j}}x_j[X^{\beta_j}]_{\rho}\Delta^{\alpha_i\beta_j}

+\rho \ds{\sum_j \sum_{\beta_j}}x_jX^{\beta_j}\left[\Delta^{\alpha_i\beta_j}\right]_{\rho}\right]

 {\cal P}_{\left[X^{\alpha_i}\right]_k} -

 \\ \\  & &

{\cal X}^{\alpha_i}\ds{\sum_j \sum_{\beta_j}}x_j\Delta^{\alpha_i\beta_j}

{\cal P}_{\left[X^{\beta_j}\right]_k} -

{\cal X}^{\alpha_i}\ds{\sum_j \sum_{\beta_j}}x_jX^{\beta_j}{\cal P}_{[\Delta^{\alpha_i\beta_j}]_k}-

 \\ \\ & &

{\cal X}^{\alpha_i}

\left(

      \ds{\sum_j \sum_{\beta_j}}x_j[X^{\beta_j}]_{\rho}\Delta^{\alpha_i\beta_j}+

      \ds{\sum_j \sum_{\beta_j}}x_jX^{\beta_j}\left[\Delta^{\alpha_i\beta_j}\right]_{\rho}

\right) -

\\ \\ & &

{\cal X}^{\alpha_i}\rho \ds{\sum_j\sum_{\beta_j}}x_j[X^{\beta_j}]_{\rho}

{\cal P}_{[\Delta^{\alpha_i\beta_j}]_k}-

{\cal X}^{\alpha_i} \rho

 \ds{\sum_j \sum_{\beta_j}}x_j\left[\Delta^{\alpha_i\beta_j}\right]_{\rho}

 {\cal P}_{\left[X^{\beta_j}\right]_k} -

{\cal X}^{\alpha_i} \rho \ds{\sum_j \sum_{\beta_j}}x_jX^{\beta_j}

     {\cal P}_{\left[\left[\Delta^{\alpha_i\beta_j}\right]_{\rho}\right]_k} \\ \\

{\tilde{\cal Q}}_{\left[\left[X^{\alpha_i}\right]_{\rho}\right]_k} &  = &

 -2N_AX^{\alpha_i}\left[ \ds{\sum_j \sum_{\beta_j}}x_jX^{\beta_j}

\Delta^{\alpha_i\beta_j} +  \rho \ds{\sum_j \sum_{\beta_j}}x_j[X^{\beta_j}]_{\rho}\Delta^{\alpha_i\beta_j}

+\rho \ds{\sum_j \sum_{\beta_j}}x_jX^{\beta_j}\left[\Delta^{\alpha_i\beta_j}\right]_{\rho}\right]

 {\cal Q}_{\left[X^{\alpha_i}\right]_k} -

\\ \\ & &

{\cal X}^{\alpha_i}\ds{\sum_{\beta_k}}X^{\beta_k}\Delta^{\alpha_i\beta_k}-

{\cal X}^{\alpha_i}\ds{\sum_j \sum_{\beta_j}}x_j\Delta^{\alpha_i\beta_j}

{\cal Q}_{\left[X^{\beta_j}\right]_k} -

{\cal X}^{\alpha_i}\ds{\sum_j \sum_{\beta_j}}x_jX^{\beta_j}

{\cal Q}_{[\Delta^{\alpha_i\beta_j}]_k} -

\\ \\ & &

{\cal X}^{\alpha_i}\rho \ds{\sum_{\beta_k}} [X^{\beta_k}]_{\rho}\Delta^{\alpha_i\beta_k}-

{\cal X}^{\alpha_i}\rho \ds{\sum_j\sum_{\beta_j}}x_j[X^{\beta_j}]_{\rho}

{\cal Q}_{[\Delta^{\alpha_i\beta_j}]_k} -

{\cal X}^{\alpha_i}\rho  \ds{\sum_{\beta_k}}X^{\beta_k}\left[\Delta^{\alpha_i\beta_k}\right]_{\rho}-

\\ \\  & &

{\cal X}^{\alpha_i} \rho

 \ds{\sum_j \sum_{\beta_j}}x_j\left[\Delta^{\alpha_i\beta_j}\right]_{\rho}

 {\cal Q}_{\left[X^{\beta_j}\right]_k} -

{\cal X}^{\alpha_i} \rho

 \ds{\sum_j \sum_{\beta_j}}x_jX^{\beta_j}{\cal Q}_{\left[\left[\Delta^{\alpha_i\beta_j}\right]_{\rho}\right]_k}

\end{array}

\right.

\]

\noindent For all association sites $A_1,B_1,\cdots, A_2,B_2, \cdots$, we have the matrix form for the above equation

\[ \footnotesize

\begin{array}{ll}

\left[

          \begin{array}{rrrrrr}

           1 +  x_1 \rho{\cal X}^{A_1}\Delta^{A_1A_1} &

                x_1 \rho{\cal X}^{A_1}\Delta^{A_1B_1} &

                          \cdots                                   &

                x_2 \rho{\cal X}^{A_1}\Delta^{A_1A_2} &

                x_2 \rho{\cal X}^{A_1} \Delta^{A_1B_2} &

                          \cdots \\ \\

                x_1 \rho{\cal X}^{B_1}\Delta^{B_1A_1} &

            1+  x_1 \rho{\cal X}^{B_1}\Delta^{B_1B_1} &

                          \cdots                                   &

                x_2 \rho{\cal X}^{B_1}\Delta^{B_1A_2} &

                x_2 \rho{\cal X}^{B_1}\Delta^{B_1B_2} &

                          \cdots \\ \\

                     \vdots & \vdots &\vdots  & \vdots & \vdots & \vdots \\ \\

                 x_1 \rho{\cal X}^{A_2}\Delta^{A_2A_1} &

                x_1 \rho{\cal X}^{A_2}\Delta^{A_2B_1} &

                          \cdots                                   &

           1+   x_2 \rho{\cal X}^{A_2}\Delta^{A_2A_2} &

                x_2 \rho{\cal X}^{A_2}\Delta^{A_2B_2} &

                          \cdots \\ \\

                x_1 \rho{\cal X}^{B_2}\Delta^{B_2A_1} &

                x_1 \rho{\cal X}^{B_2}\Delta^{B_2B_1} &

                          \cdots                                   &

                x_2 \rho{\cal X}^{B_2}\Delta^{B_2A_2} &

           1+   x_2 \rho{\cal X}^{B_2}\Delta^{B_2B_2} &

                          \cdots \\ \\

  \vdots & \vdots &\vdots  & \vdots & \vdots & \vdots

          \end{array}

   \right]

\left[

          \begin{array}{c}

            \left[\left[X^{A_1}\right]_{\rho}\right]_k\\ \\

            \left[\left[X^{B_1}\right]_{\rho}\right]_k\\ \\

              \vdots \\ \\

            \left[\left[X^{A_2}\right]_{\rho}\right]_k\\ \\

            \left[\left[X^{B_2}\right]_{\rho}\right]_k\\ \\

              \vdots

          \end{array}

  \right]

=& \\ \\

       \left[

          \begin{array}{c}

            {\tilde {\cal P}}_{\left[\left[X^{A_1}\right]_{\rho}\right]_k} \\ \\

            {\tilde {\cal P}}_{\left[\left[X^{B_1}\right]_{\rho}\right]_k} \\ \\

              \vdots \\ \\

            {\tilde {\cal P}}_{\left[\left[X^{A_2}\right]_{\rho}\right]_k} \\ \\

            {\tilde {\cal P}}_{\left[\left[X^{B_2}\right]_{\rho}\right]_k} \\ \\

              \vdots

          \end{array}

  \right]\left[\rho\right]_k

+

\left[

          \begin{array}{c}

            {\tilde {\cal Q}}_{\left[\left[X^{A_1}\right]_{\rho}\right]_k} \\ \\

            {\tilde {\cal Q}}_{\left[\left[X^{B_1}\right]_{\rho}\right]_k} \\ \\

              \vdots \\ \\

            {\tilde {\cal Q}}_{\left[\left[X^{A_2}\right]_{\rho}\right]_k} \\ \\

            {\tilde {\cal Q}}_{\left[\left[X^{B_2}\right]_{\rho}\right]_k} \\ \\

              \vdots

          \end{array}

  \right]

\end{array}

\]

\noindent Let

\[\footnotesize

   \begin{array}{rcl}

        {\sf A} & = &

   \left[

          \begin{array}{rrrrrr}

           1 +  x_1 \rho{\cal X}^{A_1}\Delta^{A_1A_1} &

                x_1 \rho{\cal X}^{A_1}\Delta^{A_1B_1} &

                          \cdots                                   &

                x_2 \rho{\cal X}^{A_1}\Delta^{A_1A_2} &

                x_2 \rho{\cal X}^{A_1} \Delta^{A_1B_2} &

                          \cdots \\ \\

                x_1 \rho{\cal X}^{B_1}\Delta^{B_1A_1} &

            1+  x_1 \rho{\cal X}^{B_1}\Delta^{B_1B_1} &

                          \cdots                                   &

                x_2 \rho{\cal X}^{B_1}\Delta^{B_1A_2} &

                x_2 \rho{\cal X}^{B_1}\Delta^{B_1B_2} &

                          \cdots \\ \\

                     \vdots & \vdots &\vdots  & \vdots & \vdots & \vdots \\ \\

                 x_1 \rho{\cal X}^{A_2}\Delta^{A_2A_1} &

                x_1 \rho{\cal X}^{A_2}\Delta^{A_2B_1} &

                          \cdots                                   &

           1+   x_2 \rho{\cal X}^{A_2}\Delta^{A_2A_2} &

                x_2 \rho{\cal X}^{A_2}\Delta^{A_2B_2} &

                          \cdots \\ \\

                x_1 \rho{\cal X}^{B_2}\Delta^{B_2A_1} &

                x_1 \rho{\cal X}^{B_2}\Delta^{B_2B_1} &

                          \cdots                                   &

                x_2 \rho{\cal X}^{B_2}\Delta^{B_2A_2} &

           1+   x_2 \rho{\cal X}^{B_2}\Delta^{B_2B_2} &

                          \cdots \\ \\

  \vdots & \vdots &\vdots  & \vdots & \vdots & \vdots

          \end{array}

   \right]

  \end{array}

\]

\[\footnotesize

  \begin{array}{rclrclrcl}

 {\sf x}_2 & = &\left[

          \begin{array}{c}

            \left[\left[X^{A_1}\right]_{\rho}\right]_k\\ \\

            \left[\left[X^{B_1}\right]_{\rho}\right]_k\\ \\

              \vdots \\ \\

            \left[\left[X^{A_2}\right]_{\rho}\right]_k\\ \\

            \left[\left[X^{B_2}\right]_{\rho}\right]_k\\ \\

              \vdots

          \end{array}

  \right] &

~~~~~~  {\sf b}_2 & = &

         \left[

          \begin{array}{c}

            {\tilde {\cal P}}_{\left[\left[X^{A_1}\right]_{\rho}\right]_k} \\ \\

            {\tilde {\cal P}}_{\left[\left[X^{B_1}\right]_{\rho}\right]_k} \\ \\

              \vdots \\ \\

            {\tilde {\cal P}}_{\left[\left[X^{A_2}\right]_{\rho}\right]_k} \\ \\

            {\tilde {\cal P}}_{\left[\left[X^{B_2}\right]_{\rho}\right]_k} \\ \\

              \vdots

          \end{array}

  \right] &

~~~~~~ {\sf c}_2 & = &

          \left[

          \begin{array}{c}

            {\tilde {\cal Q}}_{\left[\left[X^{A_1}\right]_{\rho}\right]_k} \\ \\

            {\tilde {\cal Q}}_{\left[\left[X^{B_1}\right]_{\rho}\right]_k} \\ \\

              \vdots \\ \\

            {\tilde {\cal Q}}_{\left[\left[X^{A_2}\right]_{\rho}\right]_k} \\ \\

            {\tilde {\cal Q}}_{\left[\left[X^{B_2}\right]_{\rho}\right]_k} \\ \\

              \vdots

          \end{array}

  \right]

  \end{array}

\]

\noindent We have

\[\footnotesize

  \begin{array}{rcl}

       {\sf A} {\sf x}_2 & = & {\sf b}_2\left[\rho\right]_k + {\sf c}_2 \\ \\

               {\sf x}_2 & = & {\sf A}^{-1}{\sf b}_2 \left[\rho\right]_k + {\sf A}^{-1}{\sf c}_2

   \end{array}

\]

For $\left[\left[X^{\alpha_i}\right]_{\rho}\right]_k \in {\sf x}_2$, it leads to

\[ \footnotesize

\begin{array}{rcl}

\left[\left[X^{\alpha_i}\right]_{\rho}\right]_k  &=&

{\cal P}_{\left[\left[X^{\alpha_i}\right]_{\rho}\right]_k}\left[\rho\right]_k +

{\cal Q}_{\left[\left[X^{\alpha_i}\right]_{\rho}\right]_k}

\end{array}

\]

\noindent where

${\cal P}_{\left[\left[X^{\alpha_i}\right]_{\rho}\right]_k}  \in {\sf A}^{-1}{\sf b}_2$ and

${\cal Q}_{\left[\left[X^{\alpha_i}\right]_{\rho}\right]_k}  \in {\sf A}^{-1}{\sf c}_2$.

\newpage

\centerline{\underline{\sf Step 4.2 : Solve Density Hessian from EOS}}

\[\footnotesize

  \begin{array}{rcl}

  \left[\left[ \left[ \tilde{a}^a \right]_{\rho}\right]_k\right]_{\ell} & = &

  \left[ \left[\ds{\sum_i}x_i\left(\ds{\sum_{\alpha_i}}\left[\ds{1 \over X^{\alpha_i}} - \ds{ 1 \over 2} \right][X^{\alpha_i}]_{\rho} \right)   \right]_k \right]_{\ell}\\ \\

 &= & \left[\ds{\sum_{\alpha_k}}\left[\ds{1 \over X^{\alpha_k}} - \ds{ 1 \over 2} \right][X^{\alpha_k}]_{\rho} -

\ds{\sum_i}x_i\left[\ds{\sum_{\alpha_i}}\ds{[X^{\alpha_i}]_{\rho} \over \left(X^{\alpha_i}\right)^2} \left[X^{\alpha_i}\right]_k \right]+

\ds{\sum_i}x_i\left[\ds{\sum_{\alpha_i}}\left[\ds{1 \over X^{\alpha_i}} - \ds{ 1 \over 2} \right]

\left[\left[X^{\alpha_i}\right]_{\rho}\right]_k\right]

\right]_{\ell} \\ \\ &= &

-\ds{\sum_{\alpha_k}}\ds{ \left[X^{\alpha_k}\right]_{\rho}\left[X^{\alpha_k}\right]_{\ell} \over

                          \left(X^{\alpha_k}\right)^2

                        } +

\ds{\sum_{\alpha_k}}\left[ \ds{1 \over X^{\alpha_k} } - \ds{ 1 \over 2} \right]

                    \left[\left[X^{\alpha_k}\right]_{\rho}\right]_{\ell}-

\ds{\sum_{\alpha_{\ell}}}\ds{ \left[ X^{\alpha_{\ell}}\right]_{\rho} \over \left(X^{\alpha_{\ell}}\right)^2}

\left[X^{\alpha_{\ell}}\right]_k - \\ \\ & &

\ds{\sum_i}x_i\ds{\sum_{\alpha_i}}

            \ds{

            \left[\left[X^{\alpha_i}\right]_{\rho}\right]_{\ell}

            \over

            \left(X^{\alpha_i}\right)^2

            }\left[X^{\alpha_i}\right]_k +

2\ds{\sum_i}x_i\ds{\sum_{\alpha_i}}

            \ds{

            \left[X^{\alpha_i}\right]_{\rho}

            \over

            \left(X^{\alpha_i}\right)^3

            }\left[X^{\alpha_i}\right]_{\ell}\left[X^{\alpha_i}\right]_k -

\ds{\sum_i}x_i\ds{\sum_{\alpha_i}}

            \ds{

            \left[X^{\alpha_i}\right]_{\rho}

            \over

            \left(X^{\alpha_i}\right)^2

            }\left[\left[X^{\alpha_i}\right]_k\right]_{\ell} + \\ \\ & &

\ds{\sum_{\alpha_{\ell}}}\left[ \ds{ 1 \over X^{\alpha_{\ell}}} - \ds{1\over 2} \right]

\left[\left[X^{\alpha_{\ell}}\right]_{\rho}\right]_k -

\ds{\sum_i}x_i\ds{\sum_{\alpha_i}}\ds{\left[X^{\alpha_i}\right]_{\ell} \over \left( X^{\alpha_i}\right)^2}

\left[\left[X^{\alpha_{\ell}}\right]_{\rho}\right]_k +

\ds{\sum_i}x_i\ds{\sum_{\alpha_i}}\left[ \ds{ 1\over X^{\alpha_i} } - \ds{  1 \over 2} \right]

\left[\left[\left[X^{\alpha_i}\right]_{\rho}\right]_k\right]_{\ell}%

  \end{array}

\]

\noindent Solve  $\left[\left[X^{\alpha_i}\right]_k\right]_{\ell}$, $\left[\left[\left[X^{\alpha_i}\right]_{\rho}\right]_k\right]_{\ell}$.

\newpage

\centerline{\underline{\sf Step 4.2.1 : Solve $\left[\left[X^{\alpha_i}\right]_k\right]_{\ell}$ }}

\noindent Recall

\[\footnotesize

  \begin{array}{rcl}

    \left[\left[X^{\alpha_i}\right]_k\right]_{\ell} & = & -2N_AX^{\alpha_i}\left[X^{\alpha_i}\right]_k

                   \left[\left[\rho\right]_k\ds{\sum_j\sum_{\beta_j}}x_jX^{\beta_j}

                          \Delta^{\alpha_i\beta_j} +

                       \rho \ds{\sum_{\beta_k}}X^{\beta_k}\Delta^{\alpha_i\beta_k} +

                       \rho \ds{\sum_j\sum_{\beta_j}}x_j[X^{\beta_j}]_k\Delta^{\alpha_i\beta_j} +

   \right.\\ \\&& \left.

                       \rho \ds{\sum_j\sum_{\beta_j}}x_jX^{\beta_j}\left[\Delta^{\alpha_i\beta_j}\right]_k \right]-

                 \\ \\ & &

   N_A\left(X^{\alpha_i}\right)^2

   \left[

   \left[\left[\rho\right]_k\right]_{\ell}\ds{\sum_j\sum_{\beta_j}}x_jX^{\beta_j}\Delta^{\alpha_i\beta_j} +

   \left[\rho\right]_k\ds{\sum_{\beta_{\ell}}}X^{\beta_{\ell}}\Delta^{\alpha_i \beta_{\ell}}+

   \left[\rho\right]_k\ds{\sum_j\sum_{\beta_j}}x_j\left[X^{\beta_j}\right]_{\ell}\Delta^{\alpha_i \beta_j}+

       \right.    \\ \\ &  & \left.

   \left[\rho\right]_k\ds{\sum_j\sum_{\beta_j}}x_jX^{\beta_j}\left[\Delta^{\alpha_i \beta_j}\right]_{\ell}+

   \left[\rho\right]_{\ell}\ds{\sum_{\beta_k}}X^{\beta_k}\Delta^{\alpha_i \beta_k} +

   \rho\ds{\sum_{\beta_k}}\left( \left[X^{\beta_k}\right]_{\ell}\Delta^{\alpha_i \beta_k}  +

                                  X^{\beta_k}\left[\Delta^{\alpha_i \beta_k}\right]_{\ell}

                          \right) +

       \right.   \\ \\ & & \left.

    \left[\rho\right]_{\ell}\ds{\sum_j\sum_{\beta_j}}x_j \left[ X^{\beta_j}\right]_k\Delta^{\alpha_i\beta_j} +

    \rho \ds{\sum_{\beta_{\ell}}}\left[X^{\beta_{\ell}}\right]_k\Delta^{\alpha_i\beta_{\ell}} +

    \rho \ds{\sum_j\sum_{\beta_j}}x_j \left[\left[ X^{\beta_j}\right]_k\right]_{\ell}\Delta^{\alpha_i\beta_j}  +

        \right.       \\ \\ & & \left.

    \rho \ds{\sum_j\sum_{\beta_j}}x_j \left[ X^{\beta_j}\right]_k \left[\Delta^{\alpha_i\beta_j} \right]_{\ell}+

    \left[\rho\right]_{\ell}\ds{\sum_j\sum_{\beta_j}}x_j X^{\beta_j} \left[\Delta^{\alpha_i\beta_j} \right]_k +

     \rho \ds{\sum_{\beta_{\ell}}} X^{\beta_{\ell}}\left[ \Delta^{\alpha_i\beta_{\ell}} \right]_k +

        \right.         \\ \\ & & \left.

     \rho \ds{\sum_j\sum_{\beta_j}}x_j \left[X^{\beta_j}\right]_{\ell}\left[\Delta^{\alpha_i\beta_j}\right]_k  +

     \rho \ds{\sum_j\sum_{\beta_j}}x_j X^{\beta_j}\left[\left[\Delta^{\alpha_i\beta_j}\right]_k \right]_{\ell}

      \right]

  \end{array}

\]

\noindent We have

\[ \footnotesize

   \begin{array}{rcl}

   \left[\left[X^{\alpha_i}\right]_k\right]_{\ell} + N_A\rho\left(X^{\alpha_i}\right)^2

    \ds{\sum_j\sum_{\beta_j}}x_j \left[ \left[ X^{\beta_j}\right]_k\right]_{\ell}\Delta^{\alpha_i\beta_j}

      &  =&{\tilde {\cal P}}_{\left[\left[X^{\alpha_i}\right]_k\right]_{\ell}}

                \left[\left[\rho\right]_k\right]_{\ell}+

           {\tilde {\cal Q}}_{\left[\left[X^{\alpha_i}\right]_k\right]_{\ell}}

    \end{array}

\]

\noindent where

\[\footnotesize

  \left\{

  \begin{array}{rcl}

    {\tilde {\cal P}}_{\left[\left[X^{\alpha_i}\right]_k\right]_{\ell}}

        & = & -{\cal X}^{\alpha_i}

                \left[

                      \ds{\sum_j\sum_{\beta_j}}x_jX^{\beta_j}\Delta^{\alpha_i\beta_j}+

                      \rho\ds{\sum_j\sum_{\beta_j}}x_j X^{\beta_j}

                      {\cal P}_{\left[\left[\Delta^{\alpha_i\beta_j}\right]_k\right]_{\ell}}

                \right] \\ \\

    {\tilde {\cal Q}}_{\left[\left[X^{\alpha_i}\right]_k\right]_{\ell}}

        & = &

   -2N_AX^{\alpha_i}\left[X^{\alpha_i}\right]_k

                   \left[\left[\rho\right]_k\ds{\sum_j\sum_{\beta_j}}x_jX^{\beta_j}

                          \Delta^{\alpha_i\beta_j} +

                       \rho \ds{\sum_{\beta_k}}X^{\beta_k}\Delta^{\alpha_i\beta_k} +

                       \rho \ds{\sum_j\sum_{\beta_j}}x_j[X^{\beta_j}]_k\Delta^{\alpha_i\beta_j} +

   \right.\\ \\&& \left.

                       \rho \ds{\sum_j\sum_{\beta_j}}x_jX^{\beta_j}\left[\Delta^{\alpha_i\beta_j}\right]_k \right]-

                 \\ \\ & &

   {\cal X}^{\alpha_i}

   \left[

   \left[\rho\right]_k\ds{\sum_{\beta_{\ell}}}X^{\beta_{\ell}}\Delta^{\alpha_i \beta_{\ell}}+

   \left[\rho\right]_k\ds{\sum_j\sum_{\beta_j}}x_j\left[X^{\beta_j}\right]_{\ell}\Delta^{\alpha_i \beta_j}+

       \right.    \\ \\ &  & \left.

   \left[\rho\right]_k\ds{\sum_j\sum_{\beta_j}}x_jX^{\beta_j}\left[\Delta^{\alpha_i \beta_j}\right]_{\ell}+

   \left[\rho\right]_{\ell}\ds{\sum_{\beta_k}}X^{\beta_k}\Delta^{\alpha_i \beta_k} +

   \rho\ds{\sum_{\beta_k}}\left( \left[X^{\beta_k}\right]_{\ell}\Delta^{\alpha_i \beta_k}  +

                                  X^{\beta_k}\left[\Delta^{\alpha_i \beta_k}\right]_{\ell}

                          \right) +

       \right.   \\ \\ & & \left.

    \left[\rho\right]_{\ell}\ds{\sum_j\sum_{\beta_j}}x_j \left[ X^{\beta_j}\right]_k\Delta^{\alpha_i\beta_j} +

    \rho \ds{\sum_{\beta_{\ell}}}\left[X^{\beta_{\ell}}\right]_k\Delta^{\alpha_i\beta_{\ell}} +

        \right.       \\ \\ & & \left.

    \rho \ds{\sum_j\sum_{\beta_j}}x_j \left[ X^{\beta_j}\right]_k \left[\Delta^{\alpha_i\beta_j} \right]_{\ell}+

    \left[\rho\right]_{\ell}\ds{\sum_j\sum_{\beta_j}}x_j X^{\beta_j} \left[\Delta^{\alpha_i\beta_j} \right]_k +

     \rho \ds{\sum_{\beta_{\ell}}} X^{\beta_{\ell}}\left[ \Delta^{\alpha_i\beta_{\ell}} \right]_k +

        \right.         \\ \\ & & \left.

     \rho \ds{\sum_j\sum_{\beta_j}}x_j \left[X^{\beta_j}\right]_{\ell}\left[\Delta^{\alpha_i\beta_j}\right]_k  +

     \rho \ds{\sum_j\sum_{\beta_j}}x_j X^{\beta_j}

     \left(

           \left[{\cal P}_{ \left[\Delta_{\alpha_i\beta_j}\right]_k }\right]_{\ell} \left[\rho\right]_k +

           \left[{\cal Q}_{ \left[\Delta_{\alpha_i\beta_j}\right]_k }\right]_{\ell}

     \right)

      \right]

  \end{array}

  \right.

\]

\[\footnotesize

\begin{array}{ll}

   \left[

          \begin{array}{rrrrrr}

           1 +  x_1 \rho{\cal X}^{A_1}\Delta^{A_1A_1} &

                x_1 \rho{\cal X}^{A_1}\Delta^{A_1B_1} &

                          \cdots                                   &

                x_2 \rho{\cal X}^{A_1}\Delta^{A_1A_2} &

                x_2 \rho{\cal X}^{A_1} \Delta^{A_1B_2} &

                          \cdots \\ \\

                x_1 \rho{\cal X}^{B_1}\Delta^{B_1A_1} &

            1+  x_1 \rho{\cal X}^{B_1}\Delta^{B_1B_1} &

                          \cdots                                   &

                x_2 \rho{\cal X}^{B_1}\Delta^{B_1A_2} &

                x_2 \rho{\cal X}^{B_1}\Delta^{B_1B_2} &

                          \cdots \\ \\

                     \vdots & \vdots &\vdots  & \vdots & \vdots & \vdots \\ \\

                 x_1 \rho{\cal X}^{A_2}\Delta^{A_2A_1} &

                x_1 \rho{\cal X}^{A_2}\Delta^{A_2B_1} &

                          \cdots                                   &

           1+   x_2 \rho{\cal X}^{A_2}\Delta^{A_2A_2} &

                x_2 \rho{\cal X}^{A_2}\Delta^{A_2B_2} &

                          \cdots \\ \\

                x_1 \rho{\cal X}^{B_2}\Delta^{B_2A_1} &

                x_1 \rho{\cal X}^{B_2}\Delta^{B_2B_1} &

                          \cdots                                   &

                x_2 \rho{\cal X}^{B_2}\Delta^{B_2A_2} &

           1+   x_2 \rho{\cal X}^{B_2}\Delta^{B_2B_2} &

                          \cdots \\ \\

  \vdots & \vdots &\vdots  & \vdots & \vdots & \vdots

          \end{array}

   \right]

   \left[

          \begin{array}{c}

            \left[\left[X^{A_1}\right]_k\right]_{\ell} \\ \\

            \left[\left[X^{B_1}\right]_k\right]_{\ell} \\ \\

                    \vdots \\

            \left[\left[X^{A_2}\right]_k\right]_{\ell} \\ \\

            \left[\left[X^{B_2}\right]_k\right]_{\ell} \\ \\

                    \vdots

          \end{array}

    \right]

      \\ \\ =

     \left[

            \begin{array}{c}

            {\tilde {\cal P}}_{\left[\left[X^{A_1}\right]_k\right]_{\ell}} \\ \\

            {\tilde {\cal P}}_{\left[\left[X^{B_1}\right]_k\right]_{\ell}} \\ \\

              \vdots               \\ \\

            {\tilde {\cal P}}_{\left[\left[X^{A_2}\right]_k\right]_{\ell}} \\ \\

            {\tilde {\cal P}}_{\left[\left[X^{B_2}\right]_k\right]_{\ell}}\\ \\

              \vdots

            \end{array}

      \right]\left[\left[\rho\right]_k\right]_{\ell} +

     \left[

            \begin{array}{c}

                {\tilde {\cal Q}}_{\left[\left[X^{A_1}\right]_k\right]_{\ell}} \\ \\

                {\tilde {\cal Q}}_{\left[\left[X^{B_1}\right]_k\right]_{\ell}} \\ \\

                   \vdots \\

                {\tilde {\cal Q}}_{\left[\left[X^{A_2}\right]_k\right]_{\ell}}\\ \\

                {\tilde {\cal Q}}_{\left[\left[X^{B_2}\right]_k\right]_{\ell}} \\ \\

                   \vdots

             \end{array}

      \right]

\end{array}

\]

\noindent Let

\[\footnotesize

   \begin{array}{rcl}

        {\sf A} & = &

   \left[

          \begin{array}{rrrrrr}

           1 +  x_1 \rho{\cal X}^{A_1}\Delta^{A_1A_1} &

                x_1 \rho{\cal X}^{A_1}\Delta^{A_1B_1} &

                          \cdots                                   &

                x_2 \rho{\cal X}^{A_1}\Delta^{A_1A_2} &

                x_2 \rho{\cal X}^{A_1} \Delta^{A_1B_2} &

                          \cdots \\ \\

                x_1 \rho{\cal X}^{B_1}\Delta^{B_1A_1} &

            1+  x_1 \rho{\cal X}^{B_1}\Delta^{B_1B_1} &

                          \cdots                                   &

                x_2 \rho{\cal X}^{B_1}\Delta^{B_1A_2} &

                x_2 \rho{\cal X}^{B_1}\Delta^{B_1B_2} &

                          \cdots \\ \\

                     \vdots & \vdots &\vdots  & \vdots & \vdots & \vdots \\ \\

                 x_1 \rho{\cal X}^{A_2}\Delta^{A_2A_1} &

                x_1 \rho{\cal X}^{A_2}\Delta^{A_2B_1} &

                          \cdots                                   &

           1+   x_2 \rho{\cal X}^{A_2}\Delta^{A_2A_2} &

                x_2 \rho{\cal X}^{A_2}\Delta^{A_2B_2} &

                          \cdots \\ \\

                x_1 \rho{\cal X}^{B_2}\Delta^{B_2A_1} &

                x_1 \rho{\cal X}^{B_2}\Delta^{B_2B_1} &

                          \cdots                                   &

                x_2 \rho{\cal X}^{B_2}\Delta^{B_2A_2} &

           1+   x_2 \rho{\cal X}^{B_2}\Delta^{B_2B_2} &

                          \cdots \\ \\

  \vdots & \vdots &\vdots  & \vdots & \vdots & \vdots

          \end{array}

   \right]

  \end{array}

\]

\[\footnotesize

   \begin{array}{rclrclrcl}

      {\sf x}_3 & = &

    \left[

          \begin{array}{c}

            \left[\left[X^{A_1}\right]_k\right]_{\ell} \\ \\

            \left[\left[X^{B_1}\right]_k\right]_{\ell} \\ \\

                    \vdots \\

            \left[\left[X^{A_2}\right]_k\right]_{\ell} \\ \\

            \left[\left[X^{B_2}\right]_k\right]_{\ell} \\ \\

                    \vdots

          \end{array}

    \right]

   &~~~~~~ {\sf b}_3& = &

      \left[

         \begin{array}{c}

            {\tilde {\cal P}}_{\left[\left[X^{A_1}\right]_k\right]_{\ell}} \\ \\

            {\tilde {\cal P}}_{\left[\left[X^{B_1}\right]_k\right]_{\ell}} \\ \\

              \vdots               \\ \\

            {\tilde {\cal P}}_{\left[\left[X^{A_2}\right]_k\right]_{\ell}} \\ \\

            {\tilde {\cal P}}_{\left[\left[X^{B_2}\right]_k\right]_{\ell}} \\ \\

              \vdots

            \end{array}

      \right]

   &~~~~~~ {\sf c}_3 & = &

     \left[

            \begin{array}{c}

            {\tilde {\cal Q}}_{\left[\left[X^{A_1}\right]_k\right]_{\ell}} \\ \\

            {\tilde {\cal Q}}_{\left[\left[X^{B_1}\right]_k\right]_{\ell}} \\ \\

              \vdots               \\ \\

            {\tilde {\cal Q}}_{\left[\left[X^{A_2}\right]_k\right]_{\ell}} \\ \\

            {\tilde {\cal Q}}_{\left[\left[X^{B_2}\right]_k\right]_{\ell}}\\ \\

              \vdots

            \end{array}

      \right]

    \end{array}

\]

\noindent It leads to

\[ \footnotesize

   \begin{array}{rcl}

          {\sf A}{\sf x}_3 & = & {\sf b}_3 \left[\left[\rho\right]_k\right]_{\ell} + {\sf c}_3 \\ \\

          {\sf x}_3        & = & {\sf A}^{-1}{\sf b}_3 \left[\left[\rho\right]_k\right]_{\ell} +{\sf A}^{-1}{\sf c}_3

   \end{array}

\]

\noindent Then for $\left[\left[X^{\alpha_i}\right]_k\right]_{\ell}\in {\sf x}_3$, we have

\[\footnotesize

   \begin{array}{rcl}

      \left[\left[X^{\alpha_i}\right]_k\right]_{\ell} & = &

                 {\cal P}_{\left[\left[X^{\alpha_i}\right]_k\right]_{\ell}} \left[\left[\rho\right]_k\right]_{\ell} +

                 {\cal Q}_{\left[\left[X^{\alpha_i}\right]_k\right]_{\ell}}

      \end{array}

\]

\noindent where

 ${\cal P}_{\left[\left[X^{\alpha_i}\right]_k\right]_{\ell}} \in {\sf A}^{-1}{\sf b}_3$,

 ${\cal Q}_{\left[\left[X^{\alpha_i}\right]_k\right]_{\ell}} \in {\sf A}^{-1}{\sf c}_3$.

\newpage

\centerline{\underline{\sf Step 2.2 Solve $\left[\left[\left[X^{\alpha_i}\right]_{\rho}\right]_k\right]_{\ell}$}}

\[

 \footnotesize

  \begin{array}{l}

       \left[\left[\left[ X^{\alpha_i} \right]_{\rho}\right]_k\right]_{\ell}  =  \\

        -2N_A\left( \left[ X^{\alpha_i}\right ]_{\ell} \left[ X^{\alpha_i}\right]_k +

                   X^{\alpha_i}\left[\left[X^{\alpha_i}\right]_k\right]_{\ell}

           \right)

\left[ \ds{\sum_j \sum_{\beta_j}}x_jX^{\beta_j}\Delta^{\alpha_i\beta_j} +

  \rho \ds{\sum_j \sum_{\beta_j}}x_j\left[X^{\beta_j}\right]_{\rho}\Delta^{\alpha_i\beta_j}

+\rho  \ds{\sum_j \sum_{\beta_j}}x_jX^{\beta_j}\left[\Delta^{\alpha_i\beta_j}\right]_{\rho}\right]  \\\\

-2N_AX^{\alpha_i}\left[X^{\alpha_i}\right]_k

\left[

        \ds{\sum_{\beta_{\ell}}}X^{\beta_{\ell}}\Delta^{\alpha_i\beta_{\ell}} +

        \ds{\sum_j\sum_{\beta_j}}x_j \left[X^{\beta_j}\right]_{\ell}\Delta^{\alpha_i\beta_j} +

        \ds{\sum_j\sum_{\beta_j}}x_j X^{\beta_j}\left[\Delta^{\alpha_i\beta_j} \right]_{\ell}

\right]  \\\\

-2N_AX^{\alpha_i}\left[X^{\alpha_i}\right]_k \left[\rho\right]_{\ell}

       \ds{\sum_j\sum_{\beta_j}}x_j \left[X^{\beta_j}\right]_{\rho}\Delta^{\alpha_i\beta_j}  \\\\

-2N_AX^{\alpha_i}\left[X^{\alpha_i}\right]_k \rho

\left[

        \ds{\sum_{\beta_{\ell}}}\left[X^{\beta_{\ell}}\right]_{\rho}\Delta^{\alpha_i\beta_{\ell}} +

        \ds{\sum_j\sum_{\beta_j}}x_j \left[\left[X^{\beta_j}\right]_{\rho}\right]_{\ell}\Delta^{\alpha_i\beta_j} +

        \ds{\sum_j\sum_{\beta_j}}x_j \left[X^{\beta_j}\right]_{\rho}\left[\Delta^{\alpha_i\beta_j} \right]_{\ell}

\right]  \\\\

-2N_AX^{\alpha_i}\left[X^{\alpha_i}\right]_k \left[\rho\right]_{\ell}

       \ds{\sum_j\sum_{\beta_j}}x_j X^{\beta_j}\left[\Delta^{\alpha_i\beta_j}\right]_{\rho} \\ \\

-2N_AX^{\alpha_i}\left[X^{\alpha_i}\right]_k \rho

\left[

        \ds{\sum_{\beta_{\ell}}}X^{\beta_{\ell}}\left[\Delta^{\alpha_i\beta_{\ell}}\right]_{\rho} +

        \ds{\sum_j\sum_{\beta_j}}x_j \left[X^{\beta_j}\right]_{\ell}\left[\Delta^{\alpha_i\beta_j}\right]_{\rho} +

        \ds{\sum_j\sum_{\beta_j}}x_jX^{\beta_j}\left[\left[\Delta^{\alpha_i\beta_j}\right]_{\rho} \right]_{\ell}

\right]  \\\\

-2N_AX^{\alpha_i}\left[X^{\alpha_i}\right]_{\ell}

\left(

\left[

\ds{\sum_{\beta_k}}X^{\beta_k}\Delta^{\alpha_i\beta_k}+

\ds{\sum_j \sum_{\beta_j}}x_j[X^{\beta_j}]_k\Delta^{\alpha_i\beta_j} +

 \ds{\sum_j \sum_{\beta_j}}x_jX^{\beta_j}[\Delta^{\alpha_i\beta_j}]_k

\right] +

\left[\rho\right]_k \ds{\sum_j \sum_{\beta_j}}x_j\left[X^{\beta_j}\right]_{\rho}\Delta^{\alpha_i\beta_j} +

 \right. \\ \\ \left.

\rho \left[ \ds{\sum_{\beta_k}}\left[X^{\beta_k}\right]_{\rho}\Delta^{\alpha_i\beta_k} +

\ds{\sum_j\sum_{\beta_j}}x_j\left[\left[X^{\beta_j}\right]_{\rho}\right]_k\Delta^{\alpha_i\beta_j}+

\ds{\sum_j\sum_{\beta_j}}x_j\left[X^{\beta_j}\right]_{\rho}\left[\Delta^{\alpha_i\beta_j}\right]_k \right] +

\left[\rho\right]_k \ds{\sum_j \sum_{\beta_j}}x_jX^{\beta_j}

\left[\Delta^{\alpha_i\beta_j}\right]_{\rho} +

\right. \\ \\\left.

 \rho \left[ \ds{\sum_{\beta_k}}X^{\beta_k}\left[\Delta^{\alpha_i\beta_k}\right]_{\rho}  +

            \ds{\sum_j \sum_{\beta_j}}x_j[X^{\beta_j}]_k\left[\Delta^{\alpha_i\beta_j}\right]_{\rho}+

            \ds{\sum_j \sum_{\beta_j}}x_jX^{\beta_j}\left[\left[\Delta^{\alpha_i\beta_j}\right]_{\rho}\right]_k

     \right]      \right)

  \\ \\

-N_A\left(X^{\alpha_i}\right)^2\ds{\sum_{\beta_k}}

\left(

    \left[X^{\beta_k}\right]_{\ell}\Delta^{\alpha_i\beta_k} +  X^{\beta_k}\left[\Delta^{\alpha_i\beta_k}\right]_{\ell}

\right)\\\\

-N_A\left(X^{\alpha_i}\right)^2

\left[

        \ds{\sum_{\beta_{\ell}}}\left[X^{\beta_{\ell}}\right]_k\Delta^{\alpha_i\beta_{\ell}} +

        \ds{\sum_j\sum_{\beta_j}}x_j \left[\left[X^{\beta_j}\right]_k\right]_{\ell}\Delta^{\alpha_i\beta_j} +

        \ds{\sum_j\sum_{\beta_j}}x_j \left[X^{\beta_j}\right]_k\left[\Delta^{\alpha_i\beta_j} \right]_{\ell}

\right]  \\\\

-N_A\left(X^{\alpha_i}\right)^2

\left[

        \ds{\sum_{\beta_{\ell}}}X^{\beta_{\ell}}\left[\Delta^{\alpha_i\beta_{\ell}}\right]_k +

        \ds{\sum_j\sum_{\beta_j}}x_j \left[X^{\beta_j}\right]_{\ell}\left[\Delta^{\alpha_i\beta_j}\right]_k +

        \ds{\sum_j\sum_{\beta_j}}x_j X^{\beta_j}\left[\left[\Delta^{\alpha_i\beta_j}\right]_k \right]_{\ell}

\right]

\end{array}

\]

\[

 \footnotesize

  \begin{array}{l}

  \mbox{(continued)} \\

-N_A\left(X^{\alpha_i}\right)^2\left[\left[\rho\right]_k\right]_{\ell}

  \ds{\sum_j\sum_{\beta_j}}x_j \left[X^{\beta_j}\right]_{\rho}\Delta^{\alpha_i\beta_j}

\\\\

-N_A\left(X^{\alpha_i}\right)^2\left[\rho\right]_k

\left[

  \ds{\sum_{\beta_{\ell}}} \left[X^{\beta_{\ell}}\right]_{\rho}\Delta^{\alpha_i\beta_{\ell}} +

  \ds{\sum_j\sum_{\beta_j}}x_j \left[\left[X^{\beta_j}\right]_{\rho}\right]_{\ell}\Delta^{\alpha_i\beta_j}+

  \ds{\sum_j\sum_{\beta_j}}x_j \left[X^{\beta_j}\right]_{\rho}\left[\Delta^{\alpha_i\beta_j}\right]_{\ell}

\right]

\\\\

-N_A\left(X^{\alpha_i}\right)^2\left[\rho\right]_{\ell}

 \left[ \ds{\sum_{\beta_k}} \left[X^{\beta_k}\right]_{\rho}\Delta^{\alpha_i\beta_k} +

\ds{\sum_j\sum_{\beta_j}}x_j\left[\left[X^{\beta_j}\right]_{\rho}\right]_k\Delta^{\alpha_i\beta_j}+

\ds{\sum_j\sum_{\beta_j}}x_j\left[X^{\beta_j}\right]_{\rho}\left[\Delta^{\alpha_i\beta_j}\right]_k \right]

\\\\

-N_A\left(X^{\alpha_i}\right)^2\rho

 \left[

  \ds{\sum_{\beta_k}} \left[\left[X^{\beta_k}\right]_{\rho}\right]_{\ell}\Delta^{\alpha_i\beta_k} +

  \ds{\sum_{\beta_k}} \left[X^{\beta_k}\right]_{\rho}\left[\Delta^{\alpha_i\beta_k}\right]_{\ell}

 \right]\\\\

-N_A\left(X^{\alpha_i}\right)^2\rho

  \left[

\ds{\sum_{\beta_{\ell}}}\left[\left[X^{\beta_\ell}\right]_{\rho}\right]_k\Delta^{\alpha_i\beta_{\ell}}+

\ds{\sum_j\sum_{\beta_j}}x_j \left[\left[\left[X^{\beta_j}\right]_{\rho}\right]_k\right]_{\ell}\Delta^{\alpha_i\beta_j}+

\ds{\sum_j\sum_{\beta_j}}x_j \left[\left[X^{\beta_j}\right]_{\rho}\right]_k\left[\Delta^{\alpha_i\beta_j}\right]_{\ell}

\right] \\\\

-N_A\left(X^{\alpha_i}\right)^2\rho

\left[

\ds{\sum_{\beta_{\ell}}}\left[X^{\beta_\ell}\right]_{\rho}\left[\Delta^{\alpha_i\beta_k}\right]_k+

\ds{\sum_j\sum_{\beta_j}}x_j \left[\left[X^{\beta_j}\right]_{\rho}\right]_{\ell}

\left[\Delta^{\alpha_i\beta_j}\right]_k+

\ds{\sum_j\sum_{\beta_j}}x_j\left[X^{\beta_j}\right]_{\rho}\left[\left[\Delta^{\alpha_i\beta_j}\right]_k\right]_{\ell}

\right] \\\\

-N_A\left(X^{\alpha_i}\right)^2\left[\left[\rho\right]_k\right]_{\ell}

\ds{\sum_j\sum_{\beta_j}}x_jX^{\beta_j}\left[\Delta^{\alpha_i\beta_j}\right]_{\rho}

\\\\

-N_A\left(X^{\alpha_i}\right)^2\left[\rho\right]_k

\left[

\ds{\sum_{\beta_{\ell}}}X^{\beta_\ell}\left[\Delta^{\alpha_i\beta_{\ell}}\right]_{\rho}+

\ds{\sum_j\sum_{\beta_j}}x_j \left[X^{\beta_j}\right]_{\ell}\left[\Delta^{\alpha_i\beta_j}\right]_{\rho}+

\ds{\sum_j\sum_{\beta_j}}x_j X^{\beta_j}\left[\left[\Delta^{\alpha_i\beta_j}\right]_{\rho}\right]_{\ell}

\right] \\\\

-N_A\left(X^{\alpha_i}\right)^2\left[\rho\right]_{\ell}

 \left[ \ds{\sum_{\beta_k}}X^{\beta_k}\left[\Delta^{\alpha_i\beta_k}\right]_{\rho}  +

            \ds{\sum_j \sum_{\beta_j}}x_j[X^{\beta_j}]_k\left[\Delta^{\alpha_i\beta_j}\right]_{\rho}+

            \ds{\sum_j \sum_{\beta_j}}x_jX^{\beta_j}\left[\left[\Delta^{\alpha_i\beta_j}\right]_{\rho}\right]_k

     \right]  \\\\

-N_A\left(X^{\alpha_i}\right)^2\rho

        \ds{\sum_{\beta_k}}\left(\left[X^{\beta_k}\right]_{\ell}\left[\Delta^{\alpha_i\beta_j}\right]_{\rho} +

                                 X^{\beta_k}\left[\left[\Delta^{\alpha_i\beta_j}\right]_{\rho}\right]_{\ell}

                            \right)

\\\\

-N_A\left(X^{\alpha_i}\right)^2\rho

\left[

\ds{\sum_{\beta_{\ell}}}\left[X^{\beta_\ell}\right]_k\left[\Delta^{\alpha_i\beta_{\ell}}\right]_{\rho}+

\ds{\sum_j\sum_{\beta_j}}x_j \left[\left[X^{\beta_j}\right]_k\right]_{\ell}\left[\Delta^{\alpha_i\beta_j}\right]_{\rho}+

\ds{\sum_j\sum_{\beta_j}}x_j \left[X^{\beta_j}\right]_k\left[\left[\Delta^{\alpha_i\beta_j}\right]_{\rho}\right]_{\ell}

\right]

\\\\

-N_A\left(X^{\alpha_i}\right)^2\rho

\left[

\ds{\sum_{\beta_{\ell}}}X^{\beta_\ell}\left[\left[\Delta^{\alpha_i\beta_{\ell}}\right]_{\rho}\right]_k+

\ds{\sum_j\sum_{\beta_j}}x_j \left[X^{\beta_j}\right]_{\ell}\left[\left[\Delta^{\alpha_i\beta_j}\right]_{\rho}\right]_k+

\ds{\sum_j\sum_{\beta_j}}x_j X^{\beta_j}\left[\left[\left[\Delta^{\alpha_i\beta_j}\right]_{\rho}\right]_k\right]_{\ell}

\right]

\end{array}

\]

\newpage

\[\footnotesize

   \begin{array}{rcl}

    \left[\left[\left[ X^{\alpha_i} \right]_{\rho}\right]_k\right]_{\ell} +

    {\cal X}^{\alpha_i}\rho\ds{\sum_j\sum_{\beta_j}}x_j

     \left[\left[\left[ X^{\beta_j} \right]_{\rho}\right]_k\right]_{\ell}\Delta^{\alpha_i\beta_j} & = &

   {\tilde {\cal P}}_{\left[\left[\left[X^{\alpha_i}\right]_{\rho}\right]_k\right]_{\ell}}

   \left[\left[\rho\right]_k\right]_{\ell} +

   {\tilde {\cal Q}}_{\left[\left[\left[X^{\alpha_i}\right]_{\rho}\right]_k\right]_{\ell}}

    \end{array}

\]

\[\footnotesize

  \begin{array}{rcl}

      {\tilde {\cal P}}_{\left[\left[\left[X^{\alpha_i}\right]_{\rho}\right]_k\right]_{\ell}}& = &

 -2N_AX^{\alpha_i}{\cal P}_{\left[\left[X^{\alpha_i}\right]_k\right]_{\ell}}

\left[ \ds{\sum_j \sum_{\beta_j}}x_jX^{\beta_j}\Delta^{\alpha_i\beta_j} +

  \rho \ds{\sum_j \sum_{\beta_j}}x_j\left[X^{\beta_j}\right]_{\rho}\Delta^{\alpha_i\beta_j}

+\rho  \ds{\sum_j \sum_{\beta_j}}x_jX^{\beta_j}\left[\Delta^{\alpha_i\beta_j}\right]_{\rho}\right]

 \\ \\ & &

-{\cal X}^{\alpha_i}

\ds{\sum_j\sum_{\beta_j}}x_j{\cal P}_{\left[\left[X^{\beta_j}\right]_k\right]_{\ell}}\Delta^{\alpha_i\beta_j}

-{\cal X}^{\alpha_i}

\ds{\sum_j\sum_{\beta_j}}x_j X^{\beta_j}{\cal P}_{\left[\left[\Delta^{\alpha_i\beta_j}\right]_k \right]_{\ell}}

\\\\& &

-{\cal X}^{\alpha_i}

  \left[\ds{\sum_j\sum_{\beta_j}}x_j \left[X^{\beta_j}\right]_{\rho}\Delta^{\alpha_i\beta_j}+

  \ds{\sum_j\sum_{\beta_j}}x_j X^{\beta_j}\left[\Delta^{\alpha_i\beta_j}\right]_{\rho}\right]

-{\cal X}^{\alpha_i}\rho

\ds{\sum_j\sum_{\beta_j}}x_j\left[X^{\beta_j}\right]_{\rho}

{\cal P}_{\left[\left[\Delta^{\alpha_i\beta_j}\right]_k\right]_{\ell}}

\\ \\ & &

-{\cal X}^{\alpha_i}\rho

\ds{\sum_j\sum_{\beta_j}}x_j {\cal P}_{\left[\left[X^{\beta_j}\right]_k\right]_{\ell}}

\left[\Delta^{\alpha_i\beta_j}\right]_{\rho}

-{\cal X}^{\alpha_i}\rho

\ds{\sum_j\sum_{\beta_j}}x_j X^{\beta_j}

{\cal P}_{\left[\left[\left[\Delta^{\alpha_i\beta_j}\right]_{\rho}\right]_k\right]_{\ell}}

\end{array}

\]

\[\footnotesize

  \begin{array}{rcl}

      {\tilde {\cal Q}}_{\left[\left[\left[X^{\alpha_i}\right]_{\rho}\right]_k\right]_{\ell}}& = &

        -2N_A\left[X^{\alpha_i}\right]_{\ell}\left[X^{\alpha_i}\right]_k

\left[ \ds{\sum_j \sum_{\beta_j}}x_jX^{\beta_j}\Delta^{\alpha_i\beta_j} +

  \rho \ds{\sum_j \sum_{\beta_j}}x_j\left[X^{\beta_j}\right]_{\rho}\Delta^{\alpha_i\beta_j}

+\rho  \ds{\sum_j \sum_{\beta_j}}x_jX^{\beta_j}\left[\Delta^{\alpha_i\beta_j}\right]_{\rho}\right]

 \\\\ & &

-2N_AX^{\alpha_i}\left[X^{\alpha_i}\right]_k

\left[

        \ds{\sum_{\beta_{\ell}}}X^{\beta_{\ell}}\Delta^{\alpha_i\beta_{\ell}} +

        \ds{\sum_j\sum_{\beta_j}}x_j \left[X^{\beta_j}\right]_{\ell}\Delta^{\alpha_i\beta_j} +

        \ds{\sum_j\sum_{\beta_j}}x_j X^{\beta_j}\left[\Delta^{\alpha_i\beta_j} \right]_{\ell}

\right]

\\\\ & &

-2N_AX^{\alpha_i}\left[X^{\alpha_i}\right]_k \left[\rho\right]_{\ell}

       \ds{\sum_j\sum_{\beta_j}}x_j \left[X^{\beta_j}\right]_{\rho}\Delta^{\alpha_i\beta_j}

\\\\ & &

-2N_AX^{\alpha_i}\left[X^{\alpha_i}\right]_k \rho

\left[

        \ds{\sum_{\beta_{\ell}}}\left[X^{\beta_{\ell}}\right]_{\rho}\Delta^{\alpha_i\beta_{\ell}} +

        \ds{\sum_j\sum_{\beta_j}}x_j \left[\left[X^{\beta_j}\right]_{\rho}\right]_{\ell}\Delta^{\alpha_i\beta_j} +

        \ds{\sum_j\sum_{\beta_j}}x_j \left[X^{\beta_j}\right]_{\rho}\left[\Delta^{\alpha_i\beta_j} \right]_{\ell}

\right]

\\ \\ & &

-2N_AX^{\alpha_i}\left[X^{\alpha_i}\right]_k \left[\rho\right]_{\ell}

       \ds{\sum_j\sum_{\beta_j}}x_j X^{\beta_j}\left[\Delta^{\alpha_i\beta_j}\right]_{\rho}

\\ \\ & &

-2N_AX^{\alpha_i}\left[X^{\alpha_i}\right]_k \rho

\left[

        \ds{\sum_{\beta_{\ell}}}X^{\beta_{\ell}}\left[\Delta^{\alpha_i\beta_{\ell}}\right]_{\rho} +

        \ds{\sum_j\sum_{\beta_j}}x_j \left[X^{\beta_j}\right]_{\ell}\left[\Delta^{\alpha_i\beta_j}\right]_{\rho} +

        \ds{\sum_j\sum_{\beta_j}}x_jX^{\beta_j}\left[\left[\Delta^{\alpha_i\beta_j}\right]_{\rho} \right]_{\ell}

\right]

\\ \\& &

-2N_AX^{\alpha_i}\left[X^{\alpha_i}\right]_{\ell}

\left(

\left[

\ds{\sum_{\beta_k}}X^{\beta_k}\Delta^{\alpha_i\beta_k}+

\ds{\sum_j \sum_{\beta_j}}x_j[X^{\beta_j}]_k\Delta^{\alpha_i\beta_j} +

 \ds{\sum_j \sum_{\beta_j}}x_jX^{\beta_j}[\Delta^{\alpha_i\beta_j}]_k

\right] +

\right. \\ \\ & & \left.

\left[\rho\right]_k \ds{\sum_j \sum_{\beta_j}}x_j\left[X^{\beta_j}\right]_{\rho}\Delta^{\alpha_i\beta_j} +

 \right. \\ \\ & &\left.

\rho \left[ \ds{\sum_{\beta_k}}\left[X^{\beta_k}\right]_{\rho}\Delta^{\alpha_i\beta_k} +

\ds{\sum_j\sum_{\beta_j}}x_j\left[\left[X^{\beta_j}\right]_{\rho}\right]_k\Delta^{\alpha_i\beta_j}+

\ds{\sum_j\sum_{\beta_j}}x_j\left[X^{\beta_j}\right]_{\rho}\left[\Delta^{\alpha_i\beta_j}\right]_k \right] +

\right. \\ \\ & & \left.

\left[\rho\right]_k \ds{\sum_j \sum_{\beta_j}}x_jX^{\beta_j}\left[\Delta^{\alpha_i\beta_j}\right]_{\rho} +

\right. \\ \\  & & \left.

 \rho \left[ \ds{\sum_{\beta_k}}X^{\beta_k}\left[\Delta^{\alpha_i\beta_k}\right]_{\rho}  +

            \ds{\sum_j \sum_{\beta_j}}x_j[X^{\beta_j}]_k\left[\Delta^{\alpha_i\beta_j}\right]_{\rho}+

            \ds{\sum_j \sum_{\beta_j}}x_jX^{\beta_j}\left[\left[\Delta^{\alpha_i\beta_j}\right]_{\rho}\right]_k

     \right]      \right)

  \\ \\ &  &

-{\cal X}^{\alpha_i}\ds{\sum_{\beta_k}}

\left(

    \left[X^{\beta_k}\right]_{\ell}\Delta^{\alpha_i\beta_k} +  X^{\beta_k}\left[\Delta^{\alpha_i\beta_k}\right]_{\ell}

\right)

\\\\ & &

-{\cal X}^{\alpha_i}

\left[

        \ds{\sum_{\beta_{\ell}}}\left[X^{\beta_{\ell}}\right]_k\Delta^{\alpha_i\beta_{\ell}} +

        \ds{\sum_j\sum_{\beta_j}}x_j \left[X^{\beta_j}\right]_k\left[\Delta^{\alpha_i\beta_j} \right]_{\ell}

\right]

 \\\\& &

-{\cal X}^{\alpha_i}

\left[

        \ds{\sum_{\beta_{\ell}}}X^{\beta_{\ell}}\left[\Delta^{\alpha_i\beta_{\ell}}\right]_k +

        \ds{\sum_j\sum_{\beta_j}}x_j \left[X^{\beta_j}\right]_{\ell}\left[\Delta^{\alpha_i\beta_j}\right]_k

\right]

\end{array}

\]

\[

 \footnotesize

  \begin{array}{l}

   \mbox{(Continued)} \\ \\

-{\cal X}^{\alpha_i}\left[\rho\right]_k

\left[

  \ds{\sum_{\beta_{\ell}}} \left[X^{\beta_{\ell}}\right]_{\rho}\Delta^{\alpha_i\beta_{\ell}} +

  \ds{\sum_j\sum_{\beta_j}}x_j \left[\left[X^{\beta_j}\right]_{\rho}\right]_{\ell}\Delta^{\alpha_i\beta_j}+

  \ds{\sum_j\sum_{\beta_j}}x_j \left[X^{\beta_j}\right]_{\rho}\left[\Delta^{\alpha_i\beta_j}\right]_{\ell}

\right]

\\\\

-{\cal X}^{\alpha_i}\left[\rho\right]_{\ell}

 \left[ \ds{\sum_{\beta_k}} \left[X^{\beta_k}\right]_{\rho}\Delta^{\alpha_i\beta_k} +

\ds{\sum_j\sum_{\beta_j}}x_j\left[\left[X^{\beta_j}\right]_{\rho}\right]_k\Delta^{\alpha_i\beta_j}+

\ds{\sum_j\sum_{\beta_j}}x_j\left[X^{\beta_j}\right]_{\rho}\left[\Delta^{\alpha_i\beta_j}\right]_k \right]

\\\\

-{\cal X}^{\alpha_i}\rho

 \left[

  \ds{\sum_{\beta_k}} \left[\left[X^{\beta_k}\right]_{\rho}\right]_{\ell}\Delta^{\alpha_i\beta_k} +

  \ds{\sum_{\beta_k}} \left[X^{\beta_k}\right]_{\rho}\left[\Delta^{\alpha_i\beta_k}\right]_{\ell}

 \right]

\\\\

-{\cal X}^{\alpha_i}\rho

  \left[

\ds{\sum_{\beta_{\ell}}}\left[\left[X^{\beta_\ell}\right]_{\rho}\right]_k\Delta^{\alpha_i\beta_{\ell}}+

\ds{\sum_j\sum_{\beta_j}}x_j \left[\left[X^{\beta_j}\right]_{\rho}\right]_k\left[\Delta^{\alpha_i\beta_j}\right]_{\ell}

\right]

\\\\

-{\cal X}^{\alpha_i}\rho

\left[

\ds{\sum_{\beta_{\ell}}}\left[X^{\beta_\ell}\right]_{\rho}\left[\Delta^{\alpha_i\beta_k}\right]_k+

\ds{\sum_j\sum_{\beta_j}}x_j \left[\left[X^{\beta_j}\right]_{\rho}\right]_{\ell}

\left[\Delta^{\alpha_i\beta_j}\right]_k

\right]

 \\\\

-{\cal X}^{\alpha_i}\left[\rho\right]_k

\left[

\ds{\sum_{\beta_{\ell}}}X^{\beta_\ell}\left[\Delta^{\alpha_i\beta_{\ell}}\right]_{\rho}+

\ds{\sum_j\sum_{\beta_j}}x_j \left[X^{\beta_j}\right]_{\ell}\left[\Delta^{\alpha_i\beta_j}\right]_{\rho}+

\ds{\sum_j\sum_{\beta_j}}x_j X^{\beta_j}\left[\left[\Delta^{\alpha_i\beta_j}\right]_{\rho}\right]_{\ell}

\right]

\\\\

-{\cal X}^{\alpha_i}\left[\rho\right]_{\ell}

 \left[ \ds{\sum_{\beta_k}}X^{\beta_k}\left[\Delta^{\alpha_i\beta_k}\right]_{\rho}  +

            \ds{\sum_j \sum_{\beta_j}}x_j[X^{\beta_j}]_k\left[\Delta^{\alpha_i\beta_j}\right]_{\rho}+

            \ds{\sum_j \sum_{\beta_j}}x_jX^{\beta_j}\left[\left[\Delta^{\alpha_i\beta_j}\right]_{\rho}\right]_k

     \right]

\\\\

-{\cal X}^{\alpha_i}\rho

        \ds{\sum_{\beta_k}}\left(\left[X^{\beta_k}\right]_{\ell}\left[\Delta^{\alpha_i\beta_j}\right]_{\rho} +

                                 X^{\beta_k}\left[\left[\Delta^{\alpha_i\beta_j}\right]_{\rho}\right]_{\ell}

                            \right)

\\\\

-{\cal X}^{\alpha_i}\rho

\left[

\ds{\sum_{\beta_{\ell}}}\left[X^{\beta_\ell}\right]_k\left[\Delta^{\alpha_i\beta_{\ell}}\right]_{\rho}+

\ds{\sum_j\sum_{\beta_j}}x_j \left[X^{\beta_j}\right]_k\left[\left[\Delta^{\alpha_i\beta_j}\right]_{\rho}\right]_{\ell}

\right]

\\\\

-{\cal X}^{\alpha_i}\rho

\left[

\ds{\sum_{\beta_{\ell}}}X^{\beta_\ell}\left[\left[\Delta^{\alpha_i\beta_{\ell}}\right]_{\rho}\right]_k+

\ds{\sum_j\sum_{\beta_j}}x_j \left[X^{\beta_j}\right]_{\ell}\left[\left[\Delta^{\alpha_i\beta_j}\right]_{\rho}\right]_k

\right]

\end{array}

\]

\[\footnotesize

\begin{array}{ll}

   \left[

          \begin{array}{rrrrrr}

           1 +  x_1 \rho{\cal X}^{A_1}\Delta^{A_1A_1} &

                x_1 \rho{\cal X}^{A_1}\Delta^{A_1B_1} &

                          \cdots                                   &

                x_2 \rho{\cal X}^{A_1}\Delta^{A_1A_2} &

                x_2 \rho{\cal X}^{A_1} \Delta^{A_1B_2} &

                          \cdots \\ \\

                x_1 \rho{\cal X}^{B_1}\Delta^{B_1A_1} &

            1+  x_1 \rho{\cal X}^{B_1}\Delta^{B_1B_1} &

                          \cdots                                   &

                x_2 \rho{\cal X}^{B_1}\Delta^{B_1A_2} &

                x_2 \rho{\cal X}^{B_1}\Delta^{B_1B_2} &

                          \cdots \\ \\

                     \vdots & \vdots &\vdots  & \vdots & \vdots & \vdots \\ \\

                 x_1 \rho{\cal X}^{A_2}\Delta^{A_2A_1} &

                x_1 \rho{\cal X}^{A_2}\Delta^{A_2B_1} &

                          \cdots                                   &

           1+   x_2 \rho{\cal X}^{A_2}\Delta^{A_2A_2} &

                x_2 \rho{\cal X}^{A_2}\Delta^{A_2B_2} &

                          \cdots \\ \\

                x_1 \rho{\cal X}^{B_2}\Delta^{B_2A_1} &

                x_1 \rho{\cal X}^{B_2}\Delta^{B_2B_1} &

                          \cdots                                   &

                x_2 \rho{\cal X}^{B_2}\Delta^{B_2A_2} &

           1+   x_2 \rho{\cal X}^{B_2}\Delta^{B_2B_2} &

                          \cdots \\ \\

  \vdots & \vdots &\vdots  & \vdots & \vdots & \vdots

          \end{array}

   \right]

   \left[

          \begin{array}{c}

            \left[\left[\left[X^{A_1}\right]_{\rho}\right]_k\right]_{\ell} \\ \\

            \left[\left[\left[X^{B_1}\right]_{\rho}\right]_k\right]_{\ell} \\ \\

                    \vdots \\

            \left[\left[\left[X^{A_2}\right]_{\rho}\right]_k\right]_{\ell} \\ \\

            \left[\left[\left[X^{B_2}\right]_{\rho}\right]_k\right]_{\ell} \\ \\

                    \vdots

          \end{array}

    \right]

      \\ \\ =

     \left[

            \begin{array}{c}

            {\tilde {\cal P}}_{\left[\left[\left[X^{A_1}\right]_{\rho}\right]_k\right]_{\ell}} \\ \\

            {\tilde {\cal P}}_{\left[\left[\left[X^{B_1}\right]_{\rho}\right]_k\right]_{\ell}} \\ \\

              \vdots               \\ \\

            {\tilde {\cal P}}_{\left[\left[\left[X^{A_2}\right]_{\rho}\right]_k\right]_{\ell}}  \\ \\

            {\tilde {\cal P}}_{\left[\left[\left[X^{B_2}\right]_{\rho}\right]_k\right]_{\ell}} \\ \\

             \vdots

             \end{array}

      \right]\left[\left[\rho\right]_k\right]_{\ell} +

     \left[

            \begin{array}{c}

            {\tilde {\cal Q}}_{\left[\left[\left[X^{A_1}\right]_{\rho}\right]_k\right]_{\ell}} \\ \\

            {\tilde {\cal Q}}_{\left[\left[\left[X^{B_1}\right]_{\rho}\right]_k\right]_{\ell}} \\ \\

              \vdots               \\ \\

            {\tilde {\cal Q}}_{\left[\left[\left[X^{A_2}\right]_{\rho}\right]_k\right]_{\ell}}  \\ \\

            {\tilde {\cal Q}}_{\left[\left[\left[X^{B_2}\right]_{\rho}\right]_k\right]_{\ell}} \\ \\

             \vdots

             \end{array}

      \right]

\end{array}

\]

\noindent Let

\[\footnotesize

   \begin{array}{rcl}

        {\sf A} & = &

   \left[

          \begin{array}{rrrrrr}

           1 +  x_1 \rho{\cal X}^{A_1}\Delta^{A_1A_1} &

                x_1 \rho{\cal X}^{A_1}\Delta^{A_1B_1} &

                          \cdots                                   &

                x_2 \rho{\cal X}^{A_1}\Delta^{A_1A_2} &

                x_2 \rho{\cal X}^{A_1} \Delta^{A_1B_2} &

                          \cdots \\ \\

                x_1 \rho{\cal X}^{B_1}\Delta^{B_1A_1} &

            1+  x_1 \rho{\cal X}^{B_1}\Delta^{B_1B_1} &

                          \cdots                                   &

                x_2 \rho{\cal X}^{B_1}\Delta^{B_1A_2} &

                x_2 \rho{\cal X}^{B_1}\Delta^{B_1B_2} &

                          \cdots \\ \\

                     \vdots & \vdots &\vdots  & \vdots & \vdots & \vdots \\ \\

                 x_1 \rho{\cal X}^{A_2}\Delta^{A_2A_1} &

                x_1 \rho{\cal X}^{A_2}\Delta^{A_2B_1} &

                          \cdots                                   &

           1+   x_2 \rho{\cal X}^{A_2}\Delta^{A_2A_2} &

                x_2 \rho{\cal X}^{A_2}\Delta^{A_2B_2} &

                          \cdots \\ \\

                x_1 \rho{\cal X}^{B_2}\Delta^{B_2A_1} &

                x_1 \rho{\cal X}^{B_2}\Delta^{B_2B_1} &

                          \cdots                                   &

                x_2 \rho{\cal X}^{B_2}\Delta^{B_2A_2} &

           1+   x_2 \rho{\cal X}^{B_2}\Delta^{B_2B_2} &

                          \cdots \\ \\

  \vdots & \vdots &\vdots  & \vdots & \vdots & \vdots

          \end{array}

   \right]

  \end{array}

\]

\[\footnotesize

   \begin{array}{rclrclrcl}

    {\sf x}_4 & = &

    \left[

          \begin{array}{c}

            \left[\left[\left[X^{A_1}\right]_{\rho}\right]_k\right]_{\ell} \\ \\

            \left[\left[\left[X^{B_1}\right]_{\rho}\right]_k\right]_{\ell} \\ \\

                    \vdots \\

            \left[\left[\left[X^{A_2}\right]_{\rho}\right]_k\right]_{\ell} \\ \\

            \left[\left[\left[X^{B_2}\right]_{\rho}\right]_k\right]_{\ell} \\ \\

                    \vdots

          \end{array}

    \right]

   &~~~~~~ {\sf b}_4& = &

      \left[

            \begin{array}{c}

            {\tilde {\cal P}}_{\left[\left[\left[X^{A_1}\right]_{\rho}\right]_k\right]_{\ell}} \\ \\

            {\tilde {\cal P}}_{\left[\left[\left[X^{B_1}\right]_{\rho}\right]_k\right]_{\ell}} \\ \\

              \vdots               \\ \\

            {\tilde {\cal P}}_{\left[\left[\left[X^{A_2}\right]_{\rho}\right]_k\right]_{\ell}}  \\ \\

            {\tilde {\cal P}}_{\left[\left[\left[X^{B_2}\right]_{\rho}\right]_k\right]_{\ell}} \\ \\

             \vdots

            \end{array}

      \right]

   &~~~~~~ {\sf c}_4 & = &

     \left[

            \begin{array}{c}

            {\tilde {\cal Q}}_{\left[\left[\left[X^{A_1}\right]_{\rho}\right]_k\right]_{\ell}} \\ \\

            {\tilde {\cal Q}}_{\left[\left[\left[X^{B_1}\right]_{\rho}\right]_k\right]_{\ell}} \\ \\

              \vdots               \\ \\

            {\tilde {\cal Q}}_{\left[\left[\left[X^{A_2}\right]_{\rho}\right]_k\right]_{\ell}}  \\ \\

            {\tilde {\cal Q}}_{\left[\left[\left[X^{B_2}\right]_{\rho}\right]_k\right]_{\ell}} \\ \\

             \vdots

            \end{array}

      \right]

    \end{array}

\]

\noindent It leads to

\[ \footnotesize

   \begin{array}{rcl}

          {\sf A}{\sf x}_4 & = & {\sf b}_4 \left[\left[\rho\right]_k\right]_{\ell} + {\sf c}_4 \\ \\

          {\sf x}_4        & = & {\sf A}^{-1}{\sf b}_4 \left[\left[\rho\right]_k\right]_{\ell} +{\sf A}^{-1}{\sf c}_4

   \end{array}

\]

\noindent Then for $\left[\left[\left[X^{\alpha_i}\right]_{\rho}\right]_k\right]_{\ell}\in {\sf x}_4$, we have

\[\footnotesize

   \begin{array}{rcl}

      \left[\left[X^{\alpha_i}\right]_k\right]_{\ell} & = &

  {\cal P}_{\left[\left[\left[X^{\alpha_i}\right]_{\rho}\right]_k\right]_{\ell}} \left[\left[\rho\right]_k\right]_{\ell} +

  {\cal Q}_{\left[\left[\left[X^{\alpha_i}\right]_{\rho}\right]_k\right]_{\ell}}

      \end{array}

\]

\noindent where

 ${\cal P}_{\left[\left[\left[X^{\alpha_i}\right]_{\rho}\right]_k\right]_{\ell}} \in {\sf A}^{-1}{\sf b}_4$,

 ${\cal Q}_{\left[\left[\left[X^{\alpha_i}\right]_{\rho}\right]_k\right]_{\ell}} \in {\sf A}^{-1}{\sf c}_4$.

\newpage

\centerline{\sf 4.6 Overall Jacobian and Hessian Analysis}

\centerline{\sf 4.6.1 Overall Jacobian Analysis}

\[\footnotesize

  \begin{array}{rcl}

  \left[ \left[ \tilde{a}^a \right]_{\rho}\right]_k & = &

   \left[\ds{\sum_i}x_i\left(\ds{\sum_{\alpha_i}}\left[\ds{1 \over X^{\alpha_i}} - \ds{ 1 \over 2} \right][X^{\alpha_i}]_{\rho} \right)   \right]_k \\ \\

 &= & \ds{\sum_{\alpha_k}}\left[\ds{1 \over X^{\alpha_k}} - \ds{ 1 \over 2} \right][X^{\alpha_k}]_{\rho} -

\ds{\sum_i}x_i\ds{\sum_{\alpha_i}}\ds{[X^{\alpha_i}]_{\rho}\over\left(X^{\alpha_i}\right)^2}\left[X^{\alpha_i}\right]_k +

\ds{\sum_i}x_i\ds{\sum_{\alpha_i}}\left[\ds{1 \over X^{\alpha_i}} - \ds{ 1 \over 2} \right]

\left[\left[X^{\alpha_i}\right]_{\rho}\right]_k \\ \\

&= &

\ds{\sum_{\alpha_k}}\left[\ds{1 \over X^{\alpha_k}} - \ds{ 1 \over 2} \right][X^{\alpha_k}]_{\rho}-

\ds{\sum_i}x_i\ds{\sum_{\alpha_i}}\ds{[X^{\alpha_i}]_{\rho} \over \left(X^{\alpha_i}\right)^2}

\left({\cal P}_{\left[X^{\alpha_i}\right]_k}[\rho]_k + {\cal Q}_{\left[X^{\alpha_i}\right]_k}

\right) +

 \\ \\

& & \ds{\sum_i}x_i\ds{\sum_{\alpha_i}}\left[\ds{1 \over X^{\alpha_i}} - \ds{ 1 \over 2} \right]

\left({\cal P}_{\left[\left[X^{\alpha_i}\right]_{\rho}\right]_k}[\rho]_k +

{\cal Q}_{\left[\left[X^{\alpha_i}\right]_{\rho}\right]_k}\right)

  \\ \\

&= &

\left( -\ds{\sum_i}x_i\ds{\sum_{\alpha_i}}\ds{[X^{\alpha_i}]_{\rho} \over \left(X^{\alpha_i}\right)^2}

{\cal P}_{\left[X^{\alpha_i}\right]_k}+

\ds{\sum_i}x_i\ds{\sum_{\alpha_i}}\left[\ds{1 \over X^{\alpha_i}} - \ds{ 1 \over 2} \right]

{\cal P}_{\left[\left[X^{\alpha_i}\right]_{\rho}\right]_k}\right)\left[\rho\right]_k +

\\ \\

&  &  \ds{\sum_{\alpha_k}}\left[\ds{1 \over X^{\alpha_k}} - \ds{ 1 \over 2} \right][X^{\alpha_k}]_{\rho}-

\ds{\sum_i}x_i\ds{\sum_{\alpha_i}}\ds{[X^{\alpha_i}]_{\rho} \over \left(X^{\alpha_i}\right)^2}

{\cal Q}_{\left[X^{\alpha_i}\right]_k} +

 \ds{\sum_i}x_i\ds{\sum_{\alpha_i}}\left[\ds{1 \over X^{\alpha_i}} - \ds{ 1 \over 2} \right]

{\cal Q}_{\left[\left[X^{\alpha_i}\right]_{\rho}\right]_k}

\\ \\ &= &

{\cal P}_{\left[\left[{\tilde a}^a\right]_{\rho}\right]_k}\left[\rho\right]_k +

{\cal Q}_{\left[\left[{\tilde a}^a\right]_{\rho}\right]_k}

  \end{array}

\]

\noindent where

\[\footnotesize

  \left\{

  \begin{array}{rcl}

   {\cal P}_{\left[\left[{\tilde a}^a\right]_{\rho}\right]_k} & = &

    -\ds{\sum_i}x_i\ds{\sum_{\alpha_i}}\ds{[X^{\alpha_i}]_{\rho} \over \left(X^{\alpha_i}\right)^2}

{\cal P}_{\left[X^{\alpha_i}\right]_k}+

\ds{\sum_i}x_i\ds{\sum_{\alpha_i}}\left[\ds{1 \over X^{\alpha_i}} - \ds{ 1 \over 2} \right]

{\cal P}_{\left[\left[X^{\alpha_i}\right]_{\rho}\right]_k}   \\ \\

{\cal Q}_{\left[\left[{\tilde a}^a\right]_{\rho}\right]_k} & =&

\ds{\sum_{\alpha_k}}\left[\ds{1 \over X^{\alpha_k}} - \ds{ 1 \over 2} \right][X^{\alpha_k}]_{\rho}-

\ds{\sum_i}x_i\ds{\sum_{\alpha_i}}\ds{[X^{\alpha_i}]_{\rho} \over \left(X^{\alpha_i}\right)^2}

{\cal Q}_{\left[X^{\alpha_i}\right]_k} +

 \ds{\sum_i}x_i\ds{\sum_{\alpha_i}}\left[\ds{1 \over X^{\alpha_i}} - \ds{ 1 \over 2} \right]

{\cal Q}_{\left[\left[X^{\alpha_i}\right]_{\rho}\right]_k}

  \end{array}

 \right.

\]

\newpage

\centerline{\sf 4.6.2 Overall Hessian Jacobian Analysis}

\[\footnotesize

  \begin{array}{rcl}

  \left[\left[ \left[ \tilde{a}^a \right]_{\rho}\right]_k\right]_{\ell} & = &

  \left[ \left[\ds{\sum_i}x_i\left(\ds{\sum_{\alpha_i}}\left[\ds{1 \over X^{\alpha_i}} - \ds{ 1 \over 2} \right]

\left[X^{\alpha_i}\right]_{\rho} \right)   \right]_k \right]_{\ell}\\ \\

 &= & \left[\ds{\sum_{\alpha_k}}\left[\ds{1 \over X^{\alpha_k}} - \ds{ 1 \over 2} \right]

\left[X^{\alpha_k}\right]_{\rho} -

\ds{\sum_i}x_i\left[\ds{\sum_{\alpha_i}}\ds{[X^{\alpha_i}]_{\rho} \over \left(X^{\alpha_i}\right)^2} \left[X^{\alpha_i}\right]_k \right]+

\ds{\sum_i}x_i\left[\ds{\sum_{\alpha_i}}\left[\ds{1 \over X^{\alpha_i}} - \ds{ 1 \over 2} \right]

\left[\left[X^{\alpha_i}\right]_{\rho}\right]_k\right]

\right]_{\ell} \\ \\ &= &

-\ds{\sum_{\alpha_k}}\ds{ \left[X^{\alpha_k}\right]_{\rho}\left[X^{\alpha_k}\right]_{\ell} \over

                          \left(X^{\alpha_k}\right)^2

                        } +

\ds{\sum_{\alpha_k}}\left[ \ds{1 \over X^{\alpha_k} } - \ds{ 1 \over 2} \right]

                    \left[\left[X^{\alpha_k}\right]_{\rho}\right]_{\ell}-

\ds{\sum_{\alpha_{\ell}}}\ds{ \left[ X^{\alpha_{\ell}}\right]_{\rho} \over \left(X^{\alpha_{\ell}}\right)^2}

\left[X^{\alpha_{\ell}}\right]_k - \\ \\ & &

\ds{\sum_i}x_i\ds{\sum_{\alpha_i}}

            \ds{

            \left[\left[X^{\alpha_i}\right]_{\rho}\right]_{\ell}

            \over

            \left(X^{\alpha_i}\right)^2

            }\left[X^{\alpha_i}\right]_k +

2\ds{\sum_i}x_i\ds{\sum_{\alpha_i}}

            \ds{

            \left[X^{\alpha_i}\right]_{\rho}

            \over

            \left(X^{\alpha_i}\right)^3

            }\left[X^{\alpha_i}\right]_{\ell}\left[X^{\alpha_i}\right]_k -

\ds{\sum_i}x_i\ds{\sum_{\alpha_i}}

            \ds{

            \left[X^{\alpha_i}\right]_{\rho}

            \over

            \left(X^{\alpha_i}\right)^2

            }\left[\left[X^{\alpha_i}\right]_k\right]_{\ell} + \\ \\ & &

\ds{\sum_{\alpha_{\ell}}}\left[ \ds{ 1 \over X^{\alpha_{\ell}}} - \ds{1\over 2} \right]

\left[\left[X^{\alpha_{\ell}}\right]_{\rho}\right]_k -

\ds{\sum_i}x_i\ds{\sum_{\alpha_i}}\ds{\left[X^{\alpha_i}\right]_{\ell} \over \left( X^{\alpha_i}\right)^2}

\left[\left[X^{\alpha_{\ell}}\right]_{\rho}\right]_k +

\ds{\sum_i}x_i\ds{\sum_{\alpha_i}}\left[ \ds{ 1\over X^{\alpha_i} } - \ds{  1 \over 2} \right]

\left[\left[\left[X^{\alpha_i}\right]_{\rho}\right]_k\right]_{\ell} \\ \\

& = &{\cal P}_{\left[\left[\left[\tilde{a}^a\right]_{\rho}\right]_k\right]_{\ell}}

     \left[\left[\rho\right]_k\right]_{\ell}+

     {\cal Q}_{\left[\left[\left[\tilde{a}^a\right]_{\rho}\right]_k\right]_{\ell}}

\end{array}

\]

\noindent where

\[\footnotesize

  \left\{

  \begin{array}{rcl}

  {\cal P}_{\left[\left[\left[\tilde{a}^a\right]_{\rho}\right]_k\right]_{\ell}}

     & = &-\ds{\sum_i}x_i\ds{\sum_{\alpha_i}}

            \ds{

            \left[X^{\alpha_i}\right]_{\rho}

            \over

            \left(X^{\alpha_i}\right)^2

            }{\cal P}_{\left[\left[X^{\alpha_i}\right]_k\right]_{\ell}}

+\ds{\sum_i}x_i\ds{\sum_{\alpha_i}}\left[ \ds{ 1\over X^{\alpha_i} } - \ds{  1 \over 2} \right]

{\cal P}_{\left[\left[\left[X^{\alpha_i}\right]_{\rho}\right]_k\right]_{\ell}} \\ \\

{\cal Q}_{\left[\left[\left[\tilde{a}^a\right]_{\rho}\right]_k\right]_{\ell}}  & = &

-\ds{\sum_{\alpha_k}}\ds{ \left[X^{\alpha_k}\right]_{\rho}\left[X^{\alpha_k}\right]_{\ell} \over

                          \left(X^{\alpha_k}\right)^2

                        } +

\ds{\sum_{\alpha_k}}\left[ \ds{1 \over X^{\alpha_k} } - \ds{ 1 \over 2} \right]

                    \left[\left[X^{\alpha_k}\right]_{\rho}\right]_{\ell}-

\ds{\sum_{\alpha_{\ell}}}\ds{ \left[ X^{\alpha_{\ell}}\right]_{\rho} \over \left(X^{\alpha_{\ell}}\right)^2}

\left[X^{\alpha_{\ell}}\right]_k - \\ \\ & &

\ds{\sum_i}x_i\ds{\sum_{\alpha_i}}

            \ds{

            \left[\left[X^{\alpha_i}\right]_{\rho}\right]_{\ell}

            \over

            \left(X^{\alpha_i}\right)^2

            }\left[X^{\alpha_i}\right]_k +

2\ds{\sum_i}x_i\ds{\sum_{\alpha_i}}

            \ds{

            \left[X^{\alpha_i}\right]_{\rho}

            \over

            \left(X^{\alpha_i}\right)^3

            }\left[X^{\alpha_i}\right]_{\ell}\left[X^{\alpha_i}\right]_k -

\ds{\sum_i}x_i\ds{\sum_{\alpha_i}}

            \ds{

            \left[X^{\alpha_i}\right]_{\rho}

            \over

            \left(X^{\alpha_i}\right)^2

            }{\cal Q}_{\left[\left[X^{\alpha_i}\right]_k\right]_{\ell}} + \\ \\ & &

\ds{\sum_{\alpha_{\ell}}}\left[ \ds{ 1 \over X^{\alpha_{\ell}}} - \ds{1\over 2} \right]

\left[\left[X^{\alpha_{\ell}}\right]_{\rho}\right]_k -

\ds{\sum_i}x_i\ds{\sum_{\alpha_i}}\ds{\left[X^{\alpha_i}\right]_{\ell} \over \left( X^{\alpha_i}\right)^2}

\left[\left[X^{\alpha_{\ell}}\right]_{\rho}\right]_k +

\ds{\sum_i}x_i\ds{\sum_{\alpha_i}}\left[ \ds{ 1\over X^{\alpha_i} } - \ds{  1 \over 2} \right]

{\cal Q}_{\left[\left[\left[X^{\alpha_i}\right]_{\rho}\right]_k\right]_{\ell}}

  \end{array}

\right.

\]

\newpage

\centerline{\sf Part II. Convexity Analysis of the Objective Function and Constraint}

\centerline{\sf Step 1. Objective function}

\[\footnotesize

   \begin{array}{rcl}

      \min  D({\sf x}, \rho({\sf x})) & = &  \ds{ g({\sf x}, \rho({\sf x})) \over RT} -

          \left( \ds { g({\sf x}_0,\rho({\sf x}_0) \over RT}+

\ds{ 1 \over RT}\ds{\sum_{i=1}^N}\left( {\partial g({\sf x},\rho({\sf x})) \over \partial x_i}\right)_{\sf x}(x_i-x0_i)\right) \\ \\

         & = & \ds{ g({\sf x},\rho({\sf x})) \over RT} -\ds {1 \over RT}\left[ g({\sf x}_0,\rho({\sf x}_0) +

                   \nabla g({\sf x}_0,\rho({\sf x}_0))\cdot ({\sf x} -{\sf x}_0 \right) \\ \\

         & = & \ds{ a({\sf x},\rho({\sf x})) \over RT} + \ds{P \over \rho R T}-\ds {1 \over RT}\left[ g({\sf x}_0,\rho({\sf x}_0) + \nabla g({\sf x}_0,\rho({\sf x}_0))\cdot ({\sf x} -{\sf x}_0 \right) \\ \\

         & = &\ds{ a^{res} +a^{id} \over RT} + \ds{P \over \rho R T}-\ds {1 \over RT}\left[ g({\sf x}_0,\rho({\sf x}_0) + \nabla g({\sf x}_0,\rho({\sf x}_0))\cdot ({\sf x} -{\sf x}_0 \right) \\ \\

   & = &\tilde{a}^r +\tilde{a}^i + \ds{P \over \rho R T}-\ds {1 \over RT}\left[ g({\sf x}_0,\rho({\sf x}_0) + \nabla g({\sf x}_0,\rho({\sf x}_0))\cdot ({\sf x} -{\sf x}_0 \right) \\ \\

  & = &\tilde{a}^h +\tilde{a}^c+\tilde{a}^c+\tilde{a}^a+\tilde{a}^i + \ds{P \over \rho R T}-\ds {1 \over RT}\left[ g({\sf x}_0,\rho({\sf x}_0) + \nabla g({\sf x}_0,\rho({\sf x}_0))\cdot ({\sf x} -{\sf x}_0 \right) \\ \\

& = & \ds{3\ds {BC \over D}\zeta - \ds{C^3 \over D^2} \over {1-\zeta}} +

                                         \ds{\ds{C^3 \over D^2} \over (1-\zeta)^2} +

      \left[ \ds{C^3 \over D^2}-A \right]\ln(1-\zeta)+ \ds{\sum_{i=1}^{N}}x_i (1-m_i)\ln g_{ii}(d_{ii})+  \\ \\

  &  &E\ds{\sum_{i=1}^{4}\sum_{j=1}^{9}}D_{ij}G^i\left[\zeta \over \tau\right]^j +

  \ds{\sum_{i}x_i} \left[ \ds{\sum_{\alpha_i}} \left[ \ln X^{\alpha_i} -{X^{\alpha_i} \over 2}\right]+

             {1 \over 2 } M_i \right] + \ds{\sum_{i=1}^{N} x_i  \ln (x_i\rho R T)} + \\ \\

  &  & \ds{P \over \rho R T}-\ds {1 \over RT}\left[ g({\sf x}_0,\rho({\sf x}_0) + \nabla g({\sf x}_0,\rho({\sf x}_0))\cdot ({\sf x} -{\sf x}_0 \right)

  \end{array}

\]

\noindent  Subject to

\[\footnotesize

   \begin{array}{rclcrcl}

    Z & = & \rho \left[ \ds{\partial \tilde{a}^r \over \partial \rho}

                                             \right]_{{\sf x},T} + 1 ~~~~(EOS) \\

      & = & N_o\rho\left[ \ds{ AD + 3BC - \ds{C^3 \over D } \over 1-\zeta}+

  \ds{  3BC\zeta-\ds{C^3 \over D} \over (1-\zeta)^2} + \ds{\ds{ 2C^3 \over D} \over (1-\zeta)^3} \right] +

  \rho\ds{\sum_i}x_i (1-m_i)\ds{ [g_{ii}]_{\rho} \over g_{ii}}+ \\ \\

 & &    N_o \rho DE \ds{\sum_i\sum_j}\ds{ jD_{ij} \over \tau^j} G^i\zeta^{j-1} +

\rho \ds{\sum_i}x_i

 \left[\ds{\sum_{\alpha_i}}\left[\ds{1 \over X^{\alpha_i}} - \ds{ 1 \over 2} \right][X^{\alpha_i}]_{\rho} \right] + 1 \\ \\

 \ds{\sum_i} x_i & = & 1  \\ \\

 0 \leq x_i \leq 1& \forall& i \in {\cal C} \\ \\

  Z& \geq& 0

   \end{array}

\]

\centerline{\sf Step 2. Jacobian of the Objective function}

\[\footnotesize

   \begin{array}{rcl}

        \left[{\cal D}({\sf x}, \rho({\sf x}))\right]_k & = & \left[  {\tilde g}({\sf x}, \rho({\sf x}))  -

\left( {\tilde g}({\sf z}, \rho({\sf z}) + \ds{\sum_{i=1}^N}

\left( {\partial {\tilde g}({\sf x},\rho({\sf x})) \over \partial x_i}\right)_{\sf z}(x_i-z_i)\right)

\right]_k \\ \\

      & = &  \left[ {\tilde g}({\sf x}, \rho({\sf x}))\right]_k -

         \left( \ds{\partial {\tilde g}({\sf x},\rho({\sf x})) \over \partial x_k}\right)_{\sf z}

  \end{array}

\]

\[

   \footnotesize

     \begin{array}{rcl}

  \left[ {\tilde g}\right]_k & = & \left[ {\tilde a} + \ds{ P \over \rho RT}\right]_k  \\ \\

& = & \left[ {\tilde a}^r\right]_k+\left[{\tilde a}^i\right]_k-\ds{P \over RT}\ds{\left[\rho\right]_{k}\over \rho^2} \\ \\

& = & \left[ {\tilde a}^r\right]_k +

 \ln(x_k \rho R T) + 1 + \ds{\left[\rho\right]_k \over \rho}  -\ds{P \over RT}\ds{\left[\rho\right]_{k} \over \rho^2 }

     \end{array}

\]

\[

   \footnotesize

     \begin{array}{rcl}

  \left[ {\tilde a}^i\right]_k & = & \left[ \ds{\sum_i}x_i\ln(x_i\rho R T) \right]_k  \\ \\

                               & = & \ln(x_k \rho R T) +

          \ds{\sum_i}\ds{x_i( \left[x_i\right]_k \rho + x_i\left[\rho\right]_k) RT \over x_i \rho R T} \\ \\

 & = &  \ln(x_k \rho R T) + \ds{\sum_i}\left[x_i\right]_k + \ds{\sum_i x_i}\ds{ \left[\rho\right]_k\over\rho}  \\ \\

 & = &  \ln(x_k \rho R T) + 1 + \ds{ \left[\rho\right]_k\over\rho}

  \end{array}

\]

\[

   \footnotesize

     \begin{array}{rcl}

  \left[\left[ {\tilde a}^i\right]_k\right]_{\ell}

 & = &  \ds{ \left[x_k\right]_{\ell}\rho + x_k\left[\rho\right]_{\ell} \over  x_k \rho}  +

 \ds{ \left[\left[\rho\right]_k\right]_{\ell}\over\rho}-\ds{ \left[\rho\right]_k\left[\rho\right]_{\ell} \over \rho^2}\\\\

 & = & \ds{ 1 \over x_{\ell}} + \ds{ \left[\rho\right]_\ell \over \rho} +

 \ds{ \left[\left[\rho\right]_k\right]_{\ell}\over\rho}-\ds{ \left[\rho\right]_k\left[\rho\right]_{\ell} \over \rho^2}

  \end{array}

\]

\centerline{\sf Step 2. Hessian of the Objective function}

\[

   \footnotesize

     \begin{array}{rcl}

       \left[\left[{\cal D}\right]_k\right]_{\ell} & = &

     \left[\left[ {\tilde g}\right]_k \right]_{\ell}  \\ \\

     & = & \left[\left[ {\tilde a}^r\right]_k\right]_{\ell} +

           \ds{ 1 \over x_{\ell}} + \ds{ \left[\rho\right]_{\ell} \over \rho } +

           \ds{ \left[\left[\rho\right]_k\right]_{\ell} \over \rho}-

           \ds{ \left[\rho\right]_k\left[\rho\right]_{\ell} \over \rho^2}-

           \ds{P \over RT}\left( \ds{\left[\left[\rho\right]_k\right]_{\ell} \over \rho^2} -

                                   2 \ds{\left[\rho\right]_k\left[\rho\right]_{\ell} \over \rho^3}

                         \right)

    \end{array}

    \]

\noindent Solve $\left[\left[ \tilde{a}^r \right]_k\right]_{\ell}$

\newpage

\centerline{\sf Step 3. $\left[\left[ \tilde{a}^r \right]_k\right]_{\ell}$}

\[\footnotesize

   \begin{array}{rcl}

             \left[{\tilde a}^r\right]_k

                   & = & \left[{\tilde a}^h\right]_k + \left[{\tilde a}^c\right]_k +

                         \left[{\tilde a}^d\right]_k + \left[{\tilde a}^a\right]_k \\ \\

  \left[\left[{\tilde a}^r\right]_k\right]_{\ell}

                   & = & \left[\left[{\tilde a}^h\right]_k\right]_{\ell} +

                         \left[\left[{\tilde a}^c\right]_k\right]_{\ell} +

                         \left[\left[{\tilde a}^d\right]_k\right]_{\ell} +

                         \left[\left[{\tilde a}^a\right]_k\right]_{\ell} \\ \\

    \end{array}

\]

\centerline{\sf Step 3.1 Solve $\left[{\tilde a}^h\right]_k$ and $\left[\left[ \tilde{a}^h \right]_k\right]_{\ell}$}

\[\footnotesize

  \begin{array}{rcl}

      \left[{\tilde a}^h\right]_k & = &

        \left[  \ds{3\ds {BC \over D}\zeta - \ds{C^3 \over D^2} \over {1-\zeta}}

               +\ds{\ds{C^3 \over D^2} \over (1-\zeta)^2}

               +\left[ \ds{C^3 \over D^2}-A \right]\ln(1-\zeta)

        \right]_k

    \end{array}

\]

\[ \footnotesize

\begin{array}{rcl}

 \left[{\tilde a}^h_1\right]_k & = &\left[\ds{3BC\zeta \over D(1-\zeta)}\right]_k  \\ \\

      & = &3\left[ \ds{ \left[B\right]_kC\zeta  + B\left[C\right]_k\zeta + BC\left[\zeta\right]_k  \over D(1-\zeta)}-

          \ds{ BC\zeta \left[D\right]_k \over D^2(1-\zeta)}  +

          \ds{ BC\zeta\left[\zeta\right]_k \over D (1-\zeta)^2}

   \right] \\ \\ \\ \\

   \left[\left[{\tilde a}^h_1\right]_k\right]_{\ell} & = &

   3\left[ \ds{

                  \left[B\right]_k\left( \left[C\right]_{\ell}\zeta  +  C\left[\zeta\right]_{\ell} \right) +

                  \left[C\right]_k\left( \left[B\right]_{\ell}\zeta  +  B\left[\zeta\right]_{\ell} \right) +

                  \left(\left[B\right]_{\ell}C  +  B\left[C\right]_{\ell}\right)\left[\zeta\right]_k       +

                  BC\left[\left[\zeta\right]_k\right]_{\ell}

               \over

                   D(1-\zeta)

               }

            \right. \\ \\ & & \left.

        \left(\left[B\right]_kC\zeta + B\left[C\right]_k\zeta + BC\left[\zeta\right]_k\right)

          \left( \ds{ \left[\zeta\right]_{\ell} \over D (1-\zeta)^2}

                -\ds{\left[D\right]_{\ell} \over D^2(1-\zeta)}

          \right)-

          \right. \\ \\ & & \left.

        \ds{  \left[D\right]_k

              \left(

              \left[B\right]_{\ell}C\zeta + B\left[C\right]_{\ell}\zeta + BC\left[\zeta\right]_{\ell}

              \right)

              \over

              D^2(1-\zeta)

           }

         +\ds{ 2BC\zeta[D]_k\left[D\right]_{\ell} \over D^3(1-\zeta)}

         -\ds{  BC\zeta[D]_k\left[\zeta\right]_{\ell} \over D^2(1-\zeta)^2}

          \right. \\ \\ & & \left.

        \ds{ \left(\left[B\right]_{\ell}C +  B\left[C\right]_{\ell}\right)\zeta\left[\zeta\right]_k +

         BC\left( \left[\zeta\right]_{\ell}\left[\zeta\right]_k + \zeta \left[\left[\zeta\right]_k\right]_{\ell} \right)

             \over D(1-\zeta)^2}

          -\ds{ BC\zeta\left[\zeta\right]_k \left[D\right]_{\ell} \over D^2 (1-\zeta)^2}

          +\ds{ 2BC\zeta\left[\zeta\right]_k \left[\zeta\right]_{\ell} \over D (1-\zeta)^3}

     \right]

   \end{array}

\]

\[\footnotesize

  \begin{array}{rcl}

   \left[ {\tilde a}^h_2\right]_k & = & \left[\ds{ C^3 \over D^2(1-\zeta)^2}

                             \left(\ds{ 1 \over (1-\zeta)^2} - \ds{1 \over 1-\zeta}\right)\right]_k \\ \\

          & = & \left[ \ds{C^3\zeta \over D^2(1-\zeta)^2}\right]_k \\ \\

          & = & \ds{ 3\left[C\right]_kC^2\zeta+ C^3\left[\zeta\right]_k \over D^2(1-\zeta)^2}

                -\ds{ 2\left[D\right]_kC^3\zeta \over D^3 (1-\zeta)^2} +

              \ds{ 2C^3\zeta\left[\zeta\right]_k \over D^2(1-\zeta)^3}

 \\ \\

\\ \\

 \left[\left[ {\tilde a}^h_2\right]_k\right]_{\ell} & = &

\ds{

     3\left[C\right]_k\left( 2\left[C\right]_{\ell}C\zeta + C^2\left[\zeta\right]_{\ell} \right)

    +3\left[C\right]_{\ell}C^2\left[\zeta\right]_k + C^3\left[\left[\zeta\right]_k\right]_{\ell}

     \over

     D^2(1-\zeta)^2

   }

+ \left(3\left[C\right]_kC^2\zeta+ C^3\left[\zeta\right]_k\right)

                      \left(

                      \ds{ 2\left[\zeta\right]_{\ell} \over D^2(1-\zeta)^3} -

                      \ds{ 2\left[D\right]_{\ell} \over D^3(1-\zeta)^2}

                      \right) -

\\ \\ & &

  \ds{ 2\left[D\right]_k\left( 3\left[C\right]_{\ell}C^2\zeta + C^3\left[\zeta\right]_{\ell} \right)

       \over

       D^3(1-\zeta)^2

      }-

   2\left[D\right]_kC^3\zeta\left(  \ds{ 2\left[\zeta\right]_{\ell} \over D^3(1-\zeta)^3} -

                                    \ds{ 3\left[D\right]_{\ell} \over D^4(1-\zeta)^2}

                             \right) +

\\ \\ & &

  \ds{ 2 \left( 3\left[C\right]_{\ell}C^2\zeta\left[\zeta\right]_k + C^3\left[\zeta\right]_{\ell}\left[\zeta\right]_k

               + C^3\zeta\left[\left[\zeta\right]_k\right]_{\ell}

         \right)

       \over

       D^2(1-\zeta)^3

     } +

   2C^3\zeta\left[\zeta\right]_k\left( \ds{ 3\left[\zeta\right]_{\ell} \over D^2(1-\zeta)^4} -

                                       \ds{ 2\left[D\right]_{\ell}     \over D^3(1-\zeta)^3}

                                \right) \\\\ \\ \\

   \end{array}

\]

\newpage

\[\footnotesize

  \begin{array}{rcl}

    \left[{\tilde a}^h_3 \right]_k & = & \left[ \left(\ds{C^3 \over D^2} -A \right)\ln (1-\zeta)\right]_k \\ \\

                                   & = & \left( \ds{ 3\left[C\right]_kC^2 \over D^2} -

                                                \ds{ 2\left[D\right]_kC^3 \over D^3} -

                                                 \left[A\right]_k

                                         \right)\ln (1-\zeta) +

                                         \ds{

                                               \left(A-\ds{C^3 \over D^2}\right)\left[\zeta\right]_k

                                               \over

                                                1-\zeta

                                             }

\\ \\ \\ \\

     \left[ \left[{\tilde a}^h_3 \right]_k\right]_{\ell} & = &

 \left( 3\left[C\right]_k\left( \ds{ 2\left[C\right]_{\ell}C   \over D^2} -

                                \ds{ 2\left[D\right]_{\ell}C^2 \over D^3}

                         \right)-

        2\left[D\right]_k\left( \ds{ 3\left[C\right]_{\ell}C^2 \over D^3} -

                                \ds{ 3\left[D\right]_{\ell}C^3 \over D^4}

                         \right)

 \right)\ln(1-\zeta) -

\\ \\ & &

\left(

       \ds{ 3\left[C\right]_kC^2 \over D^2} -\ds{ 2\left[D\right]_kC^3 \over D^3}-\left[A\right]_k

\right)

\ds{ \left[\zeta\right]_{\ell} \over 1-\zeta}  +

\\ \\ & &

\ds{

\left(

\left[A\right]_{\ell} -\ds{ 3\left[C\right]_{\ell}C^2 \over D^2} + \ds{ 2 \left[D\right]_{\ell}C^3 \over D^3}

\right)\left[\zeta\right]_k

+  \left(A-\ds{C^3 \over D^2}\right)\left[\left[\zeta\right]_k\right]_{\ell}

 \over

  (1-\zeta)

}+

\ds{\left(A-\ds{C^3 \over D^2}\right)\left[\zeta\right]_k\left[\zeta\right]_{\ell} \over (1-\zeta)^2} \\ \\

  \end{array}

\]

\[\footnotesize

  \left\{

      \begin{array}{rcl}

         \left[{\tilde a}^h\right]_k & = &  \left[{\tilde a}^h_1\right]_k + \left[{\tilde a}^h_2\right]_k +

                                            \left[{\tilde a}^h_3\right]_k \\ \\

         \left[\left[{\tilde a}^h\right]_k\right]_{\ell} & = &

             \left[\left[{\tilde a}^h_1\right]_k\right]_{\ell} +

             \left[\left[{\tilde a}^h_2\right]_k\right]_{\ell} +

             \left[\left[{\tilde a}^h_3\right]_k\right]_{\ell}

      \end{array}

   \right.

\]

\newpage

\centerline{\sf Step 3.2 Solve $\left[{\tilde c}^c\right]_k$ and $\left[\left[ \tilde{a}^c \right]_k\right]_{\ell}$}

  \[ \footnotesize

     \begin{array}{rcl}

        \left[{\tilde a}^c\right]_k & = & \left[F\right]_k \\ \\

                                    & = & \left[ \ds{\sum_i}  x_i(1-m_i)\ln (g_{ii}) \right]_k \\ \\

                                    & = &  (1-m_k)\ln (g_{kk}) +

                                          \ds{\sum_i}x_i(1-m_i)\ds{ \left[g_{ii}\right]_k\over g_{ii} }

\\ \\ \\ \\

 \left[\left[{\tilde a}^c\right]_k\right]_{\ell} & = &  \left[\left[F\right]_k\right]_{\ell} \\ \\

& = &   (1-m_k)     \ds{ \left[ g_{kk}\right]_{\ell} \over g_{kk}} +

        (1-m_{\ell})\ds{ \left[g_{{\ell}{\ell}}\right]_k \over g_{\ell\ell} } +

         \ds{\sum_i}x_i(1-m_i)\left( \ds{ \left[ \left[g_{ii}\right]_k\right]_{\ell} \over g_{ii} } -

                                     \ds{ \left[g_{ii}\right]_k\left[g_{ii}\right]_{\ell} \over g_{ii}^2}

                              \right)

   \end{array}

\]

 \newpage

\centerline{\sf Step 3.3 Solve $\left[{\tilde a}^d\right]_k$ and $\left[\left[ \tilde{a}^d \right]_k\right]_{\ell}$}

  \[ \footnotesize

     \begin{array}{rcl}

        \left[{\tilde a}^d\right]_k & = &

\left[  E\ds{\sum_{i=1}^{4}\sum_{j=1}^{9}} \ds{ D_{ij} \over \tau^j} G^i \zeta^j \right]_k \\ \\

& = & \left[E\right]_k \ds{\sum_{i=1}^{4}\sum_{j=1}^{9}} \ds{ D_{ij} \over \tau^j} G^i \zeta^j +

      E\ds{\sum_{i=1}^{4}\sum_{j=1}^{9}} \ds{ D_{ij} \over \tau^j}

       \left( iG^{i-1}\left[G\right]_k\zeta^j +  jG^i\zeta^{j-1}\left[\zeta\right]_k \right) \\ \\ \\ \\

 \left[\left[{\tilde a}^d\right]_k\right]_{\ell} & = &

   \left[E\right]_k\ds{\sum_{i=1}^{4}\sum_{j=1}^{9}} \ds{ D_{ij} \over \tau^j}

       \left( iG^{i-1}\left[G\right]_{\ell}\zeta^j +  jG^i\zeta^{j-1}\left[\zeta\right]_{\ell} \right) +

   \left[E\right]_{\ell}\ds{\sum_{i=1}^{4}\sum_{j=1}^{9}} \ds{ D_{ij} \over \tau^j}

       \left( iG^{i-1}\left[G\right]_k\zeta^j +  jG^i\zeta^{j-1}\left[\zeta\right]_k \right)

\\ \\ & &

   E\ds{\sum_{i=1}^{4}\sum_{j=1}^{9}} \ds{ D_{ij} \over \tau^j}

        \left( i(i-1)G^{i-2}\left[G\right]_k\left[G\right]_{\ell}\zeta^j +

                iG^{i-1}\left[\left[G\right]_k\right]_{\ell}\zeta^j +

               ijG^{i-1}\left[G\right]_k\zeta^{j-1}\left[\zeta\right]_{\ell} +

 \right. \\ \\ & & \left.

               ijG^{i-1}\left[G\right]_{\ell}\zeta^{j-1}\left[\zeta\right]_k +

                j(j-1)G^i\zeta^{j-2}\left[\zeta\right]_{\ell}\left[\zeta\right]_k +

                jG^i\zeta^{j-1}\left[\left[\zeta\right]_k\right]_{\ell}

        \right)

\end{array}

\]

\newpage

\centerline{\sf Step 3.4 Solve $\left[{\tilde a}^a\right]_k$ and $\left[\left[ \tilde{a}^a \right]_k\right]_{\ell}$}

  \[ \footnotesize

     \begin{array}{rcl}

  \left[{\tilde a}^a\right]_k

   & = & \left[H\right]_k \\ \\

   & = & \left[\ds{\sum_{i}x_i} \left[ \ds{\sum_{\alpha_i}} \left[ \ln X^{\alpha_i} -{X^{\alpha_i} \over 2}\right]+

               {1 \over 2 } M_i \right]

         \right]_k \\ \\

   & = & \left[ \ds{\sum_{\alpha_k}} \left[ \ln X^{\alpha_k} -{X^{\alpha_k} \over 2} \right] +

                 {1 \over 2 } M_k \right]  +

              \ds{\sum_{i}x_i} \left[ \ds{\sum_{\alpha_i}}

              \left[ \ds{ 1\over X^{\alpha_i} } -\ds{ 1\over 2}\right] \left[X^{\alpha_i}\right]_k     \right]

\end{array}\]

 \[ \footnotesize

     \begin{array}{rcl}

  \left[\left[{\tilde a}^a\right]_k\right]_{\ell}

   & = & \left[\left[H\right]_k\right]_{\ell} \\ \\

   & = & \left[\left[ \ds{\sum_{\alpha_k}} \left[ \ln X^{\alpha_k} -{X^{\alpha_k} \over 2} \right] +

                 {1 \over 2 } M_k \right]  +

              \ds{\sum_{i}x_i} \left[ \ds{\sum_{\alpha_i}}

        \left[ \ds{ 1\over X^{\alpha_i} } -\ds{ 1\over 2}\right] \left[X^{\alpha_i}\right]_k\right] \right]_{\ell} \\ \\

   & = & \ds{\sum_{\alpha_k}}\left[ \ds{ 1 \over X^{\alpha_k}} - \ds{1 \over 2} \right] \left[ X^{\alpha_k}\right]_{\ell}+

   \ds{\sum_{\alpha_{\ell}}}\left[ \ds{ 1\over X^{\alpha_{\ell}}} - \ds{ 1 \over 2}\right]\left[X^{\alpha_{\ell}}\right]_k+

\ds{\sum_i}x_i\left[ \ds{\sum_{\alpha_i}}

\left[ - \ds{\left[X^{\alpha_i}\right]_{\ell}\left[X^{\alpha_i}\right]_k \over \left( X^{\alpha_i}\right)^2} +

         \left( \ds{ 1\over X^{\alpha_i}} - \ds{1\over 2} \right) \left[\left[ X^{\alpha_i}\right]_k\right]_{\ell} \right]

\right]

\end{array}\]
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